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1. INTRODUCTION

The theory of fractional order differential equations has emerged as an interest-
ing area to explore in recent years. Note that this theory has a lot of applications in
the description of many events in the real world. For example, fractional order dif-
ferential equations are often applicable in engineering, chemistry, physics, biology,
etc. For examples and details see [2, 3, 11–13, 15]. Currently in the mathematical
literature, studies on the existence, uniqueness, multiplicity of solutions of nonlinear
fractional problems use nonlinear analysis techniques such as fixed point theorems.
Fixed point theorems are the basic mathematical tools, to show solutions in differ-
ent types of equations. [4, 6]. The theory of fixed points is at the heart of nonlinear
analysis since it provides the tools for having existence theorems in a lot of differ-
ent nonlinear problems, tools to have existence theorems in many different nonlinear
problems. The fixed point theorems are often based on certain properties (such as
complete continuity, monotony, contraction...) that the application considered must
satisfy [1, 9, 16, 19, 20]. In this work, we are studying the existence, uniqueness of
the solution for some of the nonlinear fractional differential equations with integral
boundary conditions, in particular, we have presented the existence and uniqueness
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for some classes of differential equations of fractional order in the sense of Caputo.
For this we used fixed point results of α-Geraghty contraction type mappings.

2. PRELIMINARIES

We start with the definitions of triangular α-admissible and α-admissible map-
pings, which was introduced by Karapinar, Samet et al [17, 18, 20].

Definition 1 ([20, Definition 2.2]). Let S : Ξ −→ Ξ be a mapping and a function
α : Ξ2 −→ R+. S is called a α-admissible if

α(ϑ,η)≥ 1 =⇒ α(Sϑ,Sη)≥ 1 for all ϑ,η ∈ Ξ.

Example 1 ([20, Example 2.2]). Let Ξ = R∗
+.

Define α : Ξ2 −→ R+ and S : Ξ −→ Ξ , as follows Sϑ = ln(ϑ) for all ϑ ∈ Ξ, and

α(ϑ,η) =

{
0 if ϑ < η,

2 otherwise.

Then, S is α-admissible.

Definition 2 ([17, Definition 1]). A S map is called a triangular α-admissible if it
is α-admissible and α satisfies the following condition:{

α(ϑ,σ)≥ 1
α(σ,η)≥ 1

implies α(ϑ,η)≥ 1, for all ϑ,η,σ ∈ Ξ.

Definition 3 ([14, Definition, p. 606]). Let ψ : R+ →]0,1[ be a function. ψ is said
to be strong Geraghty function if {yn}⊂ [0,∞) and lim

n→∞
ψ(yn) = 1 implies lim

n→∞
yn = 0.

The set of all Geraghty functions is denoted by G .

Definition 4 ([5, Definition 1.8] ). Let (Ξ,d) be a metric space and a function
α : Ξ2 −→ [0,∞). Ξ is called a α-regular

if for every sequence (µm)m∈N ⊂ Ξ, such that

{
α(µm,µm+1)≥ 1,
lim

m→∞
µm = µ,

for all m ∈ N

there exist a subsequence (µml )l∈N of (µm)m∈N, where α(µml ,µ)≥ 1, ∀l ∈ N.

Cho et al. [10] proved the fixed point theorem via α-Geraghty contraction.

Definition 5 ([10, Definition 4]). Let (Ξ,d) be a metric space and a function
α : Ξ2 −→ [0,∞). A map S : Ξ −→ Ξ is said to be α-Geraghty contraction if there
exist ψ ∈ G , such that

α(ϑ,η)d(Sϑ,Sη)≤ ψ(d(ϑ,η))d(ϑ,η),

for all ϑ,η ∈ Ξ.
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The Following result plays a key role in our main results.

Theorem 1 ([10, Theorem 4]). Let (Ξ,d) be a complete metric space and α : Ξ2 →
R+ be a function. Define a map S : Ξ −→ Ξ . Assume that

1) S is a triangular α-admissible;
2) S is a α-Geraghty contraction;
3) either Ξ is α-regular or S is continous;
4) there exists θ0 ∈ Ξ with α(θ0,Sθ0)≥ 1 .

