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Abstract. Motivated by their importance and potential for applications in certain problems in
number theory, combinatorics, classical and numerical analysis, and other field of applied math-
ematics, a variety of polynomials and numbers with their variants and extensions have recently
been introduced and investigated. In this sequel, we modify the known generating functions of
polynomials, due to both Milne-Thomson and Dere and Simsek, to introduce a new class of gen-
eralized polynomials and present some of their involved properties. As obvious special cases
of the newly introduced polynomials, we also called power sum-Laguerre-Hermite polynomials
and generalized Laguerre and poly-Bernoulli polynomials and present some of their involved
identities and formulas. The results presented here, being very general, are pointed out to be spe-
cialized to yield a number of known and new identities involving relatively simple and familiar
polynomials.
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1. INTRODUCTION

Throughout this presentation, we use the following standard notions N = {1,2,
3,...}, No={0,1,2,...} =NU{0}, Z= = {—1,-2,...}. Also as usual Z denotes
the set of integers, R denotes the set of real numbers and C denotes the set of complex
numbers.

The two variable Laguerre polynomials (2-VLP) L, (x;y) are defined by the fol-
lowing generating function [ 1, 5]:
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Also, equivalently, the polynomials L, (x,y) are given by [4]
" Co(xt) ZL x; y (1.1)

where Co(x) denotes the 0" order Tricomi function. The n'* order Tricomi functions
Cy(x) are defined by [4]

exp (t—?) = iCn(x)t” (re C\{0}, x€C).

We have - 1y
— X
Cu(x) = ZW (1.2)

r=0""
The Tricomi functions C,(x) are associated with the Bessel function of the first
kind J,,(x) [3,5]
Co(x) = x72J,(2v/%).
From (1.1) and (1.2), we note that
1)kyn—kk

Ly(x,y) nzk' =R =y"L,(x,y), (1.3)

where L, (x) are the ordinary Laguerre polynomials [25]. We have
(_ 1 )n xn

Ln(x70) - ! ) Ln(oyy) :yn L”l(x71) :Ln(x)'
For s € 7Z, the polylogarithm function is defined by a power series in z as
oo jn 2 3
Lij(z) =) —= <1).
It is notice that
. = 7/
Lii(z) = Z — = —log(1 —2z).

=

In (2015), Jolany et al. [7] introduced the generalized poly-Bernoulli polynomials
are defined by means of the following generating function:

le(l—(ab

2n
|Ina+1Inb |

In the case when x = 0, B¥ )(a,b) e )(O;a,b) are called the generalized poly-
Bernoulli numbers [8].

Milne-Thomson [27] defined polynomials CIDEZOL) (x) of degree n and order o by the
following generating function:
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where f(f,a) is a function of ¢ and o0 € Z and g(¢) is a function of . Then, by
choosing some explicit functions of f(z,0) and g(¢), he [27] presented several inter-
esting properties for certain polynomials such as Bernoulli polynomials and Hermite
polynomials.

Dere and Simsek [6] made a slight modification of the Milne-Thomson polynomi-
als q>,§°‘> (x) to give polynomials <I>,(1a) (x,Vv) of degree n and order a by means of the
following generating function:

Gilt,x:0,v) = f(1,0)e" 0 = Y @l (v) (1.4)
n=0 n.

where f(¢,0) and h(t,v) are functions of 7 and & € Z and ¢ and v € Ny, respectively,
which are analytic in a neighborhood of # = 0.
Observe that & (v)= o\ (0;Vv), (see for details [26,27]). In particular, choosing

l—e !
by the generating function:

. o O
flt,a) = (le(l_e )) in (1.4), we obtain the following following polynomials given

Lig(1 —e™
Gz(t,x;k,\’)zilk( ° )e’“”’(”v):ZBik)(X;V)L
n

1—et

(1.5)

Note that the polynomials B,S") (x;v) are related to both Bernoulli polynomials and

Hermite polynomials. For example, if 4(z,0) = 0 in (1.5), we get

BY (x;0) = B (x),
where Bflk) (x) are called the poly-Bernoulli polynomials [2].
The two-variable Hermite-Kampé de Fériet polynomials H,(x,y) [2, 3] are gener-
ated by

2 > t"
extJr)f — ZHn(xay)E_ (16)
n=0 :
Note that
[%} rn—2r
_ yx
Hn(xuy) - ;n'm (See [ 2 ’ [l ])7

It is clear that

H,(2x,—1) = Hy(x), H,(x,0) = x".
Dere and Simsek [6] generalized the polynomials H,(x,y) in (1.6) to define two vari-
able Hermite polynomials H,Sl) (x,y) by the following generating function:

v = / t"
FH =Y By s (LEN\{0)).
n=0 '
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Taking h(t,y) = yt? in (1.5), we get the generalized Hermite poly-Bernoulli polyno-
mials of two variables zB*) (x,y) introduced by Pathan and Khan [21]:

Lix(1
1(—ef 1) Z BM ) (1.7)

In this paper, we introduce generalized Laguerre-based poly-Bernoulli polynomi-
als by using Milne-Thomson polynomials and investigate some of their properties
such as explicit summation formulas, addition formulas, implicit formula and sym-
metry identities.

