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Abstract. With the purpose of applying the Lukasiewicz fuzzy set to sub-hoop in hoops, the
concept of Lukasiewicz fuzzy sub-hoop is introduced, and its properties are investigated. The
relationship between fuzzy sub-hoop and Lukasiewicz fuzzy sub-hoop are discussed. Conditions
for Lukasiewicz fuzzy set to be a Lukasiewicz fuzzy sub-hoop are provided, and characterizations
of Lukasiewicz fuzzy sub-hoop are displayed. Conditions under which e-set, g-set, and O-set
can be sub-hoops are investigated.
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1. INTRODUCTION

Hoops, which are introduced by Bosbach and Bosbach (see [0, 7]), are a nice
algebraic structure to research the many-valued logical system whose propositional
value is given in a lattice. Several properties of hoops are displayed in [1-3, 5, 8,

, 13]. Substructures in hoops are a very important factor in studying hoops, and
studies have been conducted on various types of substructures. The sub-hoop is the
most basic substructure of hoops. The fuzzy set acts as a bridge so that algebra theory
can be applied to applied sciences. Various kinds of fuzzy sets have been used in the
study of substructures such as ideals in BCK/BClI-algebras Borzooei et al. [4] studied
fuzzy sub-hoops. Lukasiewicz logic is the logic of the Lukasiewicz t-norm, and it is
a non-classical and many-valued logic. It was originally defined in the early 20th
century by Jan Lukasiewicz as a three-valued logic. Using the idea of Lukasiewicz
t-norm, Y. B. Jun constructed the concept of Lukasiewicz fuzzy sets based on a given
fuzzy set and applied it to BCK-algebras and BCl-algebras (see [9, 1 1]).

For the purpose of applying the Lukasiewicz fuzzy set to the sub-hoop in hoops,
we introduce the concept of Lukasiewicz fuzzy sub-hoop and study its properties.
We discuss the relationship between Lukasiewicz fuzzy sub-hoop and fuzzy sub-
hoop. We provide conditions for Lukasiewicz fuzzy set to be a Lukasiewicz fuzzy
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sub-hoop. We discuss characterizations of Lukasiewicz fuzzy sub-hoop, and explore
the conditions under which €-set, g-set, and O-set can be sub-hoops.

2. PRELIMINARIES
2.1. Basic concepts about hoops

By a hoop we mean an algebra (H,®,—, 1) in which (H,®, 1) is a commutative
monoid and the following assertions are valid.

(H1) (VaeH)(a—a=1),

(H2) Va,beH)(a®(a—b)=bO (b— a)),

(H3) (Va,b,ce H)(a— (b—c¢)=(a®b) = c).

On hoop H, we define a < b if and only if @ — b = 1. It is easy to see that < is a
partial order relation on H.

By a sub-hoop of a hoop H we mean a subset F' of H which satisfies the condition:

(Va,bc H