Then S has a fixed point. Moreover, if

5) for all fixed point ϑ,η of S , either α(ϑ,η)≥ 1 or α(η,ϑ)≥ 1,

then S has a uniques fixed point.

Definition 6. For x a strictly positive real number, the gamma function is defined
by

Γ(x) =
∫ +∞

0
tx−1e−t dt.

Now, we gives the definitions of the Caputo fractional order integral and derivative.

Definition 7. The Caputo fractional order derivative is defined by

Dβg(s) =
∫ s

0

1
Γ(p−β)

g(p)(σ)

(s−σ)β+1−p dσ, p−1 < β < p, p ∈ N∗,

and the fractional order integral is given by

Jβg(s) =
∫ s

0

(s−σ)β−1g(σ)
Γ(β)

dσ, β > 0.

3. MAIN RESULTS

Let (C(I ),d) be a metric space and d: C(I )2 → R+ is defined by

d(y,z) = sup
ξ∈I

|y(ξ)− z(ξ)|.

Then, (C(I ),d) is a complete metric space.
Now, we consider the following problem{

(Dβ u)(ξ) = f
(
ξ,u(ξ)

)
, ξ ∈ I = [0,T ], T > 0,

au(0)+bu(T ) = c,
(3.1)

where Dβ is a Caputo fracional derivative of order 0 < β < 1, f ∈ C(I ×R) and
a,b,c ∈ R such that a+b ̸= 0.
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Lemma 1 ([7, Lemma 3.2]). The problem (3.1) is equivalent with following equa-
tion

u(ξ) = Mc +
1

Γ(β)

∫
ξ

0

(
ξ−σ

)β−1
f(σ,u(σ))dσ− Nb

Γ(β)

∫ T

0

(
T −σ

)β−1
f(σ,u(σ))dσ, (3.2)

where Mc =
c

a+b and Nb =
b

a+b .

Denote by Φ the class of all continuous and nondecreasing functions ϕ : [0,∞)→
[0,∞) satisfying

ϕ(bξ)≤ bϕ(ξ)≤ bξ for b > 1.

Theorem 2. Let β ∈ (0,1). Suppose that
(I) There exists a function δ : C(I )×C(I ) → R, r ∈ (0,β) and m ∈ L1/r such

that

|f(ξ,x)− f(ξ,y)| ≤ m(ξ)
|x− y|

1+∥x− y∥L∞

,

where ∣∣∣∣(∫ T

0
(ξ−σ)

β−1
1−r dσ

)1−r M(1+Nb)

Γ(β)

∣∣∣∣≤ ϕ(∥x− y∥L∞),

M = ∥m∥L1/r , ϕ ∈ Φ, and for x,y ∈ C(I ) with δ(x,y)≥ 0.
(II) There exist γ0 ∈ C(I ) such that, δ

(
γ0(ξ),ℵγ0(ξ)

)
where

ℵγ0(ξ) = Mc +
1

Γ(β)

[∫
ξ

0
(ξ− s)β−1f(s,γ0(s))ds−Nb

∫ T

0
(T −ζ)β−1f(ζ,γ0(ζ))dζ

]
.

(III) For each x,y ∈ C(I ), we get

δ
(
x(ξ),y(ξ)

)
≥ 0 ⇒ δ

(
Ax,Ay

)
≥ 0,

where

Ax =Mc +
1

Γ(β)

[∫
ξ

0
(ξ− s)β−1f(s,x(s))ds−Nb

∫ T

0
(T −ζ)β−1f(ζ,x(ζ))dζ

]
,

Ay =Mc +
1

Γ(β)

[∫
ξ

0
(ξ− s)β−1f(s,y(s))ds−Nb

∫ T

0
(T −ζ)β−1f(ζ,y(ζ))dζ

]
.

