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Abstract. The aim of this paper is to study some subordination and superordination implica-
tion properties for multivalent functions in the open unit disk associated with a family of linear
operators. Moreover, we apply the results and techniques presented here to a class of integral
operators.
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1. INTRODUCTION
Let H = #H (/) be the class of analytic functions defined over the unit disk
A={zeC:|z| < 1}.
Forae Candne N={1,2,...}, let
Hien={feH: f2)=cH+ecnd +cnnd 4.}

Let f and F belong to the class #. Then we say that the function f is subordinate
to F, or F is superordinate to f, denoted by f < F or f(z) < F(z) (z € A), if there
exists a Schwarz function w in A, with w(0) =0 and |w(z)| < 1 for z € A, satisfying

fR)=F(w(z) (ze€ld).
If the function F is univalent in A\, then the following relation holds (cf. [6]):
f<F < f(0)=F(0)and f(A) CF(A).
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Definition 1 ([6, page 16]). Let ¢: C> — C and let / be univalent in A. If p is
analytic in A and satisfies the differential subordination

0(p(2),20'(2)) < h(z) (z€ D), (1.1
then p is called a solution of the differential subordination. The univalent function ¢
is called a dominant of the solutions of the differential subordination, or more simply
a dominant if p < ¢ for all p satisfying (1.1). A dominant § that satisfies § < ¢ for all
dominants g of (1.1) is said to be the best dominant.

Definition 2 ([7, page 815-817], Definition 1). Let ¢ : C*> — C and let & be ana-
lytic in A. If p and @(p(z),zp’(z)) are univalent in A and satisfy the differential
superordination

h(z) < 9(p(2).29'(2)) (z€L), (12)
then p is called a solution of the differential superordination. An analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply a subordinant if g < p for all p satisfying (1.2). A univalent subordinant g that
satisfies ¢ < ¢ for all subordinants g of (1.2) is said to be the best subordinant.

Definition 3 ([6, page 21], Definition 2.2b). Denote by Q the class of functions f
that are analytic and injective on A\E(f), where

p(n) = {tean im s ==,

and are such that () # 0 for { € dA\E(f).

We also denote MB* by the class of univalent functions g € H with ¢(0) = 1 satis-
fying the following condition:

/ /!
zq'(2) zq"(z)
ER[I—B +B(1+ >0 (PBeR;zed).
e e ( )

Then we also note that " is the class of convex (not necessarily normalized) func-

tions in A (cf. [8, 10]).
We denote by A, the class of functions of the form

f@)=2"+ ) cspd™ (pEN)
k=1
which are analytic and p-valent in A. Now we define the function ¢, (a,b;z) by

Op(a,biz) =) (@& kv (b#0,-1,-2,...),
k=0 (b)k
where (V) is the Pochhammer symbol(or the shifted factorial) defined by

1 ifk=0
(V)= VVH1)...(v+k—1) ifkeN
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Let f € 4,. Denote by £L,(a,b): 4, — A, the operator defined by

Ly(a,b)f(z) =0p(a,b;z)*x f(z) (z€ D), (1.3)

where the symbol (x) represents the Hadamard product (or convolution). We view
that

Ly(p+1,p)f(2) =2f'(2)/p and Lp(n+p,1)f(z) = D"~ f(2),
where n is any real number with n > —p, and the operator D" for p =1 is the well-

known Ruscheweyh derivative [14] (also, see [3]) for n € Ng = NU{0}. Further,
from the definition of the operator £,(a,b) it is easily checked that

2(Ly(a,b)f(2)) = aLy(a+1,0)f(z) — (a—p)Lp(a,b)f(2). (1.4)

The operator £,(a,b) was introduced and studied by Saitoh [15], which is an ex-
tension of the recognized Carlson-Shaffer operator £;(a,b). And also the operator
L,(a,b) has been extensively used by many researchers studying geometric function
theory (see, for examples, [2, 1 8—20]). Moreover, we remark that Liu and Srivastava
[5] considered a general class of linear convolution operators, popularly known as
the Liu-Srivastava operator, which is much more general than the operator £,(a,b)
which we have studied in this paper.

