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Abstract. In this paper, we solve in closed-form the following third-order system of nonlinear
difference equations

Yn}’nflx{;,l x,,x,,,lyZA
Xn(any! o+ baynyn-1)’ Yt = Yn(cnx! 5+ dpxnxn_1)’
where the initial values x_;,y_;,i = 0,1,2 and the parameters (an)neN,, (Dn)neNy» (Cn)neNys

(dn)nen, are non-zero real numbers. The form of the solutions of the one dimensional case
of our system and a more general system defined by one to one functions are also presented.

Xp+1 = P7q€N7n€NO
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1. INTRODUCTION

Difference equations represent an important topic from discrete mathematics
nowadays, which generally describes the discrete quantities in phenomena in dif-
ferent disciplines, such as biology and computer sciences. Recently, there has been a
noticeable development in the study of nonlinear difference equations and their sys-
tems, and within this area, an essential part ought to be reserved for the investigations
of the closed-form formulas of solutions, although it is often difficult to achieve. We
refer the interested reader to [1-7,9-16, 18, 19]. In this context, as a generalization
of the system

Xn—1Yn Yn—1Xn

N , neNp. (1.1)
yn:l:yn—Z It Xn j:xn—Z

Xn+l1 =
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studied in [17], the authors of [8] considered the following system of difference equa-
tions

P P
Xn—k+1Yn Yn—k+1%n

——— Ynp1 = —"——, n,pEeNpkeN, (1.2)
ayﬁ,)fk + byn " Olxp— + an

Xn+l =
where the coefficients a,b, o, and the initial values x_;,y_;,i € 0,1,...,k are real
numbers.

Our goal in this paper is to find the solution form of the following system of dif-
ference equations

ynynflxg_l y xnxnflyz_l
+1 =
Xn (anyZ,Z + bnynynfl) ’ " yn(cnxs,Z + dyXpXn_1 )

) nENOvp,qu

(1.3)
where the parameters (dan)neny:(Dn)neNys (Cn)neNys (dn)nen, and the initial values
x_;i,y—i,i = 0,1,2, are non-zero real numbers. We will also determine the form of
the solution of the following system which is a generalization of System (1.3).

Xn+1 fol ( 8n)&n—1)(f(xn=1))? >
" f(xn) [an(g(ynfz))q+bng(yn)g(yn71)] ’

Xn+1 =

Y1 =8 " ( Fxn) f(xn—1)(8(yn-1))?
" GO en (o 2))P o) 1)

where f,g: D — R are one to one continuous functions on D C R, the initial val-
ues x_;,y_;,i = 0,1,2, are real numbers in D and the parameters (ay,)nen,; (bn)neNg s
(¢n)neNy, (dn)nen, are non-zero real numbers.

Let us recall the following basic and well known lemma.

> , ne€No,p,geN, (14

Lemma 1. Let (ay)nen, and (by)nen, be two sequences of real numbers. Consider
the linear difference equation

Yn+k = AnYn +b,, k=23, neNp.
Then,

n—
yi+ Z

1
r=0

n—1
Yin+i = [H A j+i
j=0

Moreover, if (ap)nen, and (bp)nen, are constants (i.e. a, = a,b, =b), then

n—1
H Ak j+i bkr+i7 fOriZO,l,"',k—l.
Jj=r+1

vi+ bn, a=1,

= n_q i =0,1,--- k-1, neN.
Yot aryi+ <a 1 > b, otherwise, fori =
a_

k k
where, as usual, [[Aj=1and Y A; =0, forall k <.
j=i j=i
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We will write the formulas of the solutions of our System (1.3) using the terms of
the sequence {F, }7_, defined by the second-order linear difference equation

Fn+2:Fn+l+anar:p7q,F0:Fl:17 neNO (15)

This is one of the generalizations of the Fibonacci sequence and it is called the r-
Fibonacci sequence. In the following, we give the first thirteen terms of it.

