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Abstract. In the present paper, we give the bounds for the second Hankel determinant of the
logarithmic coefficients of a certain subclass of normalized univalent functions, which we have
introduced here. Relevant connections of the results, which we have presented here, with those
available in the existing literature are also described briefly.
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1. INTRODUCTION

Let A4 stand for the normalized class of analytic functions of the form:
f@=z+Y & (zeU={z:z€C and [z < 1}). (1.1)
k=2

Also let S denote the class of functions in A4 which are univalent in U.

A function f(z) € 4 is called starlike if f(U) is starlike with respect to origin. Let
S*(a) denote the class of functions in 4, which are starlike of order a@ (0 < ot < 1)
in U. It is well known that

/
fes*(oc)<:>9{<zf(z)>>oc (zeU;0<a<).
f2)
A function f € 4 is called convex if f(U) is a convex domain. Let K (o) denote
the class of all functions in A4, which are convex of order & (0 < < 1)in 4. Itis
also known that f € K (o) if and only if

zf"(z)
f'(@)
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fe?((oc)<:>91<l+ )>oc (zeU;0<a<1).
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The function classes
S(0)=:8" and K(0)=:%
consist of starlike and convex functions in U, respectively. Moreover, the function f
is convex if and only if zf'(z) is starlike.
Let P denote the class of analytic functions p(z) in U satisfying the following
conditions:
p(0)=1 and  R(p(z)) >0.
Thus, if p € P, then the function p(z) has the following form:

p(z) = 1+iCka (ze ). (1.2)
k=1

Functions in the class P are known as Carathédory functions. In fact, the coefficients
of functions in $* and X are known to have suitable representations in terms of the
coefficients of functions in the Carathéodory class P.

Associated with each function f € § are its logarithmic coefficients ¥ defined by

Fr:=log (f(;)) :22Ykzk (ze ). (1.3)
k=1

In particular, the logarithmic coefficients of the Koebe function £(z) = z(1 —z) 2 are

Vi = % Because of the extremal properties of the Koebe function £(z), one could

expect that ¥, < % for each f € S. But this conjecture is false even in the case when

k = 2. For the whole class S, the sharp estimates of single logarithmic coefficients

are known only for

11
<1 and  |p| <=+ =0.6353..
2 €2

and are not known for k£ > 3.

Recently, logarithmic coefficients were studied by many authors and the upper
bounds of the logarithmic coefficients of functions in some important subclasses of
the univalent function class § were found (see, for example, [1,2,4,6,16,22,25]). For
a summary of some of the significant results concerning the bounds of the logarithmic
coefficients for univalent functions, we refer to [24].

Next, forg,n € N={1,2,3,---}, the Hankel determinant H, ,(f) of f € 4 of form
(1.1) is defined as follows.

Definition 1. The Hankel determinant H, ,(f) (¢,n € N) is defined for a function
f € A4 of form (1.1) by

Qn Ap+1 ° Qpig—1
an+1 an+2 " Antq

Hgy, (f) =

Ant+g—1 Antq " Qui2(g-1)
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In particular, the Hankel determinant H> ; (f) = a3 — a% is the well-known Fekete-
Szegd functional. The second Hankel determinant Hy»(f) is given by Ho»(f) =
arag — a%.

The problem of computing the upper bound of H, , for functions in various sub-
families of the analytic function class 4 is interesting and widely studied in the lit-
erature on Geometric Function Theory of Complex Analysis. Sharp upper bounds
of Hy» and Hs; for subclasses of analytic functions were obtained by several au-
thors (see, for details, [3,7,8, 1113, 18]). Srivastava et al. [21] considered a family
of normalized analytic functions with bounded turnings in the open unit disk U and
obtained the estimates of the fourth Hankel determinant. On the other hand, Srivast-
ava et al. [19] investigated the upper bound of the third Hankel determinant for
the subclass of close-to-convex functions related to the right half of the lemniscate of
Bernoulli. Moreover, the bounds of the Hankel determinant of order three for the cer-
tain subfamilies of univalent functions associated with exponential functions, which
are symmetric along the real axis in the region of open unit disk, were considered by
Shi et al. [17] (see also the developments reported by Srivastava et al. [20] on the
Fekete-Szego type and other coefficient estimates for subclasses of analytic functions
which satisfy some subordination conditions and are associated with the Gegenbauer
polynomials).

Quite recently, Kowalczyk and Lecko [9] introduced the following Hankel determ-

inant H, , (%) in which the entries are logarithmic coefficients of f.

Definition 2. The Hankel determinant H,, , (%) involving the logarithmic coeffi-
cients of f is defined by

Tn Ynr1 Vntq—1
Ff Yn+1 Ynt2 oo Yn+q
Hy,n <2> R : :
Yotqg-1 VYn+q - Yn+2(q—1)

For a function f € § given by (1.1), by differentiating (1.3) one can obtain the
following logarithmic coefficients:

1 1 1 1 1
N=ax =7 (a - Ea%) and Y3 = 5 (a4 —aas + §ag). (1.4)
Therefore, the second Hankel determinant of F/2 can be obtained by
Fy 1 1
Hj <2> =Y173—Y%= 1 <a2a4—a%—|—12a‘2‘> . (1.5)

Furthermore, if f € §, then we find for
foz)=ef(®%)  (BER)
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that (see [10])

In their sequel to [V], Kowalczyk and Lecko [10] derived sharp bounds for H | (%)
for the classes of starlike and convex functions of order o in U. The problem of com-
puting the sharp bounds of H ; (%) for starlike and convex functions with respect

to symmetric points in the open unit disk U was considered by Allu and Arora [23].
Motivated essentially by the above-mentioned recent developments, we continue

here to deal further with
F
H; <2f> ="M73 —Y%

for functions in the class R (A, a) defined as follows.

Definition 3. For 0 < o < 1, afunction f € 4 is said to be in the class R (A, o) (A >
0) if it satisfies the following condition:

() A
9‘( 7

> >o  (zel). (1.6)

2. A SET OF LEMMAS
In order to establish our main results, we will require the following lemmas.
Lemma 1. (see [5]) If the function p € P is given by the series (1.2), then
e <2 (ke N). 2.1
This inequality is sharp for each k.

Lemma 2. (see [14, 15]) Let the function p € P be given by the series (1.2). Then
there exist x,z € C with |x| < 1 and |z| < 1 such that

2¢y = ci+x(4—cf) (2.2)
and
de3=c1+2(4—cf)crx—cy (4—cf)x?
+2(4—c) (1) z (2.3)

3. RESULTS

Our main results on the bounds involving the logarithmic coefficients are stated as
the following theorem.
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Theorem 1. Ler f(z) € R(A, ). Then
127 (1 — o)2(14+21)3(8A2 +-6A + 1)
<O§k§ —3+\/m>

B
Iy —%| < 4T (1 — ar)? [3(1+27V)4(1+47‘)_ZTBZ}
<x> W)

12

where
A=2(1— )22 (54 121) — (14+20)3 (1202 + 60+ 1), (3.1)
B:= (1421)*A(6A> + 3140 —1) (3.2)
and
T = [48(1+20)*(1+30)2(1+41)] . (3.3)
Proof. Let f(z) € R (A, o). Then, in view of (1.6), there exists a p € P such that
'@ A2 (2) = (1-w)px)+a) f(z)  (zeD). (34)

Thus, by using the representations (1.1) and (1.2) in (3.4), we obtain

2+ Y k[1+Ak—1)] a2
k=2

= <1 +(1-a) i Cka> <Z+ i Clka> (3.5)
k=1 k=2

Upon comparing the coefficients on both sides of (3.5), we find that
1—o

@ =T C (3.6)
(T—a)?ct+ (1 —a)(1+2A)cr
= 2(1+30)(1+21) S

and
as = [(1—a)’c] + (1 —)*(3+8A)crca +2(1 — o) (1+31) (1 +21)c3]
[6(14+40)(1430)(14+20)] . (3.8)

We now substitute the above expressions for the coefficients a,, a3 and a4 into the
equation (1.5). After further simplification, we have

F 1 1
Hy (;) =MV —Yg = 4 (a2a4—a%+12a‘2‘>

=T [dlc? —l—dzc%cz +dscics + d4C%] , 3.9
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where T is given in (3.3) and

dy = (1—a)*A*(5+1200), (3.10)

dy = —2(1 —a)*A(1+2))%, (3.11)

dy = 4(1— )2 (14+21)° (1 +31)? (3.12)
and

dy = =3(1—a)*(1+20)*(14420). (3.13)

Since p(z) € P, by Lemma 1, we have |c;| < 2. By letting ¢; = ¢, we may assume
without loss of generality that ¢ € [0,2]. Also, upon substituting the values of ¢, and
¢3 from (2.2) and (2.3) into the equation (3.9), we have

Fy T
Hy (L) ==
2(3)]-3

Applying the triangle inequality along with |z| < 1, replacing |x| by u and substituting
the values of dy, d», d3 and d4 from (3.10) to (3.13), we get

c*(4dy +2dy +d3 +dy) +23x(4 — ) (da +ds + da)

—|—x2(4—02)(—d3c2 +d4(4—cz)) +2d3c(4—cz)(1 — \x|2)z .

Ho, @”) ‘ < Z;(Kc“ +22u(4 — ) (1 — ) (1 + 242

[20A+ 1+ 6A(1+2K)%] + 7 (4 — ¢*) (1 —o)* (1 +-24)°
[ (1202 + 60+ 1) —8c(1+310)> + 12 (8A* + 6 + 1) |
+8c(4—c?)(1—a)?(1+21)%(1 +3x)2)
=: F(c,u), (3.14)
where
K :=4(1 —a)*A%(5+ 121) — 4(1 — o)A (1 +21)?
+4(1— o) (14+20)3(143%0)% = 3(1 —a)> (1 +20)*(1 +42).

We next maximize the function 7, (c,u) on the closed region [0,2] x [0, 1]. Differen-
tiating 7 (c,u) defined in (3.14) partially with respect to u, we have

aﬂa(:’“) = §(4 — A (1—a)?(14+20)° <02 [200 4 1+ 6A(1 +21)?] (3.15)

+u(142%) [ (1202 + 6X+ 1) — 8¢(1 +3x)2+12(8x2+6x+1)]).
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For 0 < u < 1, and for a fixed ¢ with 0 < ¢ < 2 and A > 0, we observe from (3.15)
that
aj:?» (C7 /.l)
ou
Consequently, 7, (c,u) is an increasing function of u and hence it cannot have a
maximum value at any point in the interior on the closed region [0,2] x [0, 1]. Further,
for fixed ¢ € [0,2], we have

>0 O<u<1;0<ec<2; A>0).

max {Fale.u)} = Fale, 1) = Gule). (3.16)
Now, upon simplifying the relations (3.14) and (3.16), we obtain
_T(1—0)? (4 2 3/g02
Gr(c) = 5 Ac” +8Bc”+24(1420)"(8A"+6A+1) |, (3.17)
Gr(c) =2Tc(1—a)*(Ac* +4B) (3.18)
and
G (c) =2T(1 — a)*(3Ac* +4B), (3.19)

where A, B and T are given in (3.1), (3.2) and (3.3), respectively. We consider the
following cases.
Case 1. If A =0, Gy (c) is a constant and its value is given by

N2
(e = 12

Case 2. Since 0 < o < 1, if we take
—34+4/9+24(1 -
0<A< T ;rz ( ),

then we conclude that A < 0 and B < 0. Therefore, we observe that G; (c) < 0 for
0 < ¢ < 2. Therefore, in this case, Gy (c) is a decreasing function of ¢ on [0,2], and
we have

max { G (c)} = Gr(0) = 12T (1 — o) (1 +2A)3 (8A* + 6L+ 1). (3.20)

Case 3. Since 0 < o < 1, if we choose

—34+4/94+24(1—
A > + ;rz( a),

then A < 0 and B > 0. From the equation G, (c) = 0, it is easy to verify that the
function Gy (c) has only one critical point in the open interval (0,2) given by

B
=24/——. 21
c=2/-% (3.21)
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Substituting the value of ¢ from (3.21) into (3.19), and after simplifying, we get

Gy (2,/—23) = —16T(1 —a)’B < 0.

Therefore, by the second derivative test, Gy (c) has its maximum value at ¢, where ¢
is given by (3.21). Substituting the value of ¢ in (3.17), and upon simplification, we
obtain max { Gy (c)}, given by

max { Gy (c)} =4T (1 — )? [3(1 +20)4 (1 +41) — ZABT : (3.22)

By summarizing the conclusions in Cases 1, 2 and 3, we arrive at the following
inequality:
(127 (1 — o) (1 +21)3(8A2 + 61+ 1)

<0 <h< 3+\/9+24(1a)>

12
BBl 4r(_ap [3(1 F20)H (1 +40) — Zﬂ
<7L - 3+\/9+24(10c)>

2
This completes the proof of the theorem. O

In its special case when A = 0, the above theorem would yield the corresponding
estimate for functions in the class $* (o) of starlike functions of order o in U

Corollary 1. (see [10]) Let f(z) € S*(Q). Then

(1-a)?

’Y1Y3—Y§‘S R

4. CONCLUSION

The present investigation is motivated essentially by several recent developments.
We have given the bounds for the second Hankel determinant:

Hy (1;‘) =NB-%
of the logarithmic coefficients of functions belonging to a certain subclass & (A, &) of
normalized univalent functions, which we have introduced here. We have also briefly
described relevant connections of the results, which we have presented here, with
those available in the existing literature in Geometric Function Theory of Complex
Analysis.
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