By using the concepts of subordination, Miller ef al. [9] investigated some interest-
ing subordination-preserving results involving certain integral operators for analytic
functions in A. Also Owa and Srivastava [12] obtained the subordination proper-
ties for a family of integral operators. Moreover, Miller and Mocanu [7] introduced
the concepts of differential superordinations, which is regarded as the dual problem
of differential subordinations (see also [1]). We also note that several researchers
studied many interesting results involving various operators in connection with dif-
ferential subordinations and their dual problems (for details, see [16, 17,21-25]). In
this paper, motivated by the works stated above, we investigate the subordination
and superordination implication properties of multivalent functions for the operator
L,(a,b) defined by (1.3). We also consider interesting applications to the integral
operator.

The following lemmas will be required to derive our present investigation.

Lemma 1 ([6, page 24], Lemma 2.2d). Let p € Q with p(0) = a and let
q(z) =a+a"+...

be analytic in /\ with
q(z) Zaandn € N.

If q is not subordinate to p, then there exist points
20 =roe®® € Uand §y € 0A\E(f),
for which
q(Ur) Cp(L), q(z0) = p(Lo) and z0q'(z0) = mCop’(Co) ~ (m > n).
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A function L(z,t) defined on A X [0,0) is the subordination chain (or Lowner
chain) if L(-,#) is analytic and univalent in A for all 7 € [0,0), L(z,) is continuously
differentiable on [0,00) for all z € A and

L(z,s) < L(z,t) (z€A;0<s<1).
Lemma 2 ([13, page 159], Theorem 6.2). The function
L(z,t) =ai(t)z+...
with
ay(t) # 0 and }i_>1110|a1(t)| = oo,

Suppose that L(-,t) ia analytic in A\ for allt > 0, L(z,-) is continuously differentiable
on [0,00) for all z € /. If L(z,t) satisfies the following two conditions

20L(z,t)
9{{ oz }>O (z€ A; 0< 1<)

dL(z,t)
ot

and
IL(z,t)| < Kolai(2)]  (Jz] <ro<1;0<1 <o)

for some positive constants Ko and ro, then L(z,t) is a subordination chain.

Lemma 3 ([7, page 822], Theorem 7). Let q € H|a,1] and let ¢: C*> — C. Also
set

0(q(2).2q'(2)) =h(z) (z€ D).
If
L(z,t) = 9(q(2),124'(2))
is a subordination chain and p € H[a,1]N Q, then
h(z) < 9(p(2),2p'(z)) (z€ D).
implies that
q(z) < p(2) (z€ D).
Furthermore, if
¢(q(2),29'(2)) = h(2)

has a univalent solution q € Q, then q is the best subordinant.
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Firstly, we start by deriving the subordination implication stated below entailing

the operator £,(a,c) defined by (1.3).
Theorem 1. Let f,g € A,. Suppose also that

Lp(aab)g(z> c MB*
zP
Then the following subordination relation:

VM%Wﬂ@TB{%W+LWﬂ@r

O<B<l;a>0;z€A).

7P 7P
{ [L"(a;f)g(Z)] P [L,,(a +;,b>g<z>r (zen)

implies that

£,(@b)f() _ Lyabglz)
zP zP

. Ly(ab . .
Moreover, the function w is the best dominant.

(ze D).

Proof. Let us define two functions F and G by

) = 200110 Lle. gl

By utilizing the equation (1.4) to (2.3), we get
Ly(a+1,b)g(2)
zP
Hence, combining (2.3) and (2.4), we have
[tels) o EE 1,b>g<z>]B — ) |1+ 1zG’<z>]B
P e a G(z) |
Thus, from (2.5), we need to prove the following subordination implication:
12F'(z)1P 12G'(2)1"
F 14+ - G 14— AN
(Z)[ +- ) < G(z) + G (ze D)
= F(2) <G(z) (ze ).

and G(z) := (f.e€Ap; € N).

:aa+%d@.

2.1)

2.2)

(2.3)

2.4)

(2.5)

(2.6)

Since G € M*(B), without loss of generality, we can assume that G satisfies the

conditions of Theorem 1 on the closed disk A and

G0 #0 (Lednr).
If not, then we replace F and G by
Fr(z) = F(I’Z) and Gr(Z) = G(I‘Z),
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respectively, where 0 < r < 1 and then G, is univalent on A. Since

/ B ’ B
F(2) [1+;Z£’((ZZ))] <G,(2) [1+;Zgéﬂ (zeA),

where
F(z)=F(rz) (0<r<l1;zeA),
we would then prove that
F(z) <G,(z) (0<r<l1;zeN),
and by letting r — 1™, we obtain
F(z) < G(z) (ze ).
If we suppose that the implication (2.6) is not true, that is,
F(z2) AG(z) (z€d),
then, from Lemma 1, there exist points
20 € A and {p € 0A
such that
F(z0) = G(8o) and 20F'(z0) = m&oG' (o)  (m>1). (2.7)
To prove the implication (2.6), we define the function
L: A x[0,00) — C
by

