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M-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS: INTEGRAL
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Abstract. In this paper, we introduce a new extensions of Srivastava’s triple hypergeometric
functions HA, HB and HC, by using an modified beta function, which given with a generalized
M-series in its kernel. We also introduce a new extension of Appell’s hypergeometric function
of the first kind by using the same modified beta function. Furthermore, we give some integral
representations of the new extensions of Srivastava’s triple hypergeometric functions. Finally,
we obtain solutions of fractional differential equations involving new extensions of Srivastava’s
triple hypergeometric functions.
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1. INTRODUCTION AND PRELIMINARIES

Scientists have conducted a lot of research in recent years on various generaliz-
ations of special functions (see for example [2, 3, 5, 7–10, 16, 19, 21, 28] and refer-
ence therein). Particularly, the modified gamma function for ℜ(α) > 0, ℜ(ρ) > 0,
ℜ(κ) > 0 and ξ1, . . . ,ξp,η1, . . . ,ηq ̸= 0,−1,−2, . . . was introduced by Ata in [4] as
follows:

M
Γ
(α,β)
p,q (κ;ρ) = M

Γ
(α,β)
p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;κ;ρ)

=
∫

∞

0
∆

κ−1 α
pMβ

q

(
ξ1, . . . ,ξp;η1, . . . ,ηq;−∆− ρ

∆

)
d∆.

Also, the modified beta function for ℜ(α) > 0, ℜ(ρ) > 0, ℜ(κ) > 0, ℜ(ω) > 0 and
ξ1, . . . ,ξp,η1, . . . ,ηq ̸= 0,−1,−2, . . . was introduced by Ata in [4] as follows:

MB(α,β)
p,q (κ,ω;ρ) = MB(α,β)

p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;κ,ω;ρ)
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=
∫ 1

0
∆

κ−1(1−∆)ω−1 α
pMβ

q

(
ξ1, . . . ,ξp;η1, . . . ,ηq;

−ρ

∆(1−∆)

)
d∆. (1.1)

If we take ∆ = (sinφ)2 in the equation (1.1), then

MB(α,β)
p,q (κ,ω;ρ) = MB(α,β)

p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;κ,ω;ρ)

= 2
∫ π

2

0
(sinφ)2κ−1(cosφ)2ω−1

×α
pMβ

q
(
ξ1, . . . ,ξp;η1, . . . ,ηq;−ρ(secφ)2(cscφ)2)dφ. (1.2)

If we take ∆ = Λ

1+Λ
in the equation (1.1), then

MB(α,β)
p,q (κ,ω;ρ) = MB(α,β)

p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;κ,ω;ρ)

=
∫

∞

0

Λκ−1

(1+Λ)κ+ω

×α
pMβ

q

(
ξ1, . . . ,ξp;η1, . . . ,ηq;−2ρ−ρ

(
Λ+

1
Λ

))
dΛ. (1.3)

If we take ∆ = Λ−u
v−u in the equation (1.1), then

MB(α,β)
p,q (κ,ω;ρ) = MB(α,β)

p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;κ,ω;ρ)

= (v−u)1−κ−ω

∫ v

u
(Λ−u)κ−1(v−Λ)ω−1

×α
pMβ

q

(
ξ1, . . . ,ξp;η1, . . . ,ηq;

−ρ(v−u)2

(Λ−u)(v−Λ)

)
dΛ. (1.4)

Moreover, the modified Gauss hypergeometric function for ℜ(µ3) > ℜ(µ2) > 0,
ℜ(α) > 0, ℜ(ρ) > 0 and ξ1, . . . ,ξp,η1, . . . ,ηq ̸= 0,−1,−2, . . . was introduced by
Ata in [4] as follows:

MF(α,β)
p,q (µ1,µ2;µ3;τ;ρ) = MF(α,β)

p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2;µ3;τ;ρ)

=
∞

∑
n=0

(µ1)n

MB(α,β)
p,q (µ2 +n,µ3 −µ2;ρ)

B(µ2,µ3 −µ2)

τn

n!
, (|τ|< 1) .

The modified special functions given above were called M-gamma, M-beta and M-
Gauss hypergeometric functions by Ata, respectively. If we put ρ = 0 and p = q =
ξ1 = η1 = α = β = 1 to the M-gamma, M-beta and M-Gauss hypergeometric func-
tions, we get the classical special functions [1], respectively, as follows:

• The gamma function for ℜ(κ)> 0:

Γ(κ) =
∫

∞

0
∆

κ−1 exp(−∆)d∆.
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• The beta function for ℜ(κ)> 0 and ℜ(ω)> 0:

B(κ,ω) =
∫ 1

0
∆

κ−1(1−∆)ω−1d∆.