2. MILNE-THOMSON BASED POLY-BERNOULLI POLYNOMIALS

In this section, we introduce generalized Laguerre-based poly-Bernoulli polyno-
mials by using Milne-Thomson polynomials. By replacing x by y and v by z in (1.4)

and f(r,0) = %CO (xt). First, we start with the following definition as.
Definition 1. Let a,b € RT with a # b. The generalized poly-Bernoulli polyno-

mials Bg,k) (x,y,2;a;b,e) are defined by the following generating function:

Lig (1 —(ab "
(b_EZ ) ) }H—hzz ZB xy,z;a,b,e)a,
2.1)
2r
(wyzem |t<\lna—|—lnb)'

In particular, taking 4(t,z) = zt? in (2.1), we get the following.

Definition 2. Let a,b > 0, a # b. The generalized Laguerre-based poly-Bernoulli

polynomials LBS,k) (x,y,2;a,b) are defined by

Lix(1 —(ab t"
l((bt_(Cl))exp(yt+zt )Co(xt) ZLB X y,z;a,b);,
(2.2)
21
<x,y,z € R, ‘t |< ’]na—'—]nb’) .

Remark 1. On setting z = 0 in (2.2) reduces to the generalized Laguerre-based
poly-Bernoulli polynomials in two variables defined as

le(1+(ab) )yt o
pp— e C Xl ZLBn xX,y.a, b) ‘t’<’ (]na—l—lnb)’ .

n=

Remark 2. Taking k =1, a=1, b =e and z = 0 in (2.2) reduces to the known
Laguerre Bernoulli polynomials defined as

t
< 1) e Co(xt) ZLB xy (|t |<]|2m).

el —
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Remark 3. Letting x = 0 in (2.2) reduces to the known generalized Hermite poly-
Bernoulli polynomials defined by [19]

Lig(1 — (ab)™t) . om
W”“’ Z B y,zab |t|<|(

Ina+1nb) |
By using generalized Laguerre-based poly-Bernoulli polynomials LB(k)

i n (xayaz;a7b>
defined by (2.2), we have the following properties which are stated as theorems be-
low.

Theorem 1. Forn > 0, we have

n

1B (x,y,z:0,b) = > <Zz>HB,§'§) (0,2:a,b)Ly—m(x,y)-

m=0
Proof. Using (1.3), (1.7) and (2.2), we have

o (k) 1" Ll 1—(ab
Y HP (x,y,z:0,b)— T k(bt(a)) xp (1 +21°)Co)
n=0 ’ B

(2.3)

:ZHBm 0zab ZL xy
=0

Y (i (Z) B (0,2:0,b) Ly (x, y)> "
n=0 \m=0

n!’
By comparing the coefficients of " in the above equation, we obtain the result (2.3)

O
Theorem 2. For n > 0, we have

LBS,k)(x,)’+u,z+v;a b) = Z ( >LB;(1 )m(x Y,%:0,b)H,

(U, V). 2.4)
m=0
LBE,k)(x,y—i—u,z;a b) = i < > m(X,yia,b)Hy (u,72). (2.5)
Proof. On replacing y by y+u and z by z+ v in (2.2), we get
i B (e y+u,z 4 v, b) - le(blt_iab)) exp(yt +zt2)Co(xt) exp (ut +vt?)
n=0

:ZLBSl X)%Zdb ZHmMV
n=0

ZLB,Sk)(x,y—I—u,z—l—v;a,b)—' = Z [Z <n>LBI(1 )m(x y.z.a b) (u V) P
=0 n: m—=0 \/M n

n=0 :
Now equating the coefficients of the like powers of ¢ in the above equation, we get
the result (2.4).
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Again, from (2.2), we have

" Lig(1— (ab)™)

Z B (x,y+u,z;a,b) o exp(yt + zt2)Co(xt) exp(ut)
n=0

I’T! - bt —
Li (1 — —t
= 1k(bf—izabt))ff’y’Co(xf) exp(ut +21%)
oo (k) ' t" o lJ’ﬂ
= Bn ) 7b - Hm ’ m!’
Y18 (xovsab) 3 Han2)

