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Abstract. In this paper, by the fixed point results of o—Geraghty contraction type mappings,
we prove the existence and uniqueness results of solutions for some Caputo fractional order
differential equations in metric spaces. In addition, we conclude the applicability of these results
with an illustrative example.
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1. INTRODUCTION

The theory of fractional order differential equations has emerged as an interest-
ing area to explore in recent years. Note that this theory has a lot of applications in
the description of many events in the real world. For example, fractional order dif-
ferential equations are often applicable in engineering, chemistry, physics, biology,
etc. For examples and details see [2, 3, 1113, 15]. Currently in the mathematical
literature, studies on the existence, uniqueness, multiplicity of solutions of nonlinear
fractional problems use nonlinear analysis techniques such as fixed point theorems.
Fixed point theorems are the basic mathematical tools, to show solutions in differ-
ent types of equations. [4,6]. The theory of fixed points is at the heart of nonlinear
analysis since it provides the tools for having existence theorems in a lot of differ-
ent nonlinear problems, tools to have existence theorems in many different nonlinear
problems. The fixed point theorems are often based on certain properties (such as
complete continuity, monotony, contraction...) that the application considered must
satisfy [1,9, 16, 19,20]. In this work, we are studying the existence, uniqueness of
the solution for some of the nonlinear fractional differential equations with integral
boundary conditions, in particular, we have presented the existence and uniqueness
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for some classes of differential equations of fractional order in the sense of Caputo.
For this we used fixed point results of oi-Geraghty contraction type mappings.

2. PRELIMINARIES

We start with the definitions of triangular ai-admissible and o-admissible map-
pings, which was introduced by Karapinar, Samet et al [17, 18,20].

Definition 1 ([20, Definition 2.2]). Let S: & — E be a mapping and a function
o: B2 — R*. §is called a o-admissible if

o(,m) > 1= a(5%,5n) > 1 for all 9,m € E.
Example 1 ([20, Example 2.2]). Let E =R’ .
Define a: 2 — RT and §: & — Z, as follows SO = In(9) for all & € E, and

0 if 9<n,
a(d,m) =
(9m) { 2 otherwise.

Then, S is oi-admissible.

Definition 2 ([17, Definition 1]). A S map is called a triangular oi-admissible if it
is o-admissible and o satisfies the following condition:

{M&@zl

implies o(%,Mn) > 1, for all ¥,n,0 € E.
o) > 1 plies o(9,m) > n

Definition 3 ([ 14, Definition, p. 606]). Let y: R™ —]0, 1| be a function. v is said
to be strong Geraghty function if {y,} C [0,e0) and lim y(y,) = 1 implies lim y, = 0.
n—soo n—soo

The set of all Geraghty functions is denoted by G.

Definition 4 ([5, Definition 1.8] ). Let (E,d) be a metric space and a function

o: E2 — [0,00). Z is called a a-regular

. Ot s m+1) 2 1,
if for every sequence (uy)men C E, such that ( K1) forallme N
im g =p,

there exist a subsequence (ty, )ien of (n)men, where oty , 1) > 1, VI € N.
Cho et al. [10] proved the fixed point theorem via o--Geraghty contraction.

Definition 5 ([10, Definition 4]). Let (£,d) be a metric space and a function
o: E2 — [0,0). A map S: E —> E is said to be a-Geraghty contraction if there
exist ¥ € G, such that

o(9,n)d(59,5M) < y(d(d,n))d(9,n),

for all 9,n € E.
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The Following result plays a key role in our main results.

2

Theorem 1 ([ 10, Theorem 4]). Let (E,d) be a complete metric space and o.: == —

R™ be a function. Define amap S: & — E . Assume that

1) S is a triangular o-admissible;

2) S is a a-Geraghty contraction;

3) either E is a-regular or S is continous;
4) there exists 0y € E with o(0¢,56p) > 1.

Then S has a fixed point. Moreover, if
5) for all fixed point 9,m of S, either a(8,m) > 1 or a(m, V) > 1,

then S has a uniques fixed point.

Definition 6. For x a strictly positive real number, the gamma function is defined
by

Now, we gives the definitions of the Caputo fractional order integral and derivative.