• The Gauss hypergeometric function for ℜ(µ3)> ℜ(µ2)> 0:

2F1(µ1,µ2;µ3;τ) =
∞

∑
n=0

(µ1)n
B(µ2 +n,µ3 −µ2)

B(µ2,µ3 −µ2)

τn

n!
, (|τ|< 1) .

The gamma and beta functions relation [1] is as follows:

B(κ,ω) =
Γ(κ)Γ(ω)

Γ(κ+ω)
, (ℜ(κ)> 0,ℜ(ω)> 0) . (1.5)

The function α
pMβ

q used above is known as the generalized M-series [23] for ℜ(α)> 0
and ξ1, . . . ,ξp,η1, . . . ,ηq ̸= 0,−1,−2, . . . which defined as:

α
pMβ

q (τ) =
α
pMβ

q (ξ1, . . . ,ξp;η1, . . . ,ηq;τ) =
∞

∑
n=0

(ξ1)n . . .(ξp)n

(η1)n . . .(ηq)n

τn

Γ(αn+β)
.

The symbol (·)n used above denotes the Pochhammer symbol [1] and is defined by

(ζ)n =
Γ(ζ+n)

Γ(ζ)
=

{
ζ(ζ+1) . . .(ζ+n−1), n = 1,2, . . . ,

1, n = 0.
(1.6)

The equation (1.6) also yields [26]

(ζ)n+m = (ζ)n(ζ+n)m. (1.7)

The binomial theorem [1] is as follows:

(1−∆)−ζ =
∞

∑
n=0

(ζ)n
∆n

n!
, (|∆|< 1) . (1.8)

The Caputo fractional derivative operator [18] for ℜ(ε) > 0, m − 1 < ℜ(ε) < m,
(m ∈ N) is given by

cDε
ρ { f (ρ)}= 1

Γ(m− ε)

∫
ρ

0
(ρ−ω)m−ε−1 f (m)(ω)dω, (ρ > 0) .

The Laplace and inverse Laplace transforms for ℜ(s) > 0 in [17], respectively, are
defined as:

L{ f (ρ);s}= F(s) =
∫

∞

0
exp(−sρ) f (ρ)dρ

and

L−1 {F(s)}= f (ρ) =
1

2πi

∫ c+i∞

c−i∞
exp(sρ)F(s)ds, (c > 0).
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The Laplace transform of the Caputo fractional derivative is as follows [20]:

L
{

cDε
ρ { f (ρ)} ;s

}
= sεF(s)−

m−1

∑
k=0

sε−k−1 f (k)(0), (m−1 < ℜ(ε)≤ m) . (1.9)

We introduce the new extended Appell’s hypergeometric function of the first kind for
ℜ(µ4)> ℜ(µ1)> 0, ℜ(α)> 0, ℜ(ρ)> 0 and max{|κ|, |ω|}< 1 as follows:

MF(α,β)
1,p,q (µ1,µ2,µ3;µ4;κ,ω;ρ) = MF(α,β)

1,p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4;κ,ω;ρ)

:=
∞

∑
m,n=0

(µ2)m(µ3)n

MB(α,β)
p,q (µ1 +m+n,µ4 −µ1;ρ)

B(µ1,µ4 −µ1)

κm

m!
ωn

n!
, (1.10)

which we called as M-Appell hypergeometric function F1.

2. M-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS

Srivastava defined triple hypergeometric functions HA, HB and HC in [24, 25] and
then scientists have studied on various extended of these functions [6, 11–15, 22, 27].

