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M-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS: INTEGRAL
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Abstract. In this paper, we introduce a new extensions of Srivastava’s triple hypergeometric
functions Hy, Hp and H¢, by using an modified beta function, which given with a generalized
M-series in its kernel. We also introduce a new extension of Appell’s hypergeometric function
of the first kind by using the same modified beta function. Furthermore, we give some integral
representations of the new extensions of Srivastava’s triple hypergeometric functions. Finally,
we obtain solutions of fractional differential equations involving new extensions of Srivastava’s
triple hypergeometric functions.
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1. INTRODUCTION AND PRELIMINARIES

Scientists have conducted a lot of research in recent years on various generaliz-
ations of special functions (see for example [2, 3,5, 7-10, 16, 19,21, 28] and refer-
ence therein). Particularly, the modified gamma function for R(a) > 0, R(p) > 0,
R(x) >0and &y,....&p,M1,...,Mg #0,—1,—2,... was introduced by Ata in [4] as
follows:

MR (:0) = MTRP &1 i, My s P)

= [ A : . p
_/O A¥ gME(gl"“’&p’nl’“"nq’_A—K)dA.

Also, the modified beta function for R(a) > 0, R(p) > 0, R(x) > 0, R(w) > 0 and
Ei,.. . €psM1,...,Mg #0,—1,—2,... was introduced by Ata in [4] as follows:
B (k,0:0) = MBI (B, &, Mgk, @)
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1
1 —1 . . _p
:A AK (I—A)m gME (al?ﬂ"ép’nl’.“’nq’A(l—A)) dA (11)

If we take A = (sin®)? in the equation (1.1), then
MBYP (k. 0:p) = "By (€1 Epii, . Mg, 0:p)
= 2/07;(sinq))z"_l(c:osq))z‘”_1
< OMP (&1, &pin1,. .. ,Ng —p(secd)(csc§)?) do.  (1.2)

If we take A = A in the equation (1.1), then

MBEJOLQB)(K (0N p) MB OCB (éla &p;nla"wnq;]{’w;p)

) AK 1
:/0 (1+A)<Ho
1
X quB <§1,...,§p;n1,...,nq;—2p—p <A+ A>> dA.  (1.3)
If we take A = == in the equation (1.1), then
MBE‘?ZB)(K :p) =By (&1, Epmi, . Mgk, @0p)
— (V_u)lfkfu)/ (A—M)Kil(v—/\)mil

u

_ N2
><;‘:M5<§1,...,ép;m,...,nq;(Aff;)(vbfA))dA. (1.4)

Moreover, the modified Gauss hypergeometric function for R(uz) > R(uz) > 0,
R(a) >0, R(p) >0 and &;,...,&,,M1,...,my #0,—1,-2,... was introduced by
Ata in [4] as follows:

MESSP) (1 o 113305 0) = MESSP (B, EpiM, - Mg a2 135 )
il
n=0

The modified special functions given above were called M-gamma, M-beta and M-
Gauss hypergeometric functions by Ata, respectively. If we put p=0and p=¢g =
&1 =m =a=p =1 to the M-gamma, M-beta and M-Gauss hypergeometric func-
tions, we get the classical special functions [1], respectively, as follows:

po+n,u3 —pip) T

<1).
B(up, 3 — p2) o (<D

e The gamma function for R(x) > 0:

['(x) = /O AR exp(—A)dA.
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e The beta function for R(x) > 0 and R(w) > O:
1
B(k,®) = / A (1= A)®1dA.
0

e The Gauss hypergeometric function for R(u3) > R(u) > 0:

oo

B +n,u3 — ) v

Fy(uy, o5 u357) = 2 —, Tl <1).
2P, pos 33 0) n:O(,ul)n Bluo s — ) 1! (Il )
The gamma and beta functions relation [ 1] is as follows:
(1)l (w)
B == R 0,N 0). 1.5
(€0 = Frerg (H(K)>0.5(0)>0) (15)