Definition 7. The Caputo fractional order derivative is defined by

s ] () ()
Booy g B ,
DPg(s) /O F(p—B)(s—c)BH—pdG’ p—1<B<p, peN,

and the fractional order integral is given by

Pa(s) :/Oswdc, B> 0.
3. MAIN RESULTS

Let (C(I),d) be a metric space and d: C(I)?> — R, is defined by
d(y,2) = sup |y(§) — ()|
Eel

Then, (C(I),d) is a complete metric space.
Now, we consider the following problem

(DPu)(€) =f(&u(§), EcI=[0T], T>0, 3.1)
au(0) +bu(T) =c, |

where ©P is a Caputo fracional derivative of order 0 < p < 1, f € C(I x R) and
a,b,c € R such thata+b # 0.
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Lemma 1 ([7, Lemma 3.2]). The problem (3.1) is equivalent with following equa-
tion

1 g B—1
u(é):Mc—km/o (& —0)P (o, u(c))do -

where M, = ﬁ and N, =

F]ZE)/OT (T—G)Bflf(c,u(c))dc, (3.2)

b
a+b*

Denote by @ the class of all continuous and nondecreasing functions @: [0,00) —
[0,0) satisfying
O(bE) <b@(E) <bE forb>1.

Theorem 2. Let € (0,1). Suppose that

(I) There exists a function 8: C(I) x C(I) = R, r € (0,B) and m € L'" such
that

=l
F(E.X) —F(E,y)| < m(E)— X
(&, x) — (&, )| _m(§)1+||x_y”Lm,
where

T ot 1-rM(1+N)

(), &-aae Mg
M = ||m||;1/r, @ € D, and for x,y € C(I) with &(x,y) > 0.

(II) There exist Yo € C(I) such that, 8(yo(§), Xy, (§)) where

&
R (5) =Mc+ﬁ { [Pt msds -, [ T(T—@Blf(c,vo(c»dc} .

(IIl) Foreachx,y € C(I), we get
3(x(8),¥(8)) =0 = 3(Ar,4y) >0,

< Q([lr = yllz=),

where

13
A=W [ [ &= fGsats))ds s [ T(T—@ﬁ-‘f(c,x(c»dc}

1

€ B T _
A, =MC+F<B)[ [P tsxtopas g [ (7 - ‘f<c,y<c>>dc].

(V) For each (zy)nen C C(I) such that 8(z,,2,+1) > 0 and lim z, = z, then
n—oo
S(ZnaZ) > 0.
Then, the problem (3.1) has at least one Solution.

Proof. According to Lemma 1, then u € C'(I) is a soulution of problem (3.1) if
only if it is a solution of equation (3.2).
Now, we define 7: C(I) — C(I) by
Np

1 /é (£-0)""f(o,u(c))do - —/T (T —6)* (o, u(0))do,

Tule) =M+ 575 ) Jo
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where M, = ﬁ and N, = ﬁ.

For this purpose, the problem reduces to finding a fixed point of 7.
Lets u,v € C(I) be such that 8(x,y) > 0, we have

¢
Tu() = Tv(E) =55 | (E=0)"![F(o.u(0)) ~F(o.v(c)] do
_FIZ’E)/OT(T_o)ﬁ [f(0,u(c)) — f(6,v(c))] do
And thus,
15 B1
|‘TU(§)—TV(§)|SF(B)/O (E—0)" '[f(o,u(c)) —f(o,v(0))|do
+F1(V[’;)/O (T —6)P[f(0,u(c)) — (o, v(c))|do
We know that

max{/j(&—c)ﬁ_ldG,/OT(T—G)B_ldG} < /OT(Q—G)B_ldG.

Then,

1+ Ny
I'(B)

Tu®) - v < T [ (6~ 0 f(6,u(0) ~f(0,v(o)) do.

By using (I), we obtain

1+N,
Tu(E) = Tv(E) < T
T g (o) —u(o)
< [ g—op! O T %0
lu—vllz=
_1+HU—VHL°°
LNy [T gyp-17(0)
) Jy G0 o
Jlu—vllz=
~lu=vllzep
1+ N, T _
[F(B) /0 (E—6)P'm(c)do| .

On the other hand, it is clear that

g(s) = (E—s) "B eLa[0,T], forqe[0,p).
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Let

-1
b= ;B, then b €] —1,0[.
l—q

According to Holder inequality, we can obtain

So,
Tu(E) - Tv(E) < 1Vl
u—=vllr=+1
1 M(1+Nb) 3 %1 1—¢q

1 e VAU

From (I), we get
Tu(E) — Tv(E)] < oflu—vllp=) 12Vl
u—=vllL=+1
So,
d(Tu,Tv) < d(du(,L\]/,)v—l)—l(p(d(u’v))'

Let a function o: C(I)? — R defined by

ou,v) = {1 if 8(u(€),v(§)) >0 Ee1,

0 otherwise.