F=1+4r,
F3=1+2r
Fy=1+3r41%,
Fs=1+4r43r,
Fs=1+5r+6r2+r,
Fp=1+6r4+1077 +4r°,
Fy=1+7r+157+10r + 1,
Fy=1+8r+21r"+20r + 5/,
Fio=1+9r+28/+35° + 15¢* + 1,
Fiy = 14107 +36r% 4-56r° +35r* + 61,
Fio =1+ 11r+45 + 847 +70/* + 21 + /5.

2. THE SOLUTIONS OF SYSTEM (1.3)

In this part, we show the solvability of our System (1.3). In fact we will give the
closed form of the well-defined solutions of our system.

Definition 1. A solution {x,,y,},>—_2 of System (1.3) is said to be well-defined if
Xn (anyd 5+ buynyn—1) yn (caxl_y + dpxnxn—1) # 0, n € No.
Remark 1. We want to note that the sequence {F, };_, will be defined by
Foo2=Fi+ph, Fo=F =1,neN
for the formulas of the x,,-component of the solutions and
Fupo=Fyp1+qby, Fo=F = 1,n €Ny

for the formulas of the y,,-component of the solutions.
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Now, we will start the resolution of our system. Let {x,,y, },>_2 be a well-defined
solution of System (1.3). We have

X ynyn—1x5,1 y ann—l)’Z,1
n+1 = n+1 —
Xn (anyz_z + bnynynfl) ’ Yn (Cnxf;_z + dnxnxnfl) ’
Xn+1Xn YnYn—1 Yn+1Vn XnXn—1
Xg_l anyz_z + bpynyn—1 ’ yZ—l Cnxg_z + dpxpXn—1 ’
Xpop GV oyt bpya¥ao1 Vo CaXpy oy T dnXaXpo
Xn+-1Xn YnYn—1 7 Yn+1Yn XnXn—1 ’
p q q p
Xy Yn— Yn— Xp—
nl:annZ_i_bn7 nlzcnn2+dn.
Xn+-1Xn YnYn—1 Yn+1Yn XnXn—1
Taking the change of variables
p q
X
uﬂf”;z7 vn:y"i’ 2.1
XnXn—1 YnYn—1
System (1.3) can be written as
Uptl = ApVn+bp,  Vpe1 = oty +d,, n € Np. (2.2)

Hence, we have

Un+2 = Ap+1Vn+1 +bn+l = dp+1 [Cnun +dn} +bn+l = dpy1Cplly + (an-‘rldn +bn+l)7
V2 = CppiUn1 T dpi1 = Cupl [anvn +bn] +dyy1 = Cpr1apvn + (Cn-‘rlbn +dpi1 )

From this, we get, for all n € Ny, the following linear second order nonhomogeneous
difference equations,

{”n+2 = ap+1Cpltp + (an-l-ldn +bn+1)7 2.3)

V42 = Cp4-1anVn + (Cn-H bn + dn+1 )

From Lemma 1, we have for all n € Ny and for i = 0, 1, the solutions of equations in
(2.3) are

(n—1 n—1 | n—1
Uonti = Hf12j+i+1C2j+i ui+z H A2j+i+1C2j+i (@2r+it1dari+borriv),
| /=0 r=0 | j=r+l ]
2.4)
(-1 i n—11[ n—1 1
vanri = | [[ezjriviazjii| vi+ Y, | TI cojriviajvi| (corviviboryi+dariivi).
| j=0 r=0 | j=r+1 ]
(2.5)

From (2.1) and Equations (2.4) and (2.5), it follows that for all n € Ny

n—1 p n—11| n—-1

X

-2

Uy, = I |a2j+1cz‘,~ — + E I I aj+1C2j (a2r+1d2r+b2r+l)v (2.6)
=0 X0X-1 ;2o | =1
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n—1
0612/+2C2]+11 [agy‘iz + boyoy—l]

bl —1 | n—1
j= n
Upi1 = + Y| ] a2j2c2js1 | (@2rs2dari1 +borsn)
Yoy—1 =0 |j=r+1
2.7
n—1 q
H002j+1azj Y22 0T e
=
Vo = + Y | [ cosma| (corpibar+daria), (2.8)
Yoy—1 r=0 | j=rt1
and
n—1
l- 062j+2a2j+]] [Coxli2+doxox,1] n—1[ n—1
=
Vont1 = + Y| I] c2jroarjin | (carrabarii+daria).
XoX—1 r=0 | j=r+1

