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Abstract. Inequalities play an important role in pure and applied mathematics. In particular,
Petrovi¢ inequality is an important inequality which have several interesting generalizations. In
this work we prove a new Petrovié-type inequality for measurable functions defined on a space
with finite measure, and we apply it to generalized Riemann—Liouville-type integral operators.
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1. INTRODUCTION

Integral inequalities are used in countless mathematical problems such as approx-
imation theory, spectral analysis, statistical analysis, distribution theory, etc. Studies
involving integral inequalities play an important role in several areas of science and
engineering.

In recent years there has been a growing interest in the study of many classical
inequalities applied to integral operators associated with different types of fractional
derivatives, since integral inequalities and their applications play a vital role in the
theory of differential equations and applied mathematics. Some of the inequalities
studied are Gronwall, Chebyshev, Hermite—Hadamard-type, Ostrowski-type, Opial-
type, Griiss-type, Hardy-type, Gagliardo—Nirenberg-type, reverse Minkowski and re-
verse Holder inequalities (see, e.g., [3,5,9-11, ,20,210).

In 1905, J. Jensen was the first to define convex functions (see [7] and [19, p. 8])
and to draw attention to their importance. One of the most significant inequalities is
the distinguished Petrovi¢’s inequality for convex functions (see Theorem 1). There
are many generalizations of Petrovi¢’s inequality (see, e.g., [1,0, 13,17, 18] and the
references therein).
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In this work we obtain a new Petrovi¢-type inequality for measurable functions
defined on a space with finite measure, and we apply it to the generalized Riemann—
Liouville-type integral operators defined in [2], which include the well-known Rie-
mann—Liouville-type integral operators.

2. PRELIMINARIES

One of the first operators that can be called fractional is the Riemann-Liouville
fractional integrals and derivatives of order a € C, with Re(a) > 0, defined as follows

(see [4]).

Definition 1. Let a < b and f € L'([a,b]). The left and right side Riemann—
Liouwville fractional integrals of order o, with Re(a) > 0, are defined, respectively,
by

R f(r) = r(la) / (-9 f(s)ds, 2.1)
and
b
S0 = g [ =0 s 22)

with ¢ € (a,b).

When a € (0, 1), their corresponding Riemann—Liouville fractional derivatives are
given by

(D 1) 0 = % (") = r(1 1_ o)) cciit/at (tf_(ss))oc ds,
b S
(0 1)) =~ 4 1 10) = 4 [

Other definitions of fractional operators are the following ones.

Definition 2. Let a < b and f € L'([a,b])). The left and right side Hadamard
fractional integrals of order a., with Re(at) > 0, are defined, respectively, by

L[ ()
and
a 1 b s\ %1 f(s)
Hbff(t) = w[ <10g;> Tds, (24)

with ¢ € (a,b).
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When o € (0,1), Hadamard fractional derivatives are given by the following ex-
pressions:

(0810 =1 G H-10) = gy [ (o) "
Hpyo d _a _ d [ o\~ F(s
(D110 =~ 4 50) = gy | (o) e

with 7 € (a,b).

Definition 3. Let 0 < a < b, g: [a,b] — R an increasing positive function on
(a,b] with continuous derivative on (a,b), f: [a,b] — R an integrable function, and
a € (0,1) fixed real number. The left and right side fractional integrals in [8] of order
o of f with respect to g are defined, respectively, by

o . 1 ! g’(s)f(s) s
I f(t) = F(Oc)/a (g(t)—g(s))]_ad7 (2.5)
nd
) N Ny (U1 R 06
o L) )i (g(s)— (1) '

with ¢ € (a,b).

There are other definitions of integral operators in the global case, but they are
slight modifications of the previous ones.

3. GENERAL FRACTIONAL INTEGRAL OF RIEMANN-LIOUVILLE TYPE
Now, we give the definition of a general fractional integral introduced in [2].

Definition 4. Leta < b and oo € R™. Let g: [a,b] — R be a positive function on
(a, b] with continuous positive derivative on (a,b), and G: [0,g(b) —g(a)] x (0,00) —
R a continuous function which is positive on (0,g(b) — g(a)] x (0,00). Let us define
the function 7': [a,b] X [a,b] x (0,00) — R by

T(t,s,0) = GOg([L/_(j;(S)La) .

The left and right integral operators, denoted respectively by J7' . and J7, , are
defined for each measurable function f on [a,b] as

J%,mf(t) = /a

L fGs
T(t,s,
b
5y 0= [ 7 (j)a) ds,
with 7 € [a,b].

We say that f € L} ([a,b]) if J% . | f|(),J%, | f|(t) < oo for every ¢ € [a,b].