Then,
A(T0, Tu)or(uv) < - (‘i('i’)vi “p(d(u,v)a(u,v)
d(u,v)
= Fuw) +1906WY)
Since @ € P, we have
d(u,v)
o(u,v)d(Tu,Zv) < dov)+1 +1(p(d(u,v))
e )
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Hence,
o(u,v)d(Tu,Zv) < d(u,v)\p(d(u,v))7

where Y(§) = @Eei()i)l €eg, &>0.

Then, 7 is a a-Geraghty contraction.
On the other hand according to (III) and for each u,v € C(I), we have

o(u,v) > 1 implies §(u,v) >0
= 0(Tu,Tv) >0
= o(Zu,Tv) > 1.

So, 7 is a-admissible. Mooreover, 7 is a triangular oi-admissible.
By (II), we can obtain

g
6(vo<a>,ML.+F1 [P as - | T(T@B—lf(c,vo(c»dc]) >0

(B) Lo
That implies,
(0, 70) = 0.
And thus,
(Y0, T¥0) > 1
So,
a(¥0, T70) > 1.
From (IV), we have (z,),en C C(I) with oc(zn,zn+1) > 1, which gives
O(zns2nt1) >
Then, 8(z,,z) > 0. And thus,
d(zn,2) > 0.
That implies,
o(zn,b) > 1.
So, using Theorem 1, then 7 has a fixed point in C(I) is a solution of problem
(3.1). 0

We denote by Fix(‘7) the set of fixed points of 7.
(CD) We have 6(u,v) > 0, for each u,v € Fix(7).

Theorem 3. Adding (CD) to the hypotheses of Theorem 2, we obtain the unique-
ness of the fixed point of T.

Proof. By the contion (CD), if 4 and v are two solutions of problem (3.1), implies
that u,v € Fix(7) and thus

d(u,v) >0.
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So,
ou,v) > 1.
According Theorem 1 and Theorem 2, then the mapping 7 has a unique fixed point.
O

Now, we are discuss the existence, uniqueness of solutions for the following caputo
fractional problem

(DPu)(&) = (& u( Sel=[0.1],
au’(f) +bu' (1) e/ (0) =0,

where ©P is a Caputo fracional order derivative of 0 < p < 1, f € C(I x R) and
2

a,b,0 € R with 9% —at; — bty # 0. The boundary conditions in (3.3) implies that

the linear combination of the values of the derivative of the unknown function at

nonlocal positions #; and f, are proportional to the continuous distribution of the

unknown function over a strip of an arbitrary length 1.

3.3)

Lemma 2 ([8, Lemma 2.2]). For all § € 1. The problem (3.3) is equivalent with
following equation

_ [fEop
u(E) = /0 S o)

E( M (h—o)f? o (1 — G)B2
+Ae</o ﬁ(ﬁ_l)f(ﬁ,u(@)dw/o ﬁf(c,u(c))dc

—O/On [%/OG(G—T)B_W(T,U(T))LZT} dc),

where Ag = 9% —at; —bt) #0.

We make the following hypotheses will be used in the sequel.
(H1) There exists a function p: C(I)> — R, r € (0,B) and A € L'/"([0,T]), T >0

with
[£(&x) = (&) < AE)Ix—yl,
where
By 1 Bt1+B,2
)| o5+ i (g +0 [ s do)| | < wile—lio)

yveqgreE= H?LHL]/r([O’EJ]), and for x,y € C(I) with p(x,y) > 0, such that

& t
B = (&— cs)ﬁ’1 do, B, = l (t1 — G)B’zdc,
0 0
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1% (o}
B, = / (th—06)P2do, Bs= / (c—1)F g
0 0

(H2) There exist Yy € C([) such that, p(yo(§), Xy, (§)) > 0 where

€ (£ _c)B-!
(8 = [ S Fa—flom(o)) do

t B—2
+f(%< “)f<w@w6

rp-1)

(12— )

—G/On Lﬂ(lﬁ) /OG(G—T)B_lf(T,Yo(T))d’C} dcs).