(2.9)
Now we give the solution form of Equations (2.3) when all the coefficients in System
(1.3) are constant. To do this, we suppose that a, = a,b, = b,c, = ¢ and d, = d, for
every n € Ny. Then Equations (2.3) becomes

(2.10)

Upto = acu, +ad + b,
Vo =cavy, +cb+d.

From Lemma 1, we have for all n € Ny and for i = 0, 1, the solutions of equations in
(2.10) are

u;+ (ad +b)n, ac=1,
| = "1 2.11
o (ac)"u; + ((ac)) (ad+Db), otherwise, 211
ac—1
and
vi+ (csb+ct +d)n, ac=1,
| = "1 2.12
Yo (ca)™vi+ <(ca)> (ecb+d), otherwise. (2.12)
ca—1
From (2.1) and Equations (2.11) and (2.12), it follows that for all n € Ny
v
-2 —|—(ad+b)n, ac = 17
X0X—1
Uon = (2.13)

(ac)"x", N ((ac)” -1

XoX_1 ac—1

) (ad +D), otherwise,
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q
ay”, +byoy-1
2—+(ad+b)n, ac=1,
YoY-1
Wn+1 =
q
(ac)"(ay’, +byoy-1) ac)"—1 .
2 + (ac) (ad+b), otherwise,
Yoy—1 ac—1
q
y_
2 4 (ch+d)n, ac =1,
Yoy-1
Von =
q
(ca)"y® ca)" —1 .
2 4 <( ) (cb+4d), otherwise,
Yoy-1 ca—1
14
x5 +dxpx_q
2——i—(cb—&—d)n, ac=1,
Vopgl = xoxﬁl
] =
x5+ dxox_q ca)* —1 .
(ca)'—== + (ca) (cb+4d) otherwise.
M
X0X_1 ca—1
Now, from (2.1) it follows that
p q
X Y
n—2 n—2
Xn=—"—» n=— T
UnXn—1 VnYn—1
So we have
X0 = ’
UoX_1
hence
F
xY
X0 = Fo F)
Uy X_y
Moreover,
1
N x‘i 1 uox_lx[i 1 l/t()x‘li Jlr
1 pr— pu— pr— p 3
Uirxo ulx[iz Ui x_,
SO
uOlele
= gt
Uy x_n
and
2 2
B T L
x2 = = =
p.p p+1 p+1 _2p+1°
uzxy UpX_ UsUpX_ Uy X
thus
F _pF
o — Uy x_y
2T "R BB

Uy Uy X

(2.14)

2.15)

(2.16)