(V) For each (zn)n∈N ⊂ C(I ) such that δ(zn,zn+1) ≥ 0 and lim
n→∞

zn = z, then

δ(zn,z)≥ 0.
Then, the problem (3.1) has at least one Solution.

Proof. According to Lemma 1, then u ∈ C1(I ) is a soulution of problem (3.1) if
only if it is a solution of equation (3.2).

Now, we define T : C(I )→ C(I ) by

T u(ξ) = Mc +
1

Γ(β)

∫
ξ

0

(
ξ−σ

)β−1
f(σ,u(σ))dσ− Nb

Γ(β)

∫ T

0

(
T −σ

)β−1
f(σ,u(σ))dσ,
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where Mc =
c

a+b and Nb =
b

a+b .
For this purpose, the problem reduces to finding a fixed point of T .
Lets u,v ∈ C(I ) be such that δ(x,y)≥ 0, we have

T u(ξ)−T v(ξ) =
1

Γ(β)

∫
ξ

0
(ξ−σ)β−1[f(σ,u(σ))− f(σ,v(σ))

]
dσ

− Nb

Γ(β)

∫ T

0
(T −σ)β−1[f(σ,u(σ))− f(σ,v(σ))

]
dσ.

And thus,

|T u(ξ)−T v(ξ)| ≤ 1
Γ(β)

∫
ξ

0
(ξ−σ)β−1|f(σ,u(σ))− f(σ,v(σ))|dσ

+
Nb

Γ(β)

∫ T

0
(T −σ)β−1|f(σ,u(σ))− f(σ,v(σ))|dσ.

We know that

max
{∫

ξ

0
(ξ−σ)β−1 dσ,

∫ T

0
(T −σ)β−1 dσ

}
≤

∫ T

0
(ξ−σ)β−1 dσ.

Then,

|T u(ξ)−T v(ξ)| ≤ 1+Nb

Γ(β)

∫ T

0
(ξ−σ)β−1|f(σ,u(σ))− f(σ,v(σ))|dσ.

By using (I), we obtain

|T u(ξ)−T v(ξ)| ≤1+Nb

Γ(β)

×
∫ T

0
(ξ−σ)β−1m(σ)

|u(σ)−u(σ)|
1+∥u−v∥L∞

dσ

≤ ∥u−v∥L∞

1+∥u−v∥L∞

× 1+Nb

Γ(β)

∫ T

0
(ξ−σ)β−1 m(σ)

2
dσ

≤ ∥u−v∥L∞

∥u−v∥L∞+1

×
[

1+Nb

Γ(β)

∫ T

0
(ξ−σ)β−1m(σ)dσ

]
.

On the other hand, it is clear that

g(s) = (ξ− s)−1+β ∈ L
1

−q+1 [0,T ], for q ∈ [0,β).
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Let

b =
−1+β

1−q
, then b ∈]−1,0[.

According to Hölder inequality, we can obtain∣∣∣∣∫ ξ

0
(ξ−σ)β−1m(σ)dσ

∣∣∣∣≤(∫
ξ

0
(ξ−σ)

β−1
1−q dσ

)1−q(∫
ξ

0
|m1/q(σ)|dσ

)q

≤M
(∫

ξ

0
(ξ−σ)

β−1
1−q dσ

)1−q

.

So,

|T u(ξ)−T v(ξ)| ≤ ∥u−v∥L∞

∥u−v∥L∞+1

× 1
2

[
M(1+Nb)

Γ(β)

(∫
ξ

0
(ξ−σ)

α−1
1−q dσ

)1−q]
.

From (I), we get

|T u(ξ)−T v(ξ)| ≤ ϕ(∥u−v∥L∞)
∥u−v∥L∞

∥u−v∥L∞+1
.

So,

d(T u,T v)≤ d(u,v)
d(u,v)+1

ϕ(d(u,v)).

Let a function α : C(I )2 → R+ defined by

α(u,v) =

{
1 if δ(u(ξ),v(ξ))≥ 0 ξ ∈ I ,
0 otherwise.