(H3) For each x,y € C(I), we get
P(x(§).¥(8)) 20 = 3(Ac.A,)) 0,

where

_ [fE-o)f!
Ax_/o rgy (e x(©)do

t _ ~\B—2
+A§e< /0 (? ) f(6.x(c))do

_1)

(
1 _ )82
+/0 ((IFZ(B‘_‘)I) f(0,x(c))do

—G/On [F(l)/oc(c—'c)ﬁ‘lf('c,x(t))dt] dG),

_[fe—op
Ay _A F(B) f(G,y(G))dG

B2
+j°9</0 (1 =9)" "¢ 6. y(c))do

rp-1)
(o)
+ [ IE(B—l) (.y(0))do

—G/On [F(l[i)/oc(c—r)ﬁlf(r,y(r))dt} dc).

1033

(H4) For each (y,)neny C C(I) such that p(yn,yn+1) > 0 and limy, =y, then
n—oo

3(¥n,y) > 0.
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Theorem 4. Assume that (HI)-(H4) hold. then the problem (3.3) has at least one
Solution. Morover, if 8(x,y) > 0, for each u,v € S33y , where S(3 3y denotes the set of
solutions of problem (3.3). Then the problem (3.3) has a unique solution.

Proof. From Lemma 2, we define an map S: C(I) — C(I) by

&
Su(®) g7 | (€=0)* 'f(o.u(c)do

E.,
(B)

[ (1 — )P (5, u(0) do+/t2t2— B2 (s, u(o ))ds]

—6/0 [1“(1[3)/00(0 P (t,u(t ))dr} dc).

We find a fixed point of S. Let v,w € C(I), we have

Sv(8)—Sw(§)

1 /5 _
:F(B)/O (& — )P 'f(c,v(c)) do

£ !
T4 (F(B— D
x { / " (11 — 6)B2F(c,v(c))do + / " (tr— 6)P-2F(6,v(c)) dc]
0 0

—G/On [F(IB) /()G(G—T)B_lf(’t,v(‘t))d’t} dc)

R _
—F(B)/O (E—0)P'f(c,w(c))do

N R
Ag \T(B—1)
< [ /0 " (11 — 0)P2f(0,w(c)) do + /0 %t — G)B—Zf(c,w(c))dc}
G (_ 7\B—1
_9/0n [/0 (GF(E)) f(t,w(r))dr] dc)

:
:r(ﬁ)/o (&—0)! [ ~f(0,w(0)) +f(0,v(c))| do
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+§</ (H@G)ﬁ)z( f(o,w(0)) +f(0,v(0))) do
(n—0)"
o - 1)( f(o,w(0)) +f(0,v(0))) do

9/ [ / c—1)P~ l(f(r,v(t))—f('c,w('c)))dt] dc).

Then,
[Sv(E) — Sw(&)] Sr(lm/j(ﬁ—c)ﬁllf(oav(c)) —f(o,w(0))|do
E [ ["(t—0of?
+|Ae</ %(B—l) | —f(6,w(c)) +f(0,v(c))|do

t p-2
+f (?(Bi)u | —f(0,w(0)) +f(0,v(0))|do

o'

|f T,v(T)) —f(T ,w(r))|d1] dc).
According to (I), we get

(& _o)B-1
5u(e) —sw(@)| < [ LI o) v(o) (o) do

n(t —c)P2

-2
+/0 (?(BG) 0 A(c)||v(c) —w(o)|do

+ /[ / s — 1P )Hv(r)—w(r)]d’c] dc>.

v =wl

e [0 pio)lao

=l ([ (01-0)F2
Tl (/o -1 Mol

2 (t —o)P2
+/O ST Moldo

So,

[$v(8) —Sw(§)[ <




1036 A. TAQBIBT, M. EL OMARI, AND S. MELLIANI
Let B

+ /[ /0 Lav¥C: )]dr]dc).
-1

1
, itis clear that b €] — 1,0],

for g € [0,B). On the other hand, we have
h(o) =(t—0)P > LT [0..

From Holder inequality, we get

[Sv(8) = Sw(E)] <[lv —wl|e. )(/ o) G)—q—i—l
HVIA;NHN (F 1+B l(tl—cs)%ﬁdc)_(ﬂrl
+(/0 (IZ—G)‘JﬁdG)qH]

+6 On [13(”[’3) </OG(G—T)“1’1?dr) _quo)

where A, = supA,(§).
Eel
By (I), we obtain

[Sv(E) —Sw(E)] <[lv —w|les@([lv — wl|.).-
So,
d(Sv—3Sw) <d(v—w)p(d(v—w)).
Let o: C(I)?> — R* such that
o) = {1 if 8(v(8),w(§) 20 Eel,

0 otherwise.