)
7a)ds,
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Note that these operators generalize the integral operators in Definitions 1, 2 and
3:
(A) If we choose
gt) =1, Gx,0) =T(a)x'"*% T(1,5,0) =D(ar)|r —s|'"%,
then J¥ . and J. T - become the left and right Riemann-Liouville fractional
integrals RLy% and ®LJ* in (2.1) and (2.2), respectively. Its corresponding
left and right Riemann-Liouville fractional derivatives are
d d
(RLD f)( ) (RLJI OLf( )) (RLDgff) (t) — dt (RL 1 ocf( ))
(B) If we choose
‘ I-o

t
g(t) =logt, G(x,a)=T(0t)x' ", T(t,s,oc):l“(oc)t‘logf
N

)

then J¢ Tat and J# - become the left and right Hadamard fractional integrals
HY. and H* in (2.3) and (2.4), respectively. Its corresponding left and right
Hadamard fractional derivatives are

(D% 1) @) =1 5 (L F0). (D)) =~ S (HL 5 0).

(C) If we choose a function g with the properties in Definition 4 and

) — 1—a
Glr,0) = T(0)x' %, T(t,s,a) = (o) LEO_8GIT
g'(s)
then J% , and J. T ,- are the left and right fractional integrals I;fa+ and I;b_ in
(2.5) and (2.6), respectively.

Definition 5. Leta < b and o € R*. Let g: [a,b] — R be a positive function on
(a, b] with continuous positive derivative on (a,b), and G: [0,g(b) —g(a)] x (0,00) —
R a continuous function which is positive on (0, g(b) — g(a)] x (0,00). For each func-
tion f € L)[a,b], its left and right generalized derivative of order o are defined,

respectively, by
(12r®).

(hr ).

1
(1)

'(t)

D%tﬁ flt)=

D%b— ft) =

d
dt
d
dr
for eacht € (a,b).
Note that if we choose
gty =t, G(x,a)=T(a)x'"% T(t,s5,0) =(ax) |t —s|'7%,

then D$ . f (1) = ®:D%, f(¢) and D7, f(t) = RLDY f(t). Also, we can obtain other

fractional derivatives such as Hadamard type as particular cases of this generalized
derivative.
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4. PETROVIC-TYPE INEQUALITY
The famous Petrovi¢ inequality is stated as follows, see [12]:

Theorem 1. Let ¢ be a convex function on [0,al, and wy,...,wy > 0. Ift1,... t, €
[0,d] satisfy Y tiwk € (0,a], and

n
Zl‘kaija j:lv"')n7
k=1

then
é@(tk)Wk < (P(ki:ltka) + (kz:wk — 1>(p(0).

There are many generalizations of Petrovié’s inequality (see, e.g., [1,06, 13,17, 18]
and the references therein).

Next, we present a continuous version of the above Petrovi¢ inequality.

Theorem 2. Let u be a finite measure on the space X, ¢ be a convex function on
[0,a], and f: X — [0,a] be a measurable function with [y f du € (0,al. Then Qo f is
a u-integrable function. If

10 < | fdu

forevery x € X, then
oo rdu<o( [ fau)+(utx)-1)00)

Proof. Assume first that f is constant a.e. f = ¢. Thus, Theorem 1 with n =1,
t; = c and w; = u(X) gives the conclusion.
Assume now that f is not constant a.e. We have

ng(x)gA:/de/,z

for every x € X and 0 < A = [y fdu, since f is not constant a.e. Since @ is a convex
function on [0,a], @o f is a bounded function. Since y is a finite measure, @o f is a
u-integrable function.

Foreachn > 1 and 1 <k < 2", consider the sets

Lix= ((k—1)27"A, k27"A],
L= ((2"—1)27"A, A),
In,O = {0}7 In,2”+1 = {A}

Note that {7, 4 }7 &' is a partition of [0,A] for each n > 1.
Foreachn >1and 0 < k < 2"+ 1, define the sets

Sn,k = fil (In,k)
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and choose constants a, x € I, satisfying
an,k‘u(Sn,k) :A fdu.
n.k

Thus, ano = 0 and ap2ny =A.
Since f is a measurable function satisfying 0 < f < A, we have that {S,,,k}in:%l are

. . . . . n
pairwise disjoint measurable sets and X = Ui:f)lSnﬂk for each n.