The function ;‘,‘Mg used above is known as the generalized M-series [23] for R(a) >0
and &;,...,§,,M1,...,My #0,—1,-2,... which defined as:

apgB oy — 0B . T = B (S0 P (%) P
”Mq(r)7”M"@1"”’§”’m""’n"’r)*n;ﬂm)n...(nq)nr(anw)'

The symbol (-), used above denotes the Pochhammer symbol [1] and is defined by

CT@en) [ YD Cn—1), n=12,.,
O=rg - { L on=0 19
The equation (1.6) also yields [26]
(Ontm = (©)n(C+n)m- (L.7)
The binomial theorem [1] is as follows:
o AR
(-2 =Y Q. (AI<1). (1.8)

n=0
The Caputo fractional derivative operator [18] for R(g) > 0, m — 1 < R(e) < m,

(m € N) is given by

DyUSO)) = gy [ (P= 0" @), (p>0).

I'(m—¢

The Laplace and inverse Laplace transforms for R(s) > 0 in [17], respectively, are
defined as:

S{f(P)is} = F(5) = [ exp(=sp)f(p)dp

and

1

SHEO) = 10) =g [ eplsp)F()s, (> 0)
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The Laplace transform of the Caputo fractional derivative is as follows [20]:

e{" Dy ro)}isf = F<s>—§;;s8"‘-1f<k><o>, (m—1<K(E)<m). (19)

We introduce the new extended Appell’s hypergeometric function of the first kind for
R(ua) > R(ur) >0, R(a) > 0, ‘ﬁ(p) > 0 and max {|x|,|®|} < 1 as follows:

My-(0,B)

FL) (g g,y e, i) = M AP (€ B, s o, i, )
oo Mp(o,p) : 7
Bpg (i +m+n,us—up;p) K" o
=) (2)m(ps)—"1 (B P) ——, (1.10)
0 (1,44 — 1) m! n!
which we called as M-Appell hypergeometric function Fj.
2. M-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS
Srivastava defined triple hypergeometric functions Hs, Hg and H¢ in [24,25] and
then scientists have studied on various extended of these functions [0, | 1-15,22,27].

We introduce the new extended Srivastava’s triple hypergeometric functions as
follows:

My ,LBC,)(M S, 133 U4, 55 K, ©, T3 P)

MHAaqu (gla (:P;nlv- -5 Ngs M1, M2, U35 14, U5 5 K, O‘)’T;p)

i (1) s (12 Ynn MBYSP (a1 + m+ ke, s — 3 p) 6" @ T

m,nk=0 (14)m B(u3,us — u3) m n k’
(R(a) >0,R(p) >0,r<ls<1,t<(l—r)(l—5s)),

2.1

MHI(; ,;Bq) (a1, 12, 13 M M5 M3 K, €, T3 )

MHBaqu (ST E,,p;m,--.,T]q;/l1,/12,/13;,u4,.115,.u6;1< 0,T;p)

i (11 +,Uz )om-tnk (U3) ntk Bg: qB>(#1 +m+k,up +m+n;p) K" @ T

m,n,k=0 ) (:US) (6 B(uy,u) m! n! k!’

<EK(0L) >0,R(p) >0,r+s+t+2vVrst < 1) ,

and
M8 O
Cpq lu171u27‘u3 ;u4’K7 ('07T’ p)
Mchqu(ﬁly (Epi My Mg 1, M2, 133 a3 K, O, T3 P)

i ,u2 m—+n ‘u3)n+k BE,qB)(,ul—{—m—l—k,‘u4—|—n—‘u1,p)g(l)7nﬁ (2 2)

mig—o (Ha)n B(ui,pa+n—puy) m! !k’
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(m(a) S0,R(P)>0r<ls<lt<lr+stt—2/(1-1)(l—s)(l_t)< 2),

where for brevity, the co-ordinates are written (r,s, t) instead of (|x/|, |®|,|7]).

Respectively, we called them as M-Srivastava hypergeometric function Hy, M-
Srivastava hypergeometric function Hp, and M-Srivastava hypergeometric function
Hc. Obviously for p=0and p=g=&; =n; = o= p = 1, these functions are
reduced to the Srivastava’s triple hypergeometric functions Hs, Hp, and Hc.