We introduce the new extended Srivastava’s triple hypergeometric functions as
follows:

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

= MH(α,β)
A,p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

:=
∞

∑
m,n,k=0

(µ1)m+k(µ2)m+n

(µ4)m

MB(α,β)
p,q (µ3 +n+ k,µ5 −µ3;ρ)

B(µ3,µ5 −µ3)

κm

m!
ωn

n!
τk

k!
, (2.1)

(
ℜ(α)> 0,ℜ(ρ)> 0,r < 1,s < 1, t < (1− r)(1− s)

)
,

MH(α,β)
B,p,q (µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

= MH(α,β)
B,p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

:=
∞

∑
m,n,k=0

(µ1 +µ2)2m+n+k(µ3)n+k

(µ4)m(µ5)n(µ6)k

MB(α,β)
p,q (µ1 +m+ k,µ2 +m+n;ρ)

B(µ1,µ2)

κm

m!
ωn

n!
τk

k!
,

(
ℜ(α)> 0,ℜ(ρ)> 0,r+ s+ t+2

√
rst < 1

)
,

and
MH(α,β)

C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

= MH(α,β)
C,p,q(ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

:=
∞

∑
m,n,k=0

(µ2)m+n(µ3)n+k

(µ4)n

MB(α,β)
p,q (µ1 +m+ k,µ4 +n−µ1;ρ)

B(µ1,µ4 +n−µ1)

κm

m!
ωn

n!
τk

k!
, (2.2)
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ℜ(α)> 0,ℜ(ρ)> 0,r < 1,s < 1, t < 1,r+ s+ t−2

√
(1− r)(1− s)(1− t)< 2

)
,

where for brevity, the co-ordinates are written (r,s, t) instead of (|κ|, |ω|, |τ|).
Respectively, we called them as M-Srivastava hypergeometric function HA, M-

Srivastava hypergeometric function HB, and M-Srivastava hypergeometric function
HC. Obviously for ρ = 0 and p = q = ξ1 = η1 = α = β = 1, these functions are
reduced to the Srivastava’s triple hypergeometric functions HA, HB, and HC.

The equations (2.1) and (2.2) can also be given with the following series repres-
entations:

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
∞

∑
m=0

(µ1)m(µ2)m

(µ4)m

MF(α,β)
1,p,q (µ3,µ2 +m,µ1 +m;µ5;ω,τ;ρ)

κm

m!
,

MH(α,β)
C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
∞

∑
n=0

(µ2)n(µ3)n

(µ4)n

MF(α,β)
1,p,q (µ1,µ2 +n,µ3 +n;µ4 +n;κ,τ;ρ)

ωn

n!
,

where MF(α,β)
1,p,q is the extended Appell’s hypergeometric function of the first kind given

by (1.10).

3. INTEGRAL REPRESENTATIONS FOR M-SRIVASTAVA HYPERGEOMETRIC
FUNCTION HA

Theorem 1. Let ℜ(µ5)> ℜ(µ3)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HA holds true:

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)

∫ 1

0
∆

µ3−1(1−∆)µ5−µ3−1(1−ω∆)−µ2(1− τ∆)−µ1

×α
pMβ

q

(
−ρ

∆(1−∆)

)
2F1

(
µ1,µ2;µ4;

κ

(1−ω∆)(1− τ∆)

)
d∆.

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function HA, we have

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
∞

∑
m,n,k=0

(µ1)m+k(µ2)m+n

(µ4)m

MB(α,β)
p,q (µ3 +n+ k,µ5 −µ3;ρ)

B(µ3,µ5 −µ3)

κm

m!
ωn

n!
τk

k!

=
∞

∑
m,n,k=0

(µ1)m+k(µ2)m+n

(µ4)m

1
B(µ3,µ5 −µ3)

∫ 1

0
∆

µ3+n+k−1(1−∆)µ5−µ3−1
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×α
pMβ

q

(
−ρ

∆(1−∆)

)
κm

m!
ωn

n!
τk

k!
d∆.

By using equations (1.5) and (1.7), we get

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)

∞

∑
m,n,k=0

(µ1)m+k(µ2)m+n

(µ4)m

∫ 1

0
∆

µ3+n+k−1(1−∆)µ5−µ3−1

×α
pMβ

q

(
−ρ

∆(1−∆)

)
κm

m!
ωn

n!
τk

k!
d∆

=
Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)

∫ 1

0
∆

µ3−1(1−∆)µ5−µ3−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×

∞

∑
m=0

(µ1)m(µ2)m

(µ4)m

κm

m!

∞

∑
n=0

(µ2 +m)n
(ω∆)n

n!

∞

∑
k=0

(µ1 +m)k
(τ∆)k

k!
d∆.