2.17)
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Similarly, we obtain

2p+1_p*+3p+1
uzup+xp+p+ uFl F_F,

uy’x
)C3 == =
p+1 2p +p Fy B pFs’
usuy  x_, Uy uy"x_o
2p+1 3 Fi F; _pF.
} u3u1p+ p2+ PP+p u3‘u1‘xp2“
4= = )
p+1 p243p+1 3p2+dp+1 R B Fy F5
" 4u§p+1M8p2+4p+1x1731+6172+5p+1 u4Fl ngqus F
X5 = =
p+1 u? 24+3p+1 3p +4p*+p Fo F> Fy PFs
Usity iy -2 Us Uz™Uy X_p
s M§p+l u3p2+4p+1 xp42+6p3+5p2+p u? u? ull”s x‘”}
X6 — ey
6 PP e S 4p?+10p o+l oy Py B R B
Uplty Uy Uy 6 "4 “2 %o 1
RICE IRy
R F5 Fs F_Fy U, XY
= Je Math o X :i—O
7 b0y P2y fay Fo P br )PP ’
7SI H 21+1 X2
Fya—i PFS
F, F; F: F u >
u7|u zu%5u17xp 8 H 2z+1 2
X3 = e
Fo P> Fy Fo Fy Fo 4 ) ’
Ug Ug Uy Uy Uy X Il ugz(z;f,)ngl
; _
i=0
4—i)+1 F]()
F F Fs F Fy F _
o — ug'ug’uy uy up’ x zHo 2’ !
T R B Fy Fs g pFy T 4 ’
Uy Uz Us U3’ Uy xp H 2z+1 ]:Fg
2(5 i)— lpr10
F F; Fs F Fy pF _
u91u73u55M37u19xP210 H 21+1 2
X10 — F =
0, F2 Fi Fo Fs Fio Fi1
Ujoltg the Uy Uy Uy Xy H uz i
1
By induction, it follows that
nt Byn-i)-1 Pan LI YRR YA
H Uit Xp Houzi X1
=
Xop = —, X2p+1 =
ﬁ F2n1 F2n+1 Ir—ll FZnt pF2n+l

21+1 X

271
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Similarly we have

Yoo
Yo = )
VoYy—1
hence
qkFo
y B
(U N
0 1
Vo V-1
Moreover,
q q q+1
Yy VoY-1Yp VoY,
1= - q - q
V1Yo ViY_, V1Yo
SO
F.P
_ Yo Y
Y= DRk
1 Y22
and
q 7 4 7*+q
Yo . YVY ., VIV,
- T 9.9 g+1 — g+1_2g+1°
vayr o wvoyLivavoyly  vavg YO
thus
Fi qF>
V1Y
=55
Vo Vo Y1
Similarly, we obtain
2g+1_g*+3q+1 Fi . F_ F
y3 = AR V2 VoY
- g+l 2¢>+qg R P2 a3’
V3V Y5 V3 Vi Y,
2g+1_ P +34%+q Fi. F3_qFs
Yo = iV Yoo _ 3NV
g+l +3q+1_3g2+4q+1 Fo B Fa Fs 0
Vav, Vg Y VyVa'Vy Y
2g+1_3¢>+4q+1_ > +64>+5¢+1 Fi_F;_ Fs_Fs
y V4vy© Vo Y1 Va Vo Vo Y-
5= 2 ) = )
g+1_q?+3q+1_3¢3+4q%+q Fo, Fa. Fy qFs
Vsv3 Vi Y2 Vs V3'ViY_o
2q+1 3¢ +4q+1_g*+64>+547+q Fi_ Fy Fs_qFg
y VsVs© Vg Y2 Vs V3 V'Y o
6 — 2 32 3 2 = ,
g+1 ¢*+3q+1_ g3 +64>+5q+1_4¢>+10g>+6g+1 Fo > Fy Fo F7
VeV Uy v y- Ve Va V2 Vo Y1
3 F
2(3—i)+1_ Fy
Fi B Fs F R Hvzi Y1
vy = Ve Va V2 Vo Y-1 _ i=0
~ R Fe pFr )
VD Lay Loyl 1§I 2620 aFr
Lo 21 V=2
=
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279
-1 ng
F F; Fs F_pF -
V71V53V 5y 7yP28 lH 21+1 2
W= "R B R F FsFo g
0 24,0416 8 9 4 .
L AR L A Ve I V§g<4—z>yF91
; _
i=0
i)+1 F10
Fi_ F3 Fs F; Fy_Fio H —1
yo = Ve Ve VaVa VoY1
T R.P F F Fs qR ’
Vo V72V vty oy H 2z+1 ng
i—1_qFo
Fi . F Fs Fr Fy_qFio Hv21+1 Y2
_ YoV Vs VaViYop
Y10 VFOVFZVF4VFGVFSVFIO Fiy
10Y8 Ve V4 V2 Y1 H22<5 F11
By induction, it follows that
nl F2nl 1 szn n FZ(nl FZ()H»I)
H V21+1 ) H -1
Yon = —, Yoyl = —
n—i)  Fany1 n—i)  qFan+t1
Hovzi Y H"zz+1 D)
1=

From the above calculations, we summarize in the following theorem the form of the
solutions of System (1.3).