Then,

d(T u,T v)α(u,v)≤ d(u,v)
d(u,v)+1

ϕ(d(u,v))α(u,v)

≤ d(u,v)
d(u,v)+1

ϕ(d(u,v)).

Since ϕ ∈ Φ, we have

α(u,v)d(T u,T v)≤ d(u,v)
d(u,v)+1

ϕ(d(u,v))

≤ d(u,v)
ϕ(d(u,v))+1

ϕ(d(u,v))

≤ ϕ(d(u,v))
ϕ(d(u,v))+1

d(u,v).
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Hence,

α(u,v)d(T u,T v)≤ d(u,v)ψ
(
d(u,v)

)
,

where ψ(ξ) = ϕ(ξ)
ϕ(ξ)+1 ∈ G , ξ > 0.

Then, T is a α-Geraghty contraction.
On the other hand according to (III) and for each u,v ∈ C(I ), we have

α(u,v)≥ 1 implies δ(u,v)≥ 0

=⇒ δ(T u,T v)≥ 0

=⇒ α(T u,T v)≥ 1.

So, T is α-admissible. Mooreover, T is a triangular α-admissible.
By (II), we can obtain

δ

(
γ0(ξ),Mc +

1
Γ(β)

[∫
ξ

0
(ξ− s)β−1f(s,γ0(s))ds−Nb

∫ T

0
(T −ζ)β−1f(ζ,γ0(ζ))dζ

])
≥ 0.

That implies,
δ(γ0,T γ0)≥ 0.

And thus,
α(γ0,T γ0)≥ 1.

So,
α(γ0,T γ0)≥ 1.

From (IV), we have (zn)n∈N ⊂ C(I ) with α(zn,zn+1)≥ 1, which gives

δ(zn,zn+1)≥ 0.

Then, δ(zn,z)≥ 0. And thus,
δ(zn,z)≥ 0.

That implies,
α(zn,b)≥ 1.

So, using Theorem 1, then T has a fixed point in C(I ) is a solution of problem
(3.1). □

We denote by Fix(T ) the set of fixed points of T .
(CD) We have δ(u,v)≥ 0, for each u,v ∈ Fix(T ).

Theorem 3. Adding (CD) to the hypotheses of Theorem 2, we obtain the unique-
ness of the fixed point of T .

Proof. By the contion (CD), if u and v are two solutions of problem (3.1), implies
that u,v ∈ Fix(T ) and thus

δ(u,v)≥ 0.
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So,

α(u,v)≥ 1.

According Theorem 1 and Theorem 2, then the mapping T has a unique fixed point.
□

Now, we are discuss the existence, uniqueness of solutions for the following caputo
fractional problem(Dβ u)(ξ) = f

(
ξ,u(ξ)

)
, ξ ∈ I = [0,1],

au′(t1)+bu′(t2) = θ

∫
η

0
u(s)ds, u(0) = 0,

(3.3)

where Dβ is a Caputo fracional order derivative of 0 < β < 1, f ∈ C(I ×R) and
a,b,θ ∈ R with θ

η2

2 − at1 − bt2 ̸= 0. The boundary conditions in (3.3) implies that
the linear combination of the values of the derivative of the unknown function at
nonlocal positions t1 and t2 are proportional to the continuous distribution of the
unknown function over a strip of an arbitrary length η.

Lemma 2 ([8, Lemma 2.2]). For all ξ ∈ I . The problem (3.3) is equivalent with
following equation

u(ξ) =
∫

ξ

0

(ξ−σ)β−1

Γ(β)
f(σ,u(σ))dσ

+
ξ

Aθ

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
f(σ,u(σ))dσ+

∫ t2

0

(t2 −σ)β−2

Γ(β−1)
f(σ,u(σ))dσ

−θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1f(τ,u(τ))dτ

]
dσ

)
,

where Aθ = θ
η2

2 −at1 −bt2 ̸= 0 .