By using equation (1.8), we obtain

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)

∫ 1

0
∆

µ3−1(1−∆)µ5−µ3−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×

∞

∑
m=0

(µ1)m(µ2)m

(µ4)m

κm

m!
(1−ω∆)−µ2−m(1− τ∆)−µ1−md∆

=
Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)

∫ 1

0
∆

µ3−1(1−∆)µ5−µ3−1(1−ω∆)−µ2(1− τ∆)−µ1

×α
pMβ

q

(
−ρ

∆(1−∆)

)
2F1

(
µ1,µ2;µ4;

κ

(1−ω∆)(1− τ∆)

)
d∆,

which completes the proof. □

Theorem 2. Let ℜ(µ4) > ℜ(µ2) > 0, ℜ(µ5) > ℜ(µ3) > 0, ℜ(α) > 0, ℜ(ρ) > 0.
The following integral representation for the M-Srivastava hypergeometric function
HA holds true:

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
Γ(µ4)Γ(µ5)

Γ(µ2)Γ(µ3)Γ(µ4 −µ2)Γ(µ5 −µ3)

∫ 1

0

∫ 1

0
Λ

µ2−1
∆

µ3−1(1−Λ)µ4−µ2−1

× (1−∆)µ5−µ3−1(1−ω∆)µ1−µ2 [(1−ω∆)(1− τ∆)−κΛ]−µ1

×α
pMβ

q

(
−ρ

Λ(1−Λ)

)
α
pMβ

q

(
−ρ

∆(1−∆)

)
dΛd∆.
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Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function HA and by making similar calculations in the
proof of Theorem 1, the proof is completed. □

Theorem 3. Let ℜ(µ4) > ℜ(µ2) > 0, ℜ(µ5) > ℜ(µ3) > 0, ℜ(α) > 0, ℜ(ρ) > 0.
The following integral representation for the M-Srivastava hypergeometric function
HA holds true:
MH(α,β)

A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
Γ(µ4)Γ(µ5)

Γ(µ2)Γ(µ3)Γ(µ4 −µ2)Γ(µ5 −µ3)

∫ 1

0

∫ 1

0
Λ

µ2−1
∆

µ3−1(1−Λ)µ4−µ2−1

× (1−∆)µ5−µ3−1(1−ω∆)−µ2(1−κΛ− τ∆)−µ1

(
1− κωΛ∆

(1−ω∆)(1−κΛ− τ∆)

)−µ1

×α
pMβ

q

(
−ρ

Λ(1−Λ)

)
α
pMβ

q

(
−ρ

∆(1−∆)

)
dΛd∆.

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function HA and by making similar calculations in the
proof of Theorem 1, the proof is completed. □

Theorem 4. Let ℜ(µ5)> ℜ(µ3)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HA holds true:

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
2Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)

∫ π

2

0
(sinφ)2µ3−1(cosφ)2µ5−2µ3−1 (1−ω(sinφ)2)−µ2

×
(
1− τ(sinφ)2)−µ1 α

pMβ
q
(
−ρ(secφ)2(cscφ)2)

× 2F1

(
µ1,µ2;µ4;

κ

(1−ω(sinφ)2)(1− τ(sinφ)2)

)
dφ.

Proof. By using the formula (1.2) of the M-beta function in the definition of M-
Srivastava hypergeometric function HA and by making similar calculations in the
proof of Theorem 1, the proof is completed. □

Theorem 5. Let ℜ(µ5)> ℜ(µ3)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HA holds true:

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)

∫
∞

0
Λ

µ3−1(1+Λ)µ1+µ2−µ5(1+Λ−ωΛ)−µ2

× (1+Λ− τΛ)−µ1 α
pMβ

q

(
−2ρ−ρ

(
Λ+

1
Λ

))
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× 2F1

(
µ1,µ2;µ4;

κ(1+Λ)2

(1+Λ−ωΛ)(1+Λ− τΛ)

)
dΛ.

Proof. By using the formula (1.3) of the M-beta function in the definition of M-
Srivastava hypergeometric function HA and by making similar calculations in the
proof of Theorem 1, the proof is completed. □

Theorem 6. Let ℜ(µ5)> ℜ(µ3)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HA holds true:

MH(α,β)
A,p,q (µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ρ)

=
Γ(µ5)

Γ(µ3)Γ(µ5 −µ3)
(v−u)1+µ1+µ2−µ5

∫ v

u
(Λ−u)µ3−1(v−Λ)µ5−µ3−1

×
(
v−u−ω(Λ−u)

)−µ2
(
v−u− τ(Λ−u)

)−µ1 α
pMβ

q

(
−ρ(v−u)2

(Λ−u)(v−Λ)

)
× 2F1

(
µ1,µ2;µ4;

κ(v−u)2(
v−u−ω(Λ−u)

)(
v−u− τ(Λ−u)

))dΛ.