Theorem 1. Let {x,,y, }n>_2 be a well-defined solution of System (1.3). Then, for
all n € Ny, we have

n—1 g n
2(n—i)—1
H U F H Fynt1
o | =0 2l X | =0 X
n = n FZ(n—i) F2”+1 ’ 2+l = n F2(n i) pF2n+1
IT uy; 1 H Upit1 -2
=0 =0
n—1 g n
2(n—i)—1
I1 v-; F; H Fnt1
2i+1 qlron (n+1)
| =0 Y2 and | =0 Y_1
Yan L FZ(n i) yF2"+1 Yantl L qu2n+l ’
.I_I()vli 1 H 21 2
1=

where the terms of the sequences (uy)nen, and (vy)nen, are given by formulas (2.6)

- (2.9) in the case of variables coefficients and (2.13) - (2.16) in the case of constant
coefficients.
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Remark 2. If we take ¢, = a,,d, =b,,n € Ngog=pandy_; =x_;,i =0,1,2,
then, we obtain the one dimensional version of System (1.3), that is the equation

p+1

n—1
. peNneN. 2.18
anxf;,z + bn-xnxn—l P 0 ( )

X

Xn+1 =
As a consequence the solutions of Equations (2.18) can be obtained from Theorem 1,

and their formulas are given in the the following result.

Corollary 1. Let {x,},>_2 be a well-defined solution of Equation (2.18), then for
n € Ng we have

n—1 F . n F- R
2(n—i)—1 2(n—i)+1
Us: F- Uy, F;
iI:—IO 2i+1 x1122" zI:IO 2i x_zi"“)
Xop = X =
2n " Py XFZTH ) 2n+1 " Py xpgan )
[T uy, - JERZ -
i=0 i=0

the terms of the sequence (u,)ncn, are given by formulas (2.6), (2.7) in the case of
variables coefficients and (2.13), (2.14) in the case of constant coefficients.

3. THE FORM OF THE SOLUTIONS OF A MORE GENERAL SYSTEM DEFINED BY
ONE TO ONE FUNCTIONS

In this part, we will show the solvability of the following system

X1 = f ( 8n)&(n—1)(f (xn=1))? >
: S ) [an(8(yn—-2)) + bug(yn)g (1)} )

Ynr1 =g ! < F ) f(en—1)(g(yn—1))?
TS GO 7))+ df ) TG

where f,g: D — R are one to one continuous functions on D C R, the initial val-
ues x_;,y_;,i =0, 1,2, are real numbers in D and the parameters (a)nen,, (Pn)neNy,
(¢n)neNys (dn)nen, are non-zero real numbers.

>, neNo,p,geN, (3.1)

Definition 2. A solution {x,,y,},>—_2 of System (3.1) is said to be well-defined if
for all n € Ny, we have

S (xn) [an(8(Vn—2))T + bng(yn)g(yn-1)] # O,

8n) [en(f (xn-2))? +dnf (xn) f (xn-1)] # O,

gn)&n—1)(f (xu_1))?
S (xn) [an(8(¥n—2))9 + bng(yn)g(Yn—1)]

Gfol

and

S ) f (n—1) (8 (Yn—1))*
8n) [en(f (Xn—2))P + dnf (xn) f (Xn—-1)]

S Dg—l.
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Since f and g are one to one continuous functions, then we get

8(n)8(yn—1) (f (xn-1))”
( )( (( ))q""bng(yn)g(yn—l)),

F o) F o) (8 (1))
80 = o en U )P+ i) )

Taking the change of variables

Xy =f(xn), Yu=2g0n), neNy (3.2)

it follows that System (3.1) can be transformed to the following system

f(xn+1 )

Yo Yo XP | X Xn 1Y,

X, = S A :
" XY b YY) Y(c,,Xp2+dXXn B

n € N,

which is in the form (1.3). So, using (3.2), the fact that

Xn :f71<Xn>>yn :gil(yn)an € N0

and Theorem (1), we get the following result which describes the form of the solu-
tions of System (3.1).