L(z,t) = G(2) {1 + lcf’zg(g)

and we will show that L(z,#) is a subordination chain. At first, we note that L(z,t)
is analytic in |z| < r < 1, for sufficient small r > 0 and for all # > 0. We also have
that L(z,7) is continuously differentiable on [0,o0) for each |z| < r < 1. A simple
calculation shows that

r:al(t)w—...,

ar(t) = ang,r) — G'(0) [1 +

weop)

Hence we obtain
ar(t) £ 0 (: > 0)
and also we can see that

lim |ay ()] = ee.

While, by a direct computation, we have
z0L(z,t)

o _a 141 zG'(2) 2G"(z)
m{m“”}_ﬁ+fimkhﬁ)ad+ﬁ<H'G@>]‘ e

ot
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By using the assumption of Theorem 1 to (2.8), we obtain

%
SR{ aLé,z) }>0 (z€ ;5 0<1 <o),

ot
which completes the proof of the first condition of Lemma 3. Moreover, we have

(141) 2G'(2)
L(z,1) 1/3_’G(Z> ”B(H e
ai(r) G'(0) ’1+(1+t)]3’1/[3

Gl

<WG@1m ﬁ’ W Z ! 2.9)
=B|G(0) G(z ‘1+ 1+1B‘ ’ +(1+Z)B‘1/571 .
< L |G i)+ BEEIEC !
~ BG(0)|G(0)

‘1_’_ 1+IB’ ’1+(1+,)5‘1/B—1

Since G is univalent in A, the function G can be written by
G(z) =G(0)+G'(0)K(z) (ze ),

where K is a normalized univalent function in /A. Hence we get the following sharp
growth and distortion results [13]:

N (e

1—r 1+r
(i = K=y
Hence, by using the equations (2.10) and (2.11) to (2.9), we can obtain easily an
upper bound for the right-hand side of (2.9). Thus the function L(z,¢) satisfies the
second condition of Lemma 3 and so L(z,¢) is a subordination chain. In particular,
we note from the definition of subordination chain that
L(z,0) < L(z,t) (z€XA;t>0).

Now, by utilizing the definition of L(z,) and the relation (2.7), we obtain
141 COG/(CO)] P
a  G(&)

_ 120F"(z0) 1P
=r) |1+ 50

= [Ly(a,b)f(20)]" P[Lp(a+1,6)f(20)]" € L(A,0),

(lz2l =r<1) (2.10)

and

(Jzl=r<1) (2.11)

L(o.1) = G(Lo) [1 N
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by virtue of the condition (2.2). This contradicts the above observation that
L(Coat) €L(A70)
Therefore, the subordination condition (2.2) must imply the subordination given by

(2.6). Taking F = G, we know that the function G is the best dominant. This evidently
completes the proof of Theorem 1. O

Next, we give another subordination property by using the equation (1.4) in The-
orem 2 below.

Theorem 2. Let f, g € A, and suppose that
Ly(a,b)g(z)

o eEM (a>0;zeN). (2.12)
Then the following subordination relation:
BLp(a +Z1p b)) | (1-B) Lp(a,sz)f (2)
~ BLp(aﬂjg,b)g(Z) L _B)Lp(a,zl;)g(Z) 0<B<1:zeA)

implies that

L,(@)f()  Lylab)s)

A).
zP zP zes)
Moreover, the function M is the best dominant.

Proof. Let us define the functions F and G as (2.3) and by using the equation (1.4)
to (2.3), we have (2.4). Hence, combining (2.3) and (2.4), we obtain

(1—B) Lp(a +ZL, b)g(z) +BLp(a,b)g(Z) — G(2) (1 n lglﬁgég)) (2.13)

zP

Thus, from (2.13), we need to prove the following subordination implication:
I—BzF’(z)) < I—BzG’(z))
F(z)( 1+ <G| 1+— ze
<>< « Foy ) YOO\ G ) €S
— F(z) <G(z) (z€ ).
Without loss of generality as in the proof of Theorem I, we can suppose that G
satisfies the conditions of Theorem 1 on the closed disk A and

G(Q)#£0 (Lean).
To derive the implication (2.14), we consider the function
L: A x[0,00) — C

(2.14)

by
L(z,t) = G(z) (1 + (I_Bl(lﬂ) zéi(i;)) =ai(t)z+...,
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and we want to prove that L(z,7) is a subordination chain. But, by using a similar
method given in the proof of Theorem 1 we can prove the remaining part of Theorem
2 and so we omit the detailed proof. O

We next consider dual problems of Theorem 1, in the point of view that the subor-
dinations can be replaced by superordinations.