Proof. By using the formula (1.4) of the M-beta function in the definition of M-
Srivastava hypergeometric function HA and by making similar calculations in the
proof of Theorem 1, the proof is completed. □

4. INTEGRAL REPRESENTATIONS FOR M-SRIVASTAVA HYPERGEOMETRIC
FUNCTION HB

Theorem 7. Let ℜ(µ1) > 0, ℜ(µ2) > 0, ℜ(α) > 0, ℜ(ρ) > 0. The following
integral representation for the M-Srivastava hypergeometric function HB holds true:

MH(α,β)
B,p,q (µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

=
Γ(µ1 +µ2)

Γ(µ1)Γ(µ2)

∫ 1

0
∆

µ1−1(1−∆)µ2−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×X4

(
µ1 +µ2,µ3;µ4,µ5,µ6;κ∆(1−∆),ω(1−∆),τ∆

)
d∆.

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function HB, we have

MH(α,β)
B,p,q (µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

=
∞

∑
m,n,k=0

(µ1 +µ2)2m+n+k(µ3)n+k

(µ4)m(µ5)n(µ6)k

MB(α,β)
p,q (µ1 +m+ k,µ2 +m+n;ρ)

B(µ1,µ2)

κm

m!
ωn

n!
τk

k!

=
1

B(µ1,µ2)

∞

∑
m,n,k=0

(µ1 +µ2)2m+n+k(µ3)n+k

(µ4)m(µ5)n(µ6)k

∫ 1

0
∆

µ1+m+k−1(1−∆)µ2+m+n−1
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×α
pMβ

q

(
−ρ

∆(1−∆)

)
κm

m!
ωn

n!
τk

k!
d∆.

By using equation (1.5) and by making necessary arrangements, we get
MH(α,β)

B,p,q (µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

=
Γ(µ1 +µ2)

Γ(µ1)Γ(µ2)

∫ 1

0
∆

µ1−1(1−∆)µ2−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×

∞

∑
m,n,k=0

(µ1 +µ2)2m+n+k(µ3)n+k

(µ4)m(µ5)n(µ6)k

(κ∆(1−∆))m

m!
(ω(1−∆))n

n!
(τ∆)k

k!
d∆

=
Γ(µ1 +µ2)

Γ(µ1)Γ(µ2)

∫ 1

0
∆

µ1−1(1−∆)µ2−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×X4

(
µ1 +µ2,µ3;µ4,µ5,µ6;κ∆(1−∆),ω(1−∆),τ∆

)
d∆,

which completes the proof. □

Remark 1. The function X4 used above is known as the Exton’s function X4 [26]
and defined by

X4
(
µ1,µ2;µ3,µ4,µ5;κ,ω,τ

)
=

∞

∑
m,n,k=0

(µ1)2m+n+k(µ2)n+k

(µ3)m(µ4)n(µ5)k

κm

m!
ωn

n!
τk

k!
,(

2
√

r+
(√

s+
√

t
)2

< 1
)
,

where for brevity, the co-ordinates are written (r,s, t) instead of (|κ|, |ω|, |τ|).

Theorem 8. Let ℜ(µ1) > 0, ℜ(µ2) > 0, ℜ(α) > 0, ℜ(ρ) > 0. The following
integral representation for the M-Srivastava hypergeometric function HB holds true:

MH(α,β)
B,p,q (µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

=
2Γ(µ1 +µ2)

Γ(µ1)Γ(µ2)

∫ π

2

0
(sinφ)2µ1−1(cosφ)2µ2−1 α

pMβ
q
(
−ρ(secφ)2(cscφ)2)

×X4
(
µ1 +µ2,µ3;µ4,µ5,µ6;κ(sinφ)2(cosφ)2,ω(cosφ)2,τ(sinφ)2)dφ.

Proof. By using the formula (1.2) of the M-beta function in the definition of M-
Srivastava hypergeometric function HB and by making similar calculations in the
proof of Theorem 7, the proof is completed. □

Theorem 9. Let ℜ(µ1) > 0, ℜ(µ2) > 0, ℜ(α) > 0, ℜ(ρ) > 0. The following
integral representation for M-Srivastava hypergeometric function HB holds true:

MH(α,β)
B,p,q (µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

=
Γ(µ1 +µ2)

Γ(µ1)Γ(µ2)

∫
∞

0

Λµ1−1

(1+Λ)µ1+µ2

α
pMβ

q

(
−2ρ−ρ

(
Λ+

1
Λ

))
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×X4

(
µ1 +µ2,µ3;µ4,µ5,µ6;

κΛ

(1+Λ)2 ,
ω

1+Λ
,

τΛ

1+Λ

)
dΛ.