Recall that the characteristic function of a set E is defined as yg(x) =1if x € E
and yg(x) =0if x ¢ E. If we define

2"4+1
fn = Z a"vk XSn,k’
k=0

then
211 + 1

2y
/ fodi =Y ans(Sui) = Y. / Fdu= / Fdu.
X k=0 =0  Suk X

It is clear that
0<an< [ fau= [ fuds, 0<fi< [ fau,  1fi—fl<27a
X X X

Hence, f,, uniformly converges to f and

0<f, < [ fdu= [ frdu

. n . . . . . n
Since {S,,,k}%;gl are pairwise disjoint sets and X = U,%:J(’)lSmk, we have

241
Qo fn= Z (P(amk)xSn,k’
k=0

2"+1

[ 00 fudu="Y. oannulso):
X k=0

Since @ is a convex function on [0,A], it is continuous on (0,A) and it can be written
on [0,A] as
@ = Qo+ SoX {0} + OaX{a},

where @y is a continuous convex function on [0,A] and §yp,d84 > 0. Hence

2141

Qofu="Y ©(an)xs,,
k=0
2141
= ) Qo(ank)Xs,; + 80X 1 (o) + k1 (ay)
k=0

= Q00 fu+80Xs1({0}) T OaXs1({a})
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and
2"+1
[ 00 fudu="Y oanu(sus)
X k=0
2"4+1
Y Qolani(Sne) + Sou(F ({0)) + Sau(s ({AD)
k=0
= Sou(/ ™ ({01)) + Baul/ ™' ({A1) + | @oo fodn.
Since

2"+1
0< an,j < /fd:u: / fnd.u: Z an,k.u(Sn,k)
X X k=0
for 0 < j <2" 41, Petrovi¢’s inequality gives

2"+1 2"+1

Y 0(@u(Sn) <9( Y ancu(Sn)) + (1X) = Do(0). @)
k=0 k=0
Then the right hand side of (4.1) is equal to

o [ fdu)+ (u(x) = 1)9(0).

Since 0 < f, <A = [y fdu for every n, lim, .. f, = f and @ is a continuous
function on [0,A], we have lim, . @po f,, = Qoo f.

Since @ is a continuous function on [0, A], there exists a constant M with |@y| < M
on [0,A], hence |@po f,| < M for every n.

Since u is a finite measure, M € L! (X, ) and the dominated convergence theorem
gives

1im/<P00fnd,U:/(P00de-
X X

n—o0
Therefore, the left hand side of (4.1) has limit
241
r}l_r}; k;() O(an)u(Sni) = r}l_r)?o . Qo fudu

= Sou(f~ ({0) +8asas ' ({A}) + lim [ goo frdu
= Sou( " ({O1) +au(r " ({41) + [ @wo fau

= / ¢o fdu.
X
This fact finishes the proof. O

Jensen’s inequality and Theorem 2 provide the following result.
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Corollary 1. Let u be a finite measure on the space X, © be a convex function on
[0,a], and f: X — [0,a] be a measurable function with [y fdu € (0,a). Then @o f is
a u-integrable function. If

1)< [ s

forevery x € X, then

y(X)cp(H(lX) [ ran) < [oorauso( [ rau)+ ()~ 1)90)

5. APPLICATION TO FRACTIONAL INTEGRALS

Corollary 1 has the following direct consequence for general fractional integrals
of Riemann—Liouville type.

Proposition 1. Let a < b, o.,B > 0 be real constants and T be a function as in
Definition 4. If f: [a,b] — [0, B] is a measurable function,

B b 1 B g(b)—gla)  dx b f(s)
@)= [ 75ma =, o <™ | Tihsm @€ OB

@ is a convex function on [0, B, and
o< | ’ T(’;’(j?a)ds
for every x € [a,b], then ¢(f(s))/T (b,s,) € L' ([a,b]) and
T (5 [ T(i,(j?oc) w)= [ mds
<o [ ey )+ (@)= 1)et0)

RLyo.  RLjo
J%, RLj

Proposition 1 for the classical Riemann—Liouville fractional integrals
and for the Hadamard fractional integrals HY. , Hy reads as follows.

Corollary 2. Let a < b, a,B > 0 be real constants. If f: [a,b] — [0,B] is a meas-
urable function,

) = i [ 69 0 ds € 0.5,

(o
¢ is a convex function on [0, B], and
1

b
10 < g [, =9 5y
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for every x € [a,b), then (b—s)*'o(f(s)) € L' ([a,b]) and

) b W
1(“120c+)1)(p((b—aa)0€/a (b—s) 1f(S)cls)

1 b w
< Fay . 6" ot s

<o(rg [ 09" 6)as) + (S5~ 1) 000

Similarly for the right Riemann—Liouville fractional integral RLJ[?, fla).

Corollary 3. Let a < b, o, B > 0 be real constants. If f: [a,b] — [0, B] is a meas-
urable function,

(o)

@ is a convex function on [0, B), and

f(x>sr(100/ah(logf)a ) gs

for every x € [a,b], then (log? )a_l M € L'([a,b)) and

os2)? b o=l £c
g(ofi)l)‘p<(10;z)“/u (log?) f(s)ds)

HEF0) = o | ’ (1og’j)a1f (;) ds € (0,B],

Sl/”(logb)“@(f@»ds
F(oc)la ;, s ) al;(s) (log?)?
Sq)(l“(oc)/a (r02) Tds)Jr(iF(ochl)_l)(P(O)'

Similarly for the right Hadamard fractional integral H* f(a).
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