Theorem 3. Let f,g € A,. Suppose that the condition (2.1) is satisfied, the func-

o [Lp(a,b) f(ﬂ =P [Lp(a—i— 1,b) f(z)r

zP zP
is univalent and L,(a,b)f(2)/z" € H[1,1)NQ, Then the following subordination
relation:

P P
. . (2.15)

a 1-B a p
[lesd)? [Glas ko)
implies that
Ly(a,b)g(z) - L,(a,b)f(z)
zP zP

Moreover, the function M is the best subordinant.

(ze D).

Proof. Let us define the functions F and G by (2.3), respectively. By using (2.3),
we have

Ly(a,b)g(2)]" P T Lplat Lb)e)) _ Ty, 1:6@)1°
zP zP a G(z) (2.16)
= 9(G(2),2G'(2))-
Here, we note that the function G is univalent in A by the condition (2.1).
Next, we show that the subordination condition (2.15) implies that
F(z) <G(z) (zeA). (2.17)

Now considering the function L(z,t) defined by

o 1 zG'(2)
L(z,t) := G(z) [1 + 2 G@)
we can prove easily that L(z,¢) is a subordination chain as done in the proof of The-
orem 1. Therefore according to Lemma 2, we conclude that the condition (2.15)
must imply the superordination given by (2.17). Furthermore, since the equation
(2.16) has the univalent solution G, we see that from Lemma 3, it is the best subor-
dinant of the given differential superordination. Therefore the proof of Theorem 3 is
completed. O

i
] (z€\; 0<1t <o),
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The proof of Theorem 4 below is similar to that of Theorem 3, and so we omit the
details.

Theorem 4. Let f,g € A,. Suppose that the condition (2.12) is satisfied, the
function

BLP(a"i'le:b)f(Z) + (1 _ B)Lp(a’zl;)f(z)

is univalent in A\ and Ly(a,b)f(z)/zF € H[1,1]N Q, Then the following subordina-
tion relation:

BW“I_B)W
<BL/I,(Cl‘f‘ZL,b)f(z) (1_B)Lp(a7zb)f(z) (Ogﬁg 1; ZEA)

implies that

Lya,b)s(z) | Lp(a;b)f(2)

A).
o o (ze D)
Moreover, the function % is the best subordinant.

Combining Theorem 1 and Theorem 3, and Theorem 2 and Theorem 4, respect-
ively, we get the following sandwich-type theorems.

Theorem 5. Let f, g, € A, (k=1,2). Suppose that

Ly(a,b
p(“»zp%fk(z)e%* (B>0:a>0;z€A),

and the function

[Lp<a,b>f<z>r ‘*{ pla+1,6)f(z >]‘*

zP zP

is univalent and Ly(a,b)f(z)/z’ € H[1,1]NQ, Then the following subordination
relation:

(abg1 Lpa—i-lbg] (2)1"
g [kt

<[ (Zp)f ] [ a+;b)f()r

. [Lp(a,b)gz(z)]l B[ plat1,b)e(z )]B (ze D)

zP zP

implies that
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L,(a,b)gi(z) - L,(a,b)f(z) . L,(a,b)g(2)

g - g (ze D).
Moreover, the functions L”(a’fp) 81(2) and L”(a’z,)gZ(z) is the best subordinant and the best
dominant.
Theorem 6. Let f, g € A, (k=1,2). Suppose that
Ly(a,b
P(a p)gk(Z) c 9‘/[1* (Cl > 0; z€ A),
Z

and the function

Lp(a+17b)f(z) Lp(a,b)f(z)

T (1

is univalent in A\ and L,(a,b)f(z)/z" € H[1,1]N Q, Then the following subordina-
tion relation:
Lp(a+1,b)g1(z)

Lp(a7b)g1(z) Lp(a+17b>f(z)

B (1 py RS L g
L aab f(Z) L (a+17b)g2 < L (aab)gZ Z
+(-py 2@t phlat Lhe) (g Liebel)
Z Z Z
(0<B<1; zed)
implies that
L b L b L b
b)) LhIQ)  Llabs@ ()
Z Z z
Moreover, the functions L”(a’fp)g'(z) and = (a,fp)gz(z) is the best subordinant and the best
dominant.
If we take

a=p,c=pandP=1
in Theorem 5 or Theorem 6, then we have the following result.