Proof. By using the formula (1.3) of the M-beta function in the definition of M-
Srivastava hypergeometric function HB and by making similar calculations in the
proof of Theorem 7, the proof is completed. □

Theorem 10. Let ℜ(µ1) > 0, ℜ(µ2) > 0, ℜ(α) > 0, ℜ(ρ) > 0. The following
integral representation for the M-Srivastava hypergeometric function HB holds true:

MH(α,β)
B,p,q (µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ρ)

=
Γ(µ1 +µ2)

Γ(µ1)Γ(µ2)
(v−u)1−µ1−µ2

∫ v

u
(Λ−u)µ1−1(v−Λ)µ2−1 α

pMβ
q

(
−ρ(v−u)2

(Λ−u)(v−Λ)

)
×X4

(
µ1 +µ2,µ3;µ4,µ5,µ6;

κ(Λ−u)(v−Λ)

(v−u)2 ,
ω(v−Λ)

v−u
,
τ(Λ−u)

v−u

)
dΛ.

Proof. By using the formula (1.4) of the M-beta function in the definition of M-
Srivastava hypergeometric function HB and by making similar calculations in the
proof of Theorem 7, the proof is completed. □

5. INTEGRAL REPRESENTATIONS FOR M-SRIVASTAVA HYPERGEOMETRIC
FUNCTION HC

Theorem 11. Let ℜ(µ4)>ℜ(µ1)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HC holds true:

MH(α,β)
C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)

∫ 1

0
∆

µ1−1(1−∆)µ4−µ1−1(1−κ∆)−µ2(1− τ∆)−µ3

×α
pMβ

q

(
−ρ

∆(1−∆)

)
2F1

(
µ2,µ3;µ4 −µ1;

ω(1−∆)

(1−κ∆)(1− τ∆)

)
d∆.

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function HC, we have
MH(α,β)

C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
∞

∑
m,n,k=0

(µ2)m+n(µ3)n+k

(µ4)n

MB(α,β)
p,q (µ1 +m+ k,µ4 +n−µ1;ρ)

B(µ1,µ4 +n−µ1)

κm

m!
ωn

n!
τk

k!

=
∞

∑
m,n,k=0

(µ2)m+n(µ3)n+k

(µ4)n

1
B(µ1,µ4 +n−µ1)

∫ 1

0
∆

µ1+m+k−1(1−∆)µ4+n−µ1−1

×α
pMβ

q

(
−ρ

∆(1−∆)

)
κm

m!
ωn

n!
τk

k!
d∆.



M-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS 103

By using equations (1.5), (1.6), (1.7) and multiplied by Γ(µ4)Γ(µ4−µ1)
Γ(µ4)Γ(µ4−µ1)

, we get

MH(α,β)
C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)

∫ 1

0
∆

µ1−1(1−∆)µ4−µ1−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×

∞

∑
m,n,k=0

(µ4)n

(µ4 −µ1)n

(µ2)n(µ2 +n)m(µ3)n(µ3 +n)k

(µ4)n

(κ∆)m

m!
(ω(1−∆))n

n!
(τ∆)k

k!
d∆

=
Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)

∫ 1

0
∆

µ1−1(1−∆)µ4−µ1−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×

∞

∑
n=0

(µ2)n(µ3)n

(µ4 −µ1)n

∞

∑
m=0

(µ2 +n)m
(κ∆)m

m!

∞

∑
k=0

(µ3 +n)k
(τ∆)k

k!
(ω(1−∆))n

n!
d∆.