We make the following hypotheses will be used in the sequel.
(H1) There exists a function ρ : C(I )2 → R, r ∈ (0,β) and λ ∈ L1/r([0,T ]), T > 0

with

|f(ξ,x)− f(ξ,y)| ≤ λ(ξ)|x− y|,
where∣∣∣∣λr(ξ)

[
Bξ

Γ(β)
+

1
|Aθ|

(Bt1 +Bt2
Γ(β−1)

+θ

∫
η

0

Bσ

Γ(β)
dσ
)]∣∣∣∣≤ ψ(∥x− y∥L∞),

ψ ∈ G , λr(ξ) = ∥λ∥L1/r([0,ξ]), and for x,y ∈ C(I ) with ρ(x,y)≥ 0, such that

Bξ =
∫

ξ

0
(ξ−σ)β−1 dσ, Bt1 =

∫ t1

0
(t1 −σ)β−2 dσ,



SOLVING CAPUTO FRACTIONAL ORDER DIFFERENTIAL EQUATIONS 1033

Bt2 =
∫ t2

0
(t2 −σ)β−2 dσ, Bσ =

∫
σ

0
(σ− τ)β−1 dτ.

(H2) There exist γ0 ∈ C(I ) such that, ρ
(
γ0(ξ),ℵγ0(ξ)

)
≥ 0 where

ℵγ0(ξ) =
∫

ξ

0

(ξ−σ)β−1

Γ(β)
f(σ,γ0(σ))dσ

+
ξ

Aθ

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
f(σ,γ0(σ))dσ

+
∫ t2

0

(t2 −σ)β−2

Γ(β−1)
f(σ,γ0(σ))dσ

−θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1f(τ,γ0(τ))dτ

]
dσ

)
.

(H3) For each x,y ∈ C(I ), we get

ρ
(
x(ξ),y(ξ)

)
≥ 0 ⇒ δ

(
Ax,Ay

)
≥ 0,

where

Ax =
∫

ξ

0

(ξ−σ)β−1

Γ(β)
f(σ,x(σ))dσ

+
ξ

Aθ

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
f(σ,x(σ))dσ

+
∫ t2

0

((t2 −σ)β−2

Γ(β−1)
f(σ,x(σ))dσ

−θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1f(τ,x(τ))dτ

]
dσ

)
,

Ay =
∫

ξ

0

(ξ−σ)β−1

Γ(β)
f(σ,y(σ))dσ

+
ξ

Aθ

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
f(σ,y(σ))dσ

+
∫ t2

0

(t2 −σ)β−2

Γ(β−1)
f(σ,y(σ))dσ

−θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1f(τ,y(τ))dτ

]
dσ

)
.

(H4) For each (yn)n∈N ⊂ C(I ) such that ρ(yn,yn+1) ≥ 0 and lim
n→∞

yn = y, then

δ(yn,y)≥ 0.
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Theorem 4. Assume that (H1)-(H4) hold. then the problem (3.3) has at least one
Solution. Morover, if δ(x,y)≥ 0, for each u,v ∈ S(3.3) , where S(3.3) denotes the set of
solutions of problem (3.3). Then the problem (3.3) has a unique solution.

Proof. From Lemma 2, we define an map S : C(I )→ C(I ) by

Su(ξ) =
1

Γ(β)

∫
ξ

0
(ξ−σ)β−1f(σ,u(σ))dσ

+
ξ

Aθ

(
1

Γ(β−1)

×
[∫ t1

0
(t1 −σ)β−2f(σ,u(σ))dσ+

∫ t2

0
(t2 −σ)β−2f(σ,u(σ))dσ

]
−θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1f(τ,u(τ))dτ

]
dσ

)
.