Corollary 1. Let f,gr € A4, (k= 1,2). Suppose also that
ng]Z) eEM (zel; k=1,2)
Z
the function f'(z)/pz’~" is univalent in A\ and f(z)/zP € H[1,1]N Q, Then we have
the following implication:
/ ! /
gl(Z)l DR ACIRDN 16
pzr=t pzrmt o pzr!

81(2)
Zl’

(ze ) = g1ZE)Z) =< fz(j) =< gzziz) (ze D).

and is the best subordinant and the best dominant.

Moreover; the functions gzz—ff)
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Next, we study the extended Libera integral operator F, (v > —p) defined by
(cf.[3,4,11])

RUE="3 | U@ de (FeAy RV —p) (218

ZV

Now, we get the sandwich-type result below involving the integral operator defined
by (2.18).

Theorem 7. Let f,gr € A (k= 1,2). Suppose also that
L bR
P(a? ) V(gk)(z) c Mf;k (

" v>-—p;B>0;z€ N k=1,2),
Z

the function

Ly(a,b)R () ()] P [ Lp(a,b)f()]°
P P
is univalent in A\ and Ly,(a,b)F,(f)(z)/z" € H[1,1]N Q, Then the following subor-
dination relation:

[ (ab)Fvgl ]1BLLpabg1 ]B

{ (ab)Fv(f) ] [ >f<>]B

zP

< [Lp(%b)l’v(&)(zq P {pr,b)gz(z)
7P zP

r (ze )

implies that
Ly(a,b)Fy(g1)(z) - Ly(a,b)K(f)(2) - Ly(a,b)F(82)(z) (ze A)

zP z? P
Ly(a,b)F (g1)(z) and Lp(%b)fpv(gl)(Z)

zP

are the best subordinant and

Moreover, the functions
the best dominant.

Proof. Let us define the functions F and Gy (k= 1,2) by
Ly(a,b)K(f)(2)

F(z) =2 7 and Gy(z) :=

Lp(a7 b)Fv (gk) (Z)
zP

(f,.e €y ze N).
(2.19)
By means of the definition of the integral operator F, defined by (2.19), we have

A(Lp(a,b)R(f)(2)) = (V+p)Lpla+t1,0)f(z) =VLp(a,b)R(f)(z)  (2.20)
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Hence, by using (2.19), (2.20) and the same method as in the proof of Theorem 5, we
can prove Theorem 7 and so we omit the details involved. O

Finally, we have the sandwich-type Theorem 8 below by using a similar method
as in the proof of Theorem 6.

Theorem 8. Let f,gr € A (k = 1,2). Suppose that

Lp(a,b)Fv (k) (2)
zP

EM" (v>-p;B>0z€ ;s k=1,2),

the function

pL@IIE) (g BEDRND

is univalent in A\ and Ly(a,b)f(z)/zF € H[1,1]N Q, Then the following subordina-
tion relation:

Lp(a,b)g1(2)

Lp(a,b)F(81)(2)

p 28 (1 py 2
<L))[/P(a;i)f(z)_|_(1_B)L’P(avb)zfv(f)(z)
= ﬁLP(a7Zl;)g2(Z) +(1B)Lp(a,b);v(g2)(Z) (OS B S 1; z€ A)

implies that

Lp(a’b)FV(gl)(Z) < Lp(avb)Fv(f)(Z) < Lp(a,b)Fv(g2)(z)
7P zP 7P

Lp (ab)ZF[;/ (gl )(Z) and Ll’ (ab)ZFpV (gl )(Z)

(ze D).

Moreover, the functions are the best subordinant and

the best dominant.

If we take
a=p,c=pandf=1

Theorem 7 or Theorem 8, then we have the following result.
Corollary 2. Let f,gr € 4 (k= 1,2). Suppose also that
K
V(gk)(z) c 9\/[1* (

zP
the function f(z)/z" is univalent in /\ and F,(f)(z)/z" € H[1,1]N Q. Then we have
the following implication:

g1(2)<f(1)<gz(Z) (1€ A) —> Fv(gl)(z)_<Fv(f)(z)_<Fv(82)(Z) (ze A)
P P zP zP P P

Moreover; the functions FV(i'p)(Z) and FV(if,)(Z)

dominant.

V> -—pize A k=1,2),

are the best subordinant and the best
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