By using equation (1.8), we obtain
MH(α,β)

C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)

∫ 1

0
∆

µ1−1(1−∆)µ4−µ1−1 α
pMβ

q

(
−ρ

∆(1−∆)

)
×

∞

∑
n=0

(µ2)n(µ3)n

(µ4 −µ1)n
(1−κ∆)−µ2−n(1− τ∆)−µ3−n (ω(1−∆))n

n!
d∆

=
Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)

∫ 1

0
∆

µ1−1(1−∆)µ4−µ1−1(1−κ∆)−µ2(1− τ∆)−µ3

×α
pMβ

q

(
−ρ

∆(1−∆)

)
2F1

(
µ2,µ3;µ4 −µ1;

ω(1−∆)

(1−κ∆)(1− τ∆)

)
d∆,

which completes the proof. □

Theorem 12. Let ℜ(µ1)>0, ℜ(µ2)>0, ℜ(µ4)>0, ℜ(µ4−µ1−µ2)>0, ℜ(α)>0,
ℜ(ρ)>0. The following integral representation for the M-Srivastava hypergeometric
function HC holds true:
MH(α,β)

C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
Γ(µ4)

Γ(µ1)Γ(µ2)Γ(µ4 −µ1 −µ2)

∫ 1

0

∫ 1

0
∆

µ1−1
Λ

µ2−1(1−∆)µ4−µ1−1

× (1−Λ)µ4−µ1−µ2−1(1−κ∆)µ3−µ2
(
1−κ∆−ωΛ− τ∆+ω∆Λ+κτ∆

2)−µ3

×α
pMβ

q

(
−ρ

∆(1−∆)

)
α
pMβ

q

(
−ρ

Λ(1−Λ)

)
d∆dΛ.

Proof. By using the formula (1.1) of the M-beta function in the definition of M-
Srivastava hypergeometric function HC and by making similar calculations in the
proof of Theorem 11, the proof is completed. □
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Theorem 13. Let ℜ(µ4)>ℜ(µ1)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HC holds true:

MH(α,β)
C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
2Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)

∫ π

2

0
(sinφ)2µ1−1(cosφ)2µ4−2µ1−1 (1−κ(sinφ)2)−µ2

×
(
1− τ(sinφ)2)−µ3 α

pMβ
q
(
−ρ(secφ)2(cscφ)2)

× 2F1

(
µ2,µ3;µ4 −µ1;

ω(cosφ)2

(1−κ(sinφ)2)(1− τ(sinφ)2)

)
dφ.

Proof. By using the formula (1.2) of the M-beta function in the definition of M-
Srivastava hypergeometric function HC and by making similar calculations in the
proof of Theorem 11, the proof is completed. □

Theorem 14. Let ℜ(µ4)>ℜ(µ1)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HC holds true:

MH(α,β)
C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)

∫
∞

0
Λ

µ1−1(1+Λ)µ2+µ3−µ4(1+Λ−κΛ)−µ2

× (1+Λ− τΛ)−µ3 α
pMβ

q

(
−2ρ−ρ

(
Λ+

1
Λ

))
× 2F1

(
µ2,µ3;µ4 −µ1;

ω(1+Λ)

(1+Λ−κΛ)(1+Λ− τΛ)

)
dΛ.

Proof. By using the formula (1.3) of the M-beta function in the definition of M-
Srivastava hypergeometric function HC and by making similar calculations in the
proof of Theorem 11, the proof is completed. □

Theorem 15. Let ℜ(µ4)>ℜ(µ1)> 0, ℜ(α)> 0, ℜ(ρ)> 0. The following integral
representation for the M-Srivastava hypergeometric function HC holds true:

MH(α,β)
C,p,q(µ1,µ2,µ3;µ4;κ,ω,τ;ρ)

=
Γ(µ4)

Γ(µ1)Γ(µ4 −µ1)
(v−u)1+µ2+µ3−µ4

∫ v

u
(Λ−u)µ1−1(v−Λ)µ4−µ1−1

×
(
v−u−κ(Λ−u)

)−µ2
(
v−u− τ(Λ−u)

)−µ3 α
pMβ

q

(
−ρ(v−u)2

(Λ−u)(v−Λ)

)
× 2F1

(
µ2,µ3;µ4 −µ1;

ω(v−Λ)(v−u)(
v−u−κ(Λ−u)

)(
v−u− τ(Λ−u)

))dΛ.
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Proof. By using the formula (1.4) of the M-beta function in the definition of M-
Srivastava hypergeometric function HC and by making similar calculations in the
proof of Theorem 11, the proof is completed. □

6. SOLUTION OF FRACTIONAL DIFFERENTIAL EQUATIONS INVOLVING
M-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS

Example 1. Let 1 < ℜ(ε)≤ 2 and ℜ(α)> 0. Assume that, the fractional differen-
tial equation

cDε
ρ { f (ρ)}= MH(α,β)

A,p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ερ)

with the initial conditions

f (0) = f ′(0) = 0

are given. By considering equation (1.9) and by applying the Laplace transform to
the fractional differential equation, we have

L
{

cDε
ρ { f (ρ)} ;s

}
= L

{
MH(α,β)

A,p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ερ);s
}

and then,

sεF(s)− sε−1 f (0)− sε−2 f ′(0)

=
MH(α,β)

A,p+1,q

(
ξ1, . . . ,ξp,1;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5;κ,ω,τ; ε

s

)
s

.