G ol oy () s0 "
n;OLBn (X7Y+M,Z,a,b)a— Z [Z <m>LBn—m(xvy9aab)Hm(uaZ) ; (26)

n=0 [ m=0
On comparing the coefficients of equal powers of " in (2.6), we acquire the desired
result (2.5). O

Theorem 3. Let p,q > 0 and n > 0, we have
(k) AW G
LB (X,py, qZ;a7b) = Z m LBn—m(xv (p - 1)_)’7 (q_ I)Z;aab)Hm(yaz)' (27)
m=0
Proof. Rewriting the generating function (2.2), we have

i LBﬁzk) (x, py,qz;a,b) " _ Lik(l - (ab)it) eyt+ztze(p—l)yt+(q—1)ztzco(xt)
n=0

nj bt —qt
= <r;)LB,(1k)(x, (p—1Dy,(g— l)z;a,b);!> (,,;O}L"(y’z);a> 2.8)
- Z (Z (Z) LBﬁzli)m(xv (p* 1)y, (Q* I)Z;a,b)Hm(y,Z)> %
n=0 \m=0 !

On comparing the coefficients of ;—n, in (2.8), we obtain at the desired result (2.7).
O

3. SUMMATION FORMULAE FOR GENERALIZED LAGUERRE-BASED
POLY-BERNOULLI POLYNOMIALS.

In this section, we derive some implicit summation formulae for generalized Lagu-
erre-based poly-Bernoulli polynomials LB,(lk) (x,y,z;a,b). We start with the following

theorem as.

Theorem 4. The following relation holds true:

l,p l
LBgi)p(X,v,Z;a,b)Z Z ( ><p> (v—y)'"+”LBl(?p_m_n(x,y,z;a,b). (3.1

m,n=0 m n
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Proof. Replace t by ¢ +u in (2.2) and rewrite the generating function (2.2), we
have

Li (1 — (ab) () exp(z(t +u)})Co(x(t +u))

bt — q—(t+u)
tlup
=exp(—y(t+u)) Z LBz+p X, ¥,2;4, b)l' 7 (3.2)
1,p=0
Upon setting y by v in (3.2), it is not difficult to show that
tup tup
exp((v—y)(t+u)) Z LBl+p X, ),2;a b)l' | = Z LBl+p X,v,2;a b)l' T (3.3)

1,p=0 1,p=0
Expanding the exponential part from the above equation (3.3) with the help of result
[19], we get

= [(v— y t+u = tup
Lyp
t
— Z LBl+vazab)l‘u'.
1,p=0
= vy u G4
m;oT Z Bz+p X, y,7;a b)l' ]
tlup
Z LBlerxvzab)l‘ -
1,p=0
On replacing [ with [ —m and p with p —n in L.H.S. of (3.4), yields
s Lp (V— m+n l,p
y) (k) t'u
o a,b)
R G (]
’ ' ) (3.5)
- tlu
= Z LBI(Jr)p(vx za, b)l' z
1,p=0

On comparing the coefficients of equal powers of  and u# form (3.5), we obtain the
result (3.1). [

Remark 4. Forl =01in (3.1) reduces to
p
LBék)(x,v,z;a,b) = Z <Z> (V—)’)nLBﬁakzn(X,y,Z;a,b)
n=0

Remark 5. On taking v=01in (3.1), we get

l,p l
1B, (x,za,b) = ) ( )(”)( Bl yzab).

m,n=0 m n
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Theorem 5. The following relation holds true:

B (ey+1,z:a,b) = Z Z (” J) B, (xyia, b)ﬁzl. (3.6)
m=0 j=0 -

Proof. On replacing y by y+ 1, (2.2) converts as

Lix(1 - (ab) ")

[ [" 5
Z LBElk) (x7y-|- l,Z;a,b); = rgp— e y+1)t+zt C()(xl‘).
n= :

S £ Lig(1—(ab)™
Z LB’(1 )(x y+1,z;a b) weyfco(xt)et+zt2
n=0 —a

Z‘ "
n=0 j=0 J:
ZLB’E)(’W*LZ;“”’); =Y ) (m)LBﬁlm(x,y;a,b)m sz T
n=0 : n=0m=0 =0 .

’l n—2j n

a0 | =0 =0 Jl(n=2j)!|{ n!