We find a fixed point of S . Let v,w ∈ C(I ), we have

Sv(ξ)−Sw(ξ)

=
1

Γ(β)

∫
ξ

0
(ξ−σ)β−1f(σ,v(σ))dσ

+
ξ

Aθ

(
1

Γ(β−1)

×
[∫ t1

0
(t1 −σ)β−2f(σ,v(σ))dσ+

∫ t2

0
(t2 −σ)β−2f(σ,v(σ))dσ

]
−θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1f(τ,v(τ))dτ

]
dσ

)

− 1
Γ(β)

∫
ξ

0
(ξ−σ)β−1f(σ,w(σ))dσ

− ξ

Aθ

(
1

Γ(β−1)

×
[∫ t1

0
(t1 −σ)β−2f(σ,w(σ))dσ+

∫ t2

0
(t2 −σ)β−2f(σ,w(σ))dσ

]
−θ

∫
η

0

[∫
σ

0

(σ− τ)β−1

Γ(β)
f(τ,w(τ))dτ

]
dσ

)

=
1

Γ(β)

∫
ξ

0
(ξ−σ)β−1

[
− f(σ,w(σ))+ f(σ,v(σ))

]
dσ



SOLVING CAPUTO FRACTIONAL ORDER DIFFERENTIAL EQUATIONS 1035

+
ξ

Aθ

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
(
− f(σ,w(σ))+ f(σ,v(σ))

)
dσ

+
∫ t2

0

(t2 −σ)β−2

Γ(β−1)
(
− f(σ,w(σ))+ f(σ,v(σ))

)
dσ

−θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1(f(τ,v(τ))− f(τ,w(τ))

)
dτ

]
dσ

)
.

Then,

|Sv(ξ)−Sw(ξ)| ≤ 1
Γ(β)

∫
ξ

0
(ξ−σ)β−1|f(σ,v(σ))− f(σ,w(σ))|dσ

+
ξ

|Aθ|

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
|− f(σ,w(σ))+ f(σ,v(σ))|dσ

+
∫ t2

0

(t2 −σ)β−2

Γ(β−1)
|− f(σ,w(σ))+ f(σ,v(σ))|dσ

+θ

∫
η

0

[∫
σ

0

(σ− τ)β−1

Γ(β)
|f(τ,v(τ))− f(τ,w(τ))|dτ

]
dσ

)
.

According to (I), we get

|Sv(ξ)−Sw(ξ)| ≤
∫

ξ

0

(ξ−σ)β−1

Γ(β)
|λ(σ)||v(σ)−w(σ)|dσ

+
ξ

|Aθ|

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
|λ(σ)||v(σ)−w(σ)|dσ

+
∫ t2

0

(t2 −σ)β−2

Γ(β−1)
|λ(σ)||v(σ)−w(σ)|dσ

+θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1|λ(τ)||v(τ)−w(τ)|dτ

]
dσ

)
.

So,

|Sv(ξ)−Sw(ξ)| ≤∥v−w∥∞

Γ(β)

∫
ξ

0
(ξ−σ)β−1|λ(σ)|dσ

+
∥v−w∥∞

|Aθ|

(∫ t1

0

(t1 −σ)β−2

Γ(β−1)
|λ(σ)|dσ

+
∫ t2

0

(t2 −σ)β−2

Γ(β−1)
|λ(σ)|dσ
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+θ

∫
η

0

[
1

Γ(β)

∫
σ

0
(σ− τ)β−1|λ(τ)|dτ

]
dσ

)
.

Let

b =
β−1
1−q

, it is clear that b ∈]−1,0[,

for q ∈ [0,β). On the other hand, we have

h(σ) =(ξ−σ)β−2 ∈ L
1

1−q [0,ξ].

From Hölder inequality, we get

|Sv(ξ)−Sw(ξ)| ≤∥v−w∥∞

λr

Γ(β)

(∫ ξ

0
(ξ−σ)

−1+β

−q+1 dσ

)−q+1

+
∥v−w∥∞

|Aθ|

(
λr

Γ(−1+β)

[(∫ t1

0
(t1 −σ)

−2+β

1q+1 dσ

)−q+1

+
(∫ t2

0
(t2 −σ)

−2+β

−q+1 dσ

)−q+1
]

+θ

∫
η

0

[ λr

Γ(β)

(∫
σ

0
(σ− τ)

−1+β

−q+1 dτ

)−q+1

dσ

)

≤λr∥v−w∥∞

[
Bξ

Γ(β)

1
|Aθ|

(Bt1 +Bt2

Γ(β−1)
+θ

∫
η

0

Bσ

Γ(β)
dσ

)]
,

where λr = sup
ξ∈I

λr(ξ).