The equations (2.1) and (2.2) can also be given with the following series repres-
entations:

My pﬁq)(ul,#z,m;m Us3 K, @ T'p)

Y

/11 K
= Z Jm MFl((;'f,)(ﬂa,yz +m, 4 mps; 0,Tp) —
m=0 "

MHC(’pBL;(MlaHZaH3;H4;K (O] ’Cp)

71

2 3
_Z C 'u nMFl((;g)(Hl,Hz-i-”am+”§/~’4+”;K’T;p)ﬁ7
n=0

where MF, 1(?,:5) is the extended Appell’s hypergeometric function of the first kind given

by (1.10).

3. INTEGRAL REPRESENTATIONS FOR M-SRIVASTAVA HYPERGEOMETRIC
FUNCTION Hy

Theorem 1. Let R(us) > R(usz) >0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hy holds true:
Mp P (m,uzwz‘m’us;K ®,T;p)

_ A~ 1 ,Us =101 — A) (1 — TA) M
 T(u3)T(us —p3) / ( s )

aasP —P Lo K
X M, (A(l —A)) 2F <,U1,,Uz,,u4, T —’CA)> dA.

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function Hy, we have

My ;;Bq)(lll,,uz,m,m,ﬂs K,0,T;p)

i (1) mk (12 mesn Bquﬁ)(m -|-n—|—k,,u5—y3;p)ﬂ(07nf

mnk=0 (14 )m B(u3, us — u3) m! n! k!

oo

. Z “1)m+k(/12)m+n 1 /1 A,u3+n+k71(1 _A),u5f,u371

R0 (14)m B(u3,us — u3)
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m 1k
o (— P\ KO
<A(1—A)> m! n! k!d

By using equations (1.5) and (1.7), we get

MHf(;?;Fq)(Ml7.112,#3;114#5;1(, o,T;p)
_ F(IUS) . (,ul )m-‘rk(,UZ)m—i—n /1 A’u3+n+k_] (1 _A),u5—p3—l
F(ﬂ3)r(y5 —‘Ll3) m,nk=0 (,U4)m 0

(XMB —p ggﬁdA
A(1—A) ) m! n! k!

— [(us) R ps—p3—1 oty rB p
_F(m)F(us—us)/ A=) M <A(1—A)>

- 0A)" & TA)K
m=0 Jm o ml = k=0 k!
By using equation (1.8), we obtain
My pﬁg(uuuz,ua'm ys;K ®,T;p)
— AL — A5 locMB< —p >
F .us—m / A(1—A)
(1) m ,Uz K" o -
—A) 2T —tA) A
x go "B (- 0a) (1 - 1a)
_ A3~ 1 ,Lls =11 _ mA 1 —tA) M
= Moo= / (1-w8) (1 -18)
— K
angh _—P F U4 dA
Xp q<A(1A) 20 |\ M1, H25 M4 (1 — wA)(1 —1A) )
which completes the proof. U

Theorem 2. Let R(usg) > R(z) >0, R(us) > R(uz) >0, R(a) >0, R(p) >0
The following integral representation for the M-Srivastava hypergeometric function
Hy holds true:

Y ,;Bq) (b1, 2, 1433 pa, p55 K, ©,T5 P)

_ T (ua)T(us) S .
 T(uo)T(u3)T (s — pao)T (1 / / ARTAR — A)H
X (1 — A)Hs—Hs~ 1(1—0)A)#1 —tn [(1—mA)(1_TA)_KA]_,J,

() 2 (a e
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Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function H4 and by making similar calculations in the
proof of Theorem 1, the proof is completed. O

Theorem 3. Let R(ug) > R(wz) > 0, R(us) > R(uz) > 0, R(a) > 0, R(p) > 0.
The following integral representation for the M-Srivastava hypergeometric function
Hy holds true:

MEP) (1 i a3 14, 153, 0,5 )
_ F(IJ4)F(.“5) /l /lAyzlAysl(l 7/\)#4*#271
T ()T (3)T (g — )T (s — p13) Jo Jo