On comparing of the coefficients of ;—n, we obtain at the desired result (3.6). O

Theorem 6. The following relation holds true:

"
LBSZk)(x,erl,z;a,b)J =) <m>LB( '(x,y,z:0,b). (3.7)
: m=0

Proof. We start with the following relation

n

Z LBi(’Lk)(x7y+ I,Z;a,b); - Z LBglk)(xLy’Z;a?b)E
n=0 : n=0 :

; Lig (1 — (ab) ")

e Gy (w) (¢ 1)

mootn s n

= ZLB%()(XL%Z;G b Z ZLBSIH(X,_)/,Z;CI,IJ)%
_ZZ< ) xy,zab——ZLB xy,z;a,b)%-

n=0m=0

On comparing the coefficients of equal powers of ¢* produce the result (3.7). U
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4. SYMMETRY IDENTITIES FOR THE GENERALIZED LAGUERRE-BASED
POLY-BERNOULLI POLYNOMIALS

Recently, Khan et al. [11-13,15,17, 18] and Pathan and Khan [19-24] have es-
tablished some interesting symmetry identities for various polynomials. Here, we

present certain symmetry identities for the generalized Laguerre poly-Bernoulli poly-

nomials LB,Qk) (x,y,2;a,b) in the following form.

Theorem 7. The following symmetry identities hold true:
AV (®) 2 () 2
Z a”"b" B, (bx1,by,b*z;A,B) LBy’ (axa,ay,a”z;A,B)

m=0 m

= Z < )b" ma" B(k,)m(axl,ay,aZZ;A,B)LB,SIf)(bxz,by,bzz;A,B). 4.1)

Proof. Consider the following function

_ [ (Lik(1—(ab)™))?
A(I) - |:(Bat _:—at)(Bbt —A—bf)

We see that the function A(¢) is symmetric in @ and b and we can expand A(¢) into
series in two ways to obtain

A(t) = (Z ( )(bxl,by,bZZ A B ) (Z LB axZﬂ)’,azz;A,B) (1:;)' ) )

:| eabyt+a2b21t2 Co (abXII)CO (abxzt) .

n=0
A=Y (): (Z) a" " BV (bxy,by,b*z;A, B) 4.2)
n=0 \m=0

tn
xLB,(,]f) (axg,ay,azz;A7B)> —.
n!

Similarly, we have

Alt) = Z (Z (;) b"fmamLBgi)m(ax],ay,azz;A,B)

m=0 4.3)

n

t
X LBl (b2, by, b5 A,B) )
n
On comparing the coefficients of ¢ in (4.2) and (4.3), we obtain the result (4.1). [

Remark 6. If b =1, Theorem 7 reduces to

" n
Z ( )a""”LBﬁlk)m(xl,y,z;A,B)LBgf)(axz,ay,azz;A,B)
m=0

< n m_ k) 2 )
= Z a" 1B, (ax),ay,a“z;A,B) By’ (x2,y,2;A,B).
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Theorem 8. The following symmetry identities hold true:

n —1b—-1
b
y < ) y me n-m, gk bxl,by+5i+j,b2z;A,B)LB,(,f)(axz,av;A,B)

m=0 i=0 j=0
n b—la—1
4.4
Z ( ) Z Zambn ’"LB axl,ay—l—gi—i-j,azz;A,B) @4
m=0 i=0 j=0 b

X LBI(’I’l) (be, bV;A, B).
Proof. Let

i — (ab)t 2 eaht _ 2eab( V)t +a bz
B(t) = LB;E]XL,)EBZ _)f)‘_b,)} ( (eml)_ 1)(;[ -1 Co(abxt)Co(abxt)

_ (Lik(l - (ab> 7t)) eabyt-i—azbzztzco(abxlt) <(eabt — 1)) (Lik(l — (ab)it))

(Bat _A—at) (ebt _ 1) (Bbt _A—bz)
eabt -1
% eabvfco(abxzt) <((€“t—1))>
B (Lif}g(:f_fbﬁt_)t))e””*“zbzz’ZCo(abxlt)
(Lix(1— (ab b
% Z btl lkat 1(: b)t) ))e“b‘”Co(abxzt) Z Py
j=0
(Lix(1~ (ab) ) 22, TV o
(Bat _A—at) IZOJZ
5 LB£f><ax2,av;A,B><m)!

o a—1b— b 5 (bt)m
= ZZ bxl,ber l+],bzAB ZLB (axp,av;A,B) )
a2545 m!

oo a—1b—1
b
=Y (¥ ( )Z Y b b b by i A
n=0 \m=0 i=0 j=0 a (45)
zJ’l
X LB( )(axz,av A B)) x
n!
On the other hand,
oo b—1la—1
B(t)=Y Z ( ) Z Zambn m, gk axl,ay—l—gi—i-j,azz;A,B)
n=0 \m=0 i=0 j=0 b (46)

n

t
X LBS,’,‘>(bx2,bv;A,B)> =
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Comparing the coefficients of " in (4.5) and (4.6), we get the result (4.4). ]
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