By (I), we obtain

|Sv(ξ)−Sw(ξ)| ≤∥v−w∥∞ϕ
(
∥v−w∥∞

)
.

So,

d(Sv−Sw
)
≤d(v−w)ϕ

(
d(v−w)

)
.

Let α : C(I )2 → R+ such that

α(v,w) =

{
1 if δ(v(ξ),w(ξ))≥ 0 ξ ∈ I ,
0 otherwise.

Then,

α(v,w)d(Sv,Sw
)
≤ α(v,w)d(v,w)

1
3

ϕ
(
d(v−w)

)
≤ d(v,w)ϕ

(
d(v,w)

)
.

Hence,

α(v,w)d(Sv,Sw
)
≤ d(v−w)ϕ

(
d(v,w)

)
,
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where ψ(ξ) = ϕ(ξ), ξ ∈]0,1[.
Then, S is a α-Geraghty contraction.
From (III) and for each v,w ∈ C(I ), we get

α(v,w)≥ 1 implies that ρ(v,w)≥ 0

ρ(Sv,Sw)≥ 0

α(Sv,Sw)≥ 1.

Then, S is α-admissible. Moreover, S is a triangular α-admissible
By (II), we have

ρ(γ0,Sγ0)≥ 0.

And thus,
ρ(γ0,Sγ0)≥ 1.

So,
ρ(γ0,Sγ0)≥ 1.

According to (IV), we have (yn)n∈N ⊂ C(I ) with α(yn,yn+1)≥ 1, which gives

δ(yn,yn+1)≥ 0.

Then, ρ(yn,y)≥ 0.
And thus,

ρ(yn,y)≥ 0.

That implies ,
α(yn,b)≥ 1.

So, by Theorem 1, then S has a fixed point in C(I ) is a solution of problem (3.3).
Finally, if w and v are two solutions of problem (3.3), then

ρ(v,w)≥ 0.

So,

α(v,w)≥ 1.

From Theorem 1, then the problem (3.3) has a unique solution. □

4. EXAMPLE

Consider the following fractional boundary value problem
(Dβ u)(ξ) = exp{−ξ2}√

64+ξ

sin |u(ξ)|
1+|u(ξ)| , ξ ∈ I = [0,1],

u(0) = 0,
u′(1/4)+3u′(1/2) = 2

∫ 1/3
0 u(ζ)dζ,

(4.1)
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where Dβ is a Caputo fracional order derivative with β = 1/2 and

f
(
ξ,u(ξ)

)
=

exp{−ξ2}√
64+ξ

sin |u(ξ)|(
1+ |u(ξ)|

) .
Let (C(I ),d) be a metric space where d: C(I )2 → R+ is given by

d(y,z) = ∥y− z∥∞.

Lets u,v ∈ C(I ), we have

f
(
ξ,u(ξ)

)
− f
(
ξ,v(ξ)

)
=

exp{−ξ2}√
64+ξ

sin |u(ξ)|
1+ |u(ξ)|

− exp{−ξ2}√
64+ξ

sin |v(ξ)|
1+ |v(ξ)|

.