X (1= AW — @A) 2 (1 — kA —TA) M (1 —

oy B I opgB _ P dAdA.
" pM (A(l A )P\ A —a)
Proof. By using the formula (1.1) of the M-beta function in the definition of M-

Srivastava hypergeometric function H4 and by making similar calculations in the
proof of Theorem 1, the proof is completed. g

KOAA —H
(I1—wA)(1 —KA—’EA))

Theorem 4. Let R(us) > R(uz) >0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hy holds true:

MHP) (a1, a3 14, 1536, 0,3 )

_& 3 sin 2u3—1 cos 2us—2u3—1 — o(sin o\ —it2
_F(Hs)r(us—m)/o (sin @)™ (cos¢) (1—o(sing)*)

X (1 — 17(sin(1))2)_“1 gMg’ (—p(sec¢)2(csc¢)2)
K
F sHa; . . do.
e (’“’“2 M= o(sing)?) (1 —r(sm¢>2>> °
Proof. By using the formula (1.2) of the M-beta function in the definition of M-

Srivastava hypergeometric function H4 and by making similar calculations in the
proof of Theorem 1, the proof is completed. g

Theorem 5. Let R(us) > R(usz) >0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hy holds true:

MHA((,xp?q) (:ul Y M2, U35 14, 155K, 0, T p)

I'(us) /°° -1 - -
— AM3 1+A 1+ —Hs l—i-/\—(DA) 2
T'(u3)T (us — 3) Jo (1+4) (

1
X(1+A—1A)™H gMg (—Zp—p (A—i— A))
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k(1 +A)?
F U4 dA.
2 (‘“’”2 e T A— o) +A—17A)>

Proof. By using the formula (1.3) of the M-beta function in the definition of M-
Srivastava hypergeometric function H4 and by making similar calculations in the
proof of Theorem 1, the proof is completed. O

Theorem 6. Let R(us) > R(uz) >0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hy holds true:

MHIL(X(,);)E]) (,Ll] s M2, U35 14, 15K, O, T, p)

— F(‘US) y— y) e —ps ! —u)l, s—u3—1
a F(Hz)r(#s—m)( ) /u(A Jr = Ay

—p(v—u)?
(v o) (o —us(a-) * gark (PR

. . K(V—M)2
X o F} <,1117/12,,U4’ (v—u—(!)(/\—u)) (v—u—‘C(A—”))> dA.

Proof. By using the formula (1.4) of the M-beta function in the definition of M-
Srivastava hypergeometric function H4 and by making similar calculations in the
proof of Theorem 1, the proof is completed. g

4. INTEGRAL REPRESENTATIONS FOR M-SRIVASTAVA HYPERGEOMETRIC
FUNCTION Hp

Theorem 7. Let R(uy) > 0, R(w2) > 0, R(a) > 0, R(p) > 0. The following
integral representation for the M-Srivastava hypergeometric function Hg holds true:

My ,;Bq) (ka1 12, 133 1 M5 M3 K, 0, T3 P)

‘u1+‘u2/ #11 ,uzl(XB —P
A PMa\ AT =ay

x Xa (1 + o, 1133 14, 5, 163 KA (1 — A), 0(1 — A), TA) dA.

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function Hg, we have

MEP) (1, 1, 033 14, 15, 63 6, ©,T: )
_ i (1 + 12)2m 1 (U3 )k qu (1 +m+k,pp +m+n:p) g(inf
migeo (Ha)m(us)n (16 )k B(ui,m2) m! nl k!
_ 1 - (/-11 +/12)2m+n+k(:u3)n+k /1 A,u1+m+k71<1 _A),uerm+n71
Blui ) iio (a)m(us)a(us)i — Jo
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m 1k
o (— P\
(A(l—A)) m! n! k!d