Then,
a(v,w)d(Sv,Sw) < a(v,w)d(v,w)%cp(d(v —w))
< d(v,w)(p(d(v,w)).
Hence,

(v, w)d(Sv, Sw) < d(v—w)p(d(v,w)),
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where W(£) = 9(&), & €]0, 1.
Then, S is a a-Geraghty contraction.

From (III) and for each v,w € C(I), we get
o(v,w) >1 implies that p(v,w)
p(Sv,Sw)
o(Sv,Sw) >

>0
>0
1.
Then, S is ai-admissible. Moreover, S is a triangular oi-admissible
By (II), we have

P(Y0,5Y0) = 0.
And thus,

p(Y0,5Y0) > 1.
So,

p(Yo,SY0) > 1.
According to (IV), we have (y,)nen C C(I) with &(yn,ys+1) > 1, which gives

S(ynayn—H) > 0.
Then, p(ys,y) > 0.
And thus,
p(yn,y) = 0.
That implies ,
Oc()’mb) > 1.

So, by Theorem 1, then § has a fixed point in C([) is a solution of problem (3.3).
Finally, if w and v are two solutions of problem (3.3), then

p(v,w) = 0.

So,
ov,w) > 1.

From Theorem 1, then the problem (3.3) has a unique solution. ]
4. EXAMPLE

Consider the following fractional boundary value problem

_ exp{-&} sin[u(§)| _
(QB u)(?;) - 6\36474-5, Sfim(g)‘a &6 I'= [Oa 1]7
u(0) =0, (4.1)

u'(1/4)+3u'(1/2) =2 f; u(©) g,
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where DP is a Caputo fracional order derivative with f = 1/2 and

_exp{-&’} sin[u(§)]
FEu®) == e p@)

Let (C(I),d) be a metric space where d: C(1)?> — R, is given by
d(v,2) = [ly = 2lle-

Lets u,v € C(I), we have

_ep(-8) sinfu(®)] _ exp(~) sinvE)
FEu() ~F ) = o @] Veree TG

Then,

exp{—&} sin[u(€)] _exp{—E&} sin|v(E)|
V6A+E 1+ u@)]  /644+E 1+v(E)
)| _ sin|v(§)]
& 1+ME)

F(&u(®) —F(&v(®))I =

~exp{— §2}|Sm| u(é
T V64 +E 1+ u(
_exp{ &%}
V6448
sin|u| + |v|sin|u| —sin |v| — |u|sin |v|
(14 Jul) (1+v])

Case-1: If [v(&)| < |u(§)|, we get
e ey <PE
If(5u(8) —f(& ()l < Joiit

sin |u| — sin |[v| +|v(§)]|| sin |u| — sin|v|

(14 u@)) (1+v(E))

—

_exp{-&

RRVCEE

X

%m(r - r> s (4L£10)

O+ @)1+ NE))

sin |u| — sin|v]|
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Since sinu < u for all u > 0, then

eX _g2
F(E,0(8) — F(EV(E))| < j’%}(w )

L L)
(1+u@)]) (1+v(E)])
luy LT
- 64 +E
L L)
(1+u@)]) (1+v(E)])
a8

V64+E (1+u(€)])

Case-2: If [v(&)| > |u(§)], we can obtain

exp{—&’}
f(&u(®)) —f(&v(E))| <|u —V|ﬁ
L )
(14 u@I) (14 v(E)])
BTl

- V64+E (1+v(E)])

Finally, we have

exp{—&*} 1

(& u(€)) —F(Ev(E)) < |u—v]
Then, the hypothesis (H1) is satisfied with
[f(&,u(&)) —f(& V(&) <ME)|u—vl,

e (£ — ST !
where MS) =~ /et (mmtu@v@l)”

Br = -21/E, B, =4, B, =2V2, Bs = —24/0,

and

B, 1 ,B,+B, n B,
MO g+ T (T 15+, %)

with y(§) = ITIré’ forall 7 > 0.

<Y([lu—vl-)

oo

V64+E (1+max{|u(@)],IvE)[})

1039
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Next, we define the function o: C(I)? — [0,00) by

I ifp(u(§),v(§)) =0,

0  otherwise,

a(u(§),v(&)) =

with p(u(§),v(§)) = supee |u(§) —v(€)].

Then, the hypotheses (H2) and (H3) are satisfied, where () = u(0). Moreover
from the defnition of the p , then (H4) holds.

Finally, by Theorem 4, we get the existence of solutions and the uniqueness of
problem (4.1).
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