Then,

|f
(
ξ,u(ξ)

)
− f
(
ξ,v(ξ)

)
|=

∣∣∣∣∣exp{−ξ2}√
64+ξ

sin |u(ξ)|
1+ |u(ξ)|

− exp{−ξ2}√
64+ξ

sin |v(ξ)|
1+ |v(ξ)|

∣∣∣∣∣
≤exp{−ξ2}√

64+ξ
| sin |u(ξ)|
1+ |u(ξ)|

− sin |v(ξ)|
1+ |v(ξ)|

|

≤exp{−ξ2}√
64+ξ

×

∣∣∣∣∣sin |u|+ |v|sin |u|− sin |v|− |u|sin |v|(
1+ |u|

)(
1+ |v|

) ∣∣∣∣∣ .
Case-1: If |v(ξ)| ≤ |u(ξ)|, we get

|f
(
ξ,u(ξ)

)
− f
(
ξ,v(ξ)

)
| ≤exp{−ξ2}√

64+ξ

×

∣∣∣∣∣sin |u|− sin |v|+ |v(ξ)||sin |u|− sin |v|(
1+ |u(ξ)|

)(
1+ |v(ξ)|

) ∣∣∣∣∣
≤exp{−ξ2}√

64+ξ

×

∣∣∣∣∣sin |u|− sin |v| 1+ |v(ξ)|(
1+ |u(ξ)|

)(
1+ |v(ξ)|

)∣∣∣∣∣
≤exp{−ξ2}√

64+ξ
2sin

(
|u|− |v|

2

)
cos
(
|u|+ |v|

2

)
× 1+ |v(ξ)|(

1+ |u(ξ)|
)(

1+ |v(ξ)|
) .
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Since sinu ≤ u for all u ≥ 0, then

|f
(
ξ,u(ξ)

)
− f
(
ξ,v(ξ)

)
| ≤exp{−ξ2}√

64+ξ

(
|u|− |v|

)
× 1+ |v(ξ)|(

1+ |u(ξ)|
)(

1+ |v(ξ)|
)

≤|u−v|exp{−ξ2}√
64+ξ

× 1+ |v(ξ)|(
1+ |u(ξ)|

)(
1+ |v(ξ)|

)
≤|u−v|exp{−ξ2}√

64+ξ

1(
1+ |u(ξ)|

) .
Case-2: If |v(ξ)| ≥ |u(ξ)|, we can obtain

|f
(
ξ,u(ξ)

)
− f
(
ξ,v(ξ)

)
| ≤|u−v|exp{−ξ2}√

64+ξ

× 1+ |u(ξ)|(
1+ |u(ξ)|

)(
1+ |v(ξ)|

)
≤|u−v|exp{−ξ2}√

64+ξ

1(
1+ |v(ξ)|

) .
Finally, we have

|f
(
ξ,u(ξ)

)
− f
(
ξ,v(ξ)

)
| ≤ |u−v|exp{−ξ2}√

64+ξ

1(
1+max{|u(ξ)|, |v(ξ)|}

) .
Then, the hypothesis (H1) is satisfied with

|f
(
ξ,u(ξ)

)
− f
(
ξ,v(ξ)

)
| ≤ λ(ξ)|u−v|,

where λ(ξ) = exp{−ξ2}√
64+ξ

1(
1+max{|u(ξ)|,|v(ξ)|}

) ,

Bξ =−2
√

ξ, Bt1 = 4, Bt2 = 2
√

2, Bσ =−2
√

σ,

and ∥∥∥∥λr(ξ)
[ Bt

Γ(β)
+

1
|Aθ|

(Bt1 +Bt2

Γ(β−1)
+θ

∫
η

0

Bσ

Γ(β)
dσ
)]∥∥∥∥

∞

≤ ψ(∥u− v∥L∞)

with ψ(ξ) = 1
1+ξ

, for all t > 0.
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Next, we define the function α : C(I )2 → [0,∞) by

α(u(ξ),v(ξ)) =

{
1 if ρ(u(ξ),v(ξ))≥ 0,
0 otherwise,

with ρ(u(ξ),v(ξ)) = supξ∈I |u(ξ)− v(ξ)|.
Then, the hypotheses (H2) and (H3) are satisfied, where γ0(ξ) = u(0). Moreover

from the defnition of the ρ , then (H4) holds.
Finally, by Theorem 4, we get the existence of solutions and the uniqueness of

problem (4.1).
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