By using equation (1.5) and by making necessary arrangements, we get

MH pﬁc,)(ul,m,m‘m,us,usm O,T;p)
['(u1 +u2) / I 1oy B ( —p >
A:ul ;UZ M
T(un)T () A(1—A)
" i (1 +H2)zm+n+k(ﬂ3)n+k (KA(1—A))" (o1 —A))" (TA)de
B B 1T L 75 W TS PR T
,Ul +.Uz / I 1o sB ( —p >
A,UI ,Uz M
A(1—A)
><X4( 1+M2,M3,#47M57M6,KA(1—A) o(1—A),TA)dA,
which completes the proof. U

Remark 1. The function X4 used above is known as the Exton’s function Xy [26]
and defined by

> (1) 2mgnk (U2) npk K @ Tk
X4 M1, U5 3, U U5 K, M, T) = ==
( ) m,n,zk:O (13)m(ua)n(us )k m! n! k!

2
<2ﬁ+ (x/§+\/f) < 1) ,
where for brevity, the co-ordinates are written (r,s,t) instead of (|x|,|®|, |t|).
Theorem 8. Ler R(uy) > 0, R(w2) > 0, R(a) > 0, R(p) > 0. The following
integral representation for the M-Srivastava hypergeometric function Hg holds true:
MEED) (1, i, 133 14, 15, 63, ©,T: )
21 (uy + ) /12[ 21 2—1 oy sB 2 2
= sin cos M (—p(sec csc
P [ Ging) 1 (cose): g (~plsect)(esco)?)
X Xa (11 + o, 1133 114, 5, o K(5in 0)(cos 0)%, (cos )%, T(sin9)?) .
Proof. By using the formula (1.2) of the M-beta function in the definition of M-

Srivastava hypergeometric function Hp and by making similar calculations in the
proof of Theorem 7, the proof is completed. U

Theorem 9. Letr R(u;) > 0, R(uz) > 0, R(a) > 0, R(p) > 0. The following
integral representation for M-Srivastava hypergeometric function Hg holds true:

MHI(? qu) (b1s 12, 133 14, 55 63 K, ©, T3 P)

_rr<(511>;5122)> /o<1+AA> 5( - "( D)
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KA 0 TA A
1+A)214+A 1+A
Proof. By using the formula (1.3) of the M-beta function in the definition of M-

Srivastava hypergeometric function Hp and by making similar calculations in the
proof of Theorem 7, the proof is completed. ([l

Theorem 10. Let R(u;) > 0, R(uz) > 0, R(a) > 0, R(p) > 0. The following
integral representation for the M-Srivastava hypergeometric function Hg holds true:

X Xy <H1 + Mo, 135 g, s, e (

M) (1 a3 14, 5, 3, 0,5 )

_ I +u2) (v— ) /V(A_u),ul—l(v_[\),uz—l quB< —p(v—u)? )

F{e T (i) A
x Xy (,u1 M2, 135 M4, 1S, e K(A(:i)i‘;;[\) ’ (’J(VV__I:\)’T(:\__M“)) an

Proof. By using the formula (1.4) of the M-beta function in the definition of M-
Srivastava hypergeometric function Hp and by making similar calculations in the
proof of Theorem 7, the proof is completed. O

5. INTEGRAL REPRESENTATIONS FOR M-SRIVASTAVA HYPERGEOMETRIC
FUNCTION H¢
Theorem 11. Let R(ua) > R(uy) > 0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hc holds true:
Hé,;ﬁq)(ul,uz,#s a3 K, ©,T;P)

. AHI— 1 AYHa—H— Ll A 2 (1 — TA) s
- D H4—M1/ ( ) )

—p o(1—A)
<xMP( — T ),F TUa — U1 dA.
p q(A(l—A)>2 1(/127/13 Ha — (1—xA)(1 —1A)
Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function H¢, we have

o,
MHéqu) ([,l] s M2, U35 Ha s K @, TS p)

Pl +m+ ks +n—pip) ¥ o 7

— i (12) msn (U3 ) sk Bqu
mak=o  (Ha)n B(uy,pa+n—py) m! nl k!