By using the initial conditions, we get

F(s) =
MH(α,β)

A,p+1,q

(
ξ1, . . . ,ξp,1;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5;κ,ω,τ; ε

s

)
sε+1 .

By applying the inverse Laplace transform to the last equation and by making the
necessary calculations, we obtain the solution function as:

f (ρ) =
MH(α,β)

A,p+1,q+1(ξ1, . . . ,ξp,1;η1, . . . ,ηq,1+ ε;µ1,µ2,µ3;µ4,µ5;κ,ω,τ;ερ)

Γ(1+ ε)ρ−ε
.

Example 2. Let 1 < ℜ(ε)≤ 2 and ℜ(α)> 0. Assume that, the fractional differen-
tial equation

cDε
ρ { f (ρ)}= MH(α,β)

B,p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ερ)

with the initial conditions

f (0) = f ′(0) = 0

are given. By considering the equation (1.9) and by applying the Laplace transform
to the fractional differential equation, we have

L
{

cDε
ρ { f (ρ)} ;s

}
=L

{
MH(α,β)

B,p,q (ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ερ);s
}
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and then,

sεF(s)− sε−1 f (0)− sε−2 f ′(0)

=
MH(α,β)

B,p+1,q

(
ξ1, . . . ,ξp,1;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ; ε

s

)
s

.

By using the initial conditions, we get

F(s) =
MH(α,β)

B,p+1,q

(
ξ1, . . . ,ξp,1;η1, . . . ,ηq;µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ; ε

s

)
sε+1 .

By applying the inverse Laplace transform to the last equation and by making the
necessary calculations, we obtain the solution function as:

f (ρ) =
MH(α,β)

B,p+1,q+1(ξ1, . . . ,ξp,1;η1, . . . ,ηq,1+ ε;µ1,µ2,µ3;µ4,µ5,µ6;κ,ω,τ;ερ)

Γ(1+ ε)ρ−ε
.

Example 3. Let 1 < ℜ(ε)≤ 2 and ℜ(α)> 0. Assume that, the fractional differen-
tial equation

cDε
ρ { f (ρ)}= MH(α,β)

C,p,q(ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4;κ,ω,τ;ερ)

with the initial conditions

f (0) = f ′(0) = 0

are given. By considering the equation (1.9) and by applying the Laplace transform
to the fractional differential equation, we have

L
{

cDε
ρ { f (ρ)} ;s

}
= L

{
MH(α,β)

C,p,q(ξ1, . . . ,ξp;η1, . . . ,ηq;µ1,µ2,µ3;µ4;κ,ω,τ;ερ);s
}

and then,

sεF(s)− sε−1 f (0)− sε−2 f ′(0)

=
MH(α,β)

C,p+1,q

(
ξ1, . . . ,ξp,1;η1, . . . ,ηq;µ1,µ2,µ3;µ4;κ,ω,τ; ε

s

)
s

.

By using the initial conditions, we get

F(s) =
MH(α,β)

C,p+1,q

(
ξ1, . . . ,ξp,1;η1, . . . ,ηq;µ1,µ2,µ3;µ4;κ,ω,τ; ε

s

)
sε+1 .

By applying the inverse Laplace transform to the last equation and by making the
necessary calculations, we obtain the solution function as:

f (ρ) =
MH(α,β)

C,p+1,q+1(ξ1, . . . ,ξp,1;η1, . . . ,ηq,1+ ε;µ1,µ2,µ3;µ4;κ,ω,τ;ερ)

Γ(1+ ε)ρ−ε
.
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the referees who contributed to the development of the paper with their valuable opin-
ions and suggestions.

REFERENCES

[1] G. E. Andrews, R. Askey, and R. Roy, Special functions. Cambridge University Press, 1999.
doi: 10.1017/CBO9781107325937.

[2] E. Ata, “Wright fonksiyonu ile tanımlanan genelleştirilmiş özel fonksiyonlar,” Master’s thesis,
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