Theorem 2. Let {x,,y, }n>_2 be a well-defined solution of System (3.1). Then, for
all n € Ny, we have

=l By oo

. Eo ) ()PP

H zl"’ (f(x—p)) Pt |7

Xon=1Ff

(F(x 1))y
(Fl2))Pr |

”Hl B ,) i
g " (8(y—2))e"™
! H yaon | (gly-1))Fr

Xon+1 =

and

(g(y—1))Pern
(g(y—2))aFansr )7

Yoni1 =8
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where the terms of the sequences (up)nen, and (vy)nen, are given by the following
formulas

["ff az,-chj] (f(r-2))?

=0 n—1 | n—1
Uy = + azj102j | (azrr1dor +b2rv1), (3.3)
Fxo)f(x1) L ,-I,L " ’]( ' 2
n—1
I a2j42¢2)1 [a0(8(y—2))7 + bog(y0)8(y-1)]
=
Wn+1 =
’ g(30)g(v-1)
n—1 n—1
+ Z H a2j+202j+1] (a2r42d2r4+1 +b2ry2), (3.4
=0 | j=r+1
n—1
Il c2jrranj| (€v-2))* -
= +nz: h crjr1a2i| (cars1bor +dori1), (3.5)
Vo = 2j+142; 2r+102r 2r+1) 5 .
g()’o)g()’—l) r=0 | j=r+1 ST i i
n—1
H062j+2azj+1 [co(f (x-2))P +dof(x0) f(x-1)]
=
Von4+1 =
" f(xo0) f(x-1)
n—1 n—1
+Y | T1 02j+2“2j+1] (c2ri2b2ri1 +dory2), (3.6)
=0 | j=r1

if the coefficients are variables and by the following formulas

(f(x2))?

f(x0)f(x-1)
Uop = (3.7)

(ac)"(f(x-2))P (ac)*—1
f(x0)f(x-1) * < ac—1

a(g(y—2))?+bg(yo)g(y-1)
g(vo)g(y-1)

(ac)"(a(g(y—2))* +bg(v0)g (1)) ((ac)" —1
g(vo)g(y-1) ac—1

+ (ad +b)n, ac=1,

> (ad+D), otherwise,

+ (ad +b)n, ac=1,

Up+1 =

> (ad+b), otherwise,
(3.9)
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(8(y-2))?
g(vo)g(y-1)
Yoy = (3.9)

(ca)"(g(y-2))7 (ca)*—1 .
sty S e aervise

(f(52))P +df o) x-) )
foofley) b b

Vanil = (Ca)n(c(f(x_z))l’+df(xo)f(x_1))+<(Ca)"_1
Fxo) f(x_1) ca—1

if the coefficients are constants, again the sequence {F,};_ is defined by

+ (¢b+d)n, ac=1,

) (¢cb+d), otherwise,
(3.10)

Fio2=Fi+pF, Fh=F =1neN
for the formulas of the x,-component of the solutions and

Fopo=F1+qby, Fo=F =1,n€ Ny
for the formulas of the y,-component of the solutions.

Remark 3. Clearly if we take the functions f and g such that f(x) =xand g(x) =x,
then System (3.1) will be nothing other than System (1.3).

4. CONCLUSION

In this paper, a third-order system of nonlinear difference equations was proposed.
Using some changes of variables and p-Fibonacci numbers, the solutions of this sys-
tem were written in closed-form. It is showed also that a more general system defined
by one to one functions is also solvable in closed form.
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