)
= i (2 )orn 013 ! /1 A’“l+m+k_1(1 7A)/~’4+n—l~ll—l
m,n,k=0 (H4)n B(,ul,,U4—|—n—y1)

— K" " ¢
3 —— —dA.
s (A(I—A) m! n! k!
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D) —p11)

By using equations (1.5), (1.6), (1.7) and multiplied by o) s —par) > WE &6t

MHé‘ [;Bq) (#17#%”3;”4;1( ®,T; p)

AMI— 1 A= IOLMB( —p )
Ml)FH4—#1 / A(1—A)

" . (a)n  (2)n (12 + 1) (113 )n (13 + 1)k (KA)™ (@0(1 —A))" (TA)"dA
o (Ha = H1)n (14 )n m! n! k!

= F / AHI— 1 A= LayB _—P
T ()T (g — 1) P4\ A(1—A)
> KA)" & TA)X (o(1 —A))"
XZ /.12 ‘U3 Z(N2+n)zn( ') Z(,u3+n)k( ’) ( ( ))
,Ll])n m=0 m! =0 k!
By using equation (1.8), we obtain

MEED (i, 133112, 0,7 )

- F(‘u4) ! ur—1 ta——1 op B p
_F(ul)F(m—m)/A s (5 )

(o(1—4))"

n!

dA.

n!

XZ /12 (/13) (1 KA)fygfn(l_,cA)fpgfn

dA
(g — 1)

_ [(ua) =101 _ A\a—m—lgq _ — (1 _ e A)H3
_F(ul)F(u4—u1)/0A (1-4) (1—KkA) (1 —1A)

x %MP (A(I_BA)> 2F (ﬂz,#g;m M _?((AI)EIA_) m)> dA,

which completes the proof. O

Theorem 12. Let R(u;) >0, R(uwz) >0, R(ug) >0, R(ua — g —12) >0, R(a) >0
R(p)>0. The following integral representation for the M-Srivastava hypergeometric
function Hc¢ holds true:

M P (Hl,uz,.us;m;K ® T‘P)

[ (u / / 1 I -1
= AT A =T (] _ A
T ()T ()T (ug — p1 — o) )

x (1 —A)mm=r (] — A5 (1 — KA — 0A — TA+ OAA + KTA%)

)

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function Hc and by making similar calculations in the
proof of Theorem 11, the proof is completed. O




104 E. ATA

Theorem 13. Let R(ua) > R(u) > 0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hc holds true:

MHg;’,l?q)(Hl,uz,m;m;K,w,T;p)
_ 2(wm) LPPURC 221 (] _ 1e(sin&)2)
_F(,ul)r(m—,ul)/o (sing)*~ " (cos ¢)#4~#1~ (1 —x(sin¢)?)
x (1—1(sing)?) ™ 9MP (—p(sec§)?(csc)?)

(cos 0)? do
1 —x(sin®)?)(1 —(sin¢)?) '
Proof. By using the formula (1.2) of the M-beta function in the definition of M-

Srivastava hypergeometric function Hc and by making similar calculations in the
proof of Theorem 11, the proof is completed. O

X ok <,U2,.U3;.U4 —ui; (

Theorem 14. Let R(uy) > R(u;) >0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hc holds true:

MH&FJ (011, 12, 133 143 K, O, T3 )

I(ua)

- wA,Ulfl 1AM (] L A — A)H2
T ()T (ug — 1) /0 ( ) ( :

1
X (1+A—TA) ™ %MP <—2p—p <A+A>>

o(l1+A)
1+A—KA)(1+A—rA)>dA

X 2 Fy (uz,us;m —M1; (

Proof. By using the formula (1.3) of the M-beta function in the definition of M-
Srivastava hypergeometric function Hc and by making similar calculations in the
proof of Theorem 11, the proof is completed. i

Theorem 15. Let R(ua) > R(ur) > 0, R(a) >0, R(p) > 0. The following integral
representation for the M-Srivastava hypergeometric function Hc holds true:

MHC(‘(;;?L]) (/*ll Sy M2, M35 1A K, 0, TS p)

I(u4)

v
= rww(v—u)l+ﬂz+#3—y4/ (A—M)'ul_l(v—/\)m—#l—l
u

—p(v—u)?
(o= k(A=) " v—u—r(A ) g (P

o(v—A)(v—u)
v—u—K(A—u))(v—u—’C(A—u))) dA.

X2 F) <H27H3;H4 —H1; (
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Proof. By using the formula (1.4) of the M-beta function in the definition of M-
Srivastava hypergeometric function Hc and by making similar calculations in the
proof of Theorem 11, the proof is completed. O

6. SOLUTION OF FRACTIONAL DIFFERENTIAL EQUATIONS INVOLVING
M-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS

Example 1. Let 1 < R(g) <2 and R(a) > 0. Assume that, the fractional differen-
tial equation

CDE {f( )} M qu(ala &P;nla---7nq;,ul7/"27:“3;#47#5;1(70)’1;8p)
with the initial conditions
f(0)=f'(0)=0

are given. By considering equation (1.9) and by applying the Laplace transform to
the fractional differential equation, we have

£{CD§{f(p)};s} {MHA“qu(il, ip;m,---,nq;m,uz,ua;m,us;K,OJ,T;SP);S}
and then,
s°F () =51 £(0) =572 £(0)

o,
MHA pﬁl q (&la &pv 1;7117- <. 7nq§H17H27H3§ﬂ47,U5;K, 0, T; %)
A

By using the initial conditions, we get

Ap+1q(<t317 &[Nl;n]a s Ngs M1, M2, M35 14, Hs 5 K, 0, TS g)
F(S) = g€t

By applying the inverse Laplace transform to the last equation and by making the
necessary calculations, we obtain the solution function as:

f( ) o MHAaplil q+l(§17 &pv 1;n17' . 7nq71 +8;,U],/,12,/,13;/.14,,L15;K,0),T;8p)
P)= L(1+¢)p—e '

Example 2. Let 1 < R(e) <2 and R(a) > 0. Assume that, the fractional differen-
tial equation

CDE{f(p)} MHBO;)Bq(glv E;pmh-~-aan.Ul7H27H3?H4a.‘15al16§Ka(‘)yT;SP)
with the initial conditions

f(0)=f(0)=0
are given. By considering the equation (1.9) and by applying the Laplace transform
to the fractional differential equation, we have

il{CDE{f(P)};} {MHBaqu(ﬁl, ip;nl,..~mq;uhuz,ﬂs;m,us,#ﬁ;lc,CM;EP);S}
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and then,
sCF (s) — %' £(0) —s* 2 f/(0)
MH?p[ilq(ﬁu Loy LM, - Mgs M1, M2, 135 14 s, M K, O, T; £)

s
By using the initial conditions, we get

B,,+1q(§1, Vo, LM, Mgs i, 2, 1135 i, M, M6 K, O, T; )
F(S> - g€+l ’

By applying the inverse Laplace transform to the last equation and by making the
necessary calculations, we obtain the solution function as:

ME) Bt B TN Mg T €301 2,133, 5, 5 K, ©, T2 €P)
I(1+e)p—* '

Example 3. Let 1 < R(e) <2 and R(a) > 0. Assume that, the fractional differen-
tial equation

flp)=

DELF(P)} =MHIP (B, Bt Mgs i 2, 133 145 K, O, TS ED)
with the initial conditions
f(0)=£(0)=0

are given. By considering the equation (1.9) and by applying the Laplace transform
to the fractional differential equation, we have

£ {CDE {f(p)} ;s} {MHé“,,Bq (€1 Sy Mg 1, 2, M35 a3 K OM;SP);S}
and then,
sSF (s) =571 £(0) =572 f'(0)
MHCOLPI?H q (éla &177 l;nla e Ngs i, p2, 135 Ha K, 0, T5 %)

By using the initial conditions, we get

MHCap[il q (&la &pa 1;7117 < MNgs M1, M2, U35 145 K, O, T s)
F(s) = e+

By applying the inverse Laplace transform to the last equation and by making the
necessary calculations, we obtain the solution function as:

7p+] q+1 (alu E_ma l;nlu ce 7nq’ 1 +S;/11,/12,/13;/14;K, 03>T;3P)

) = I'(14+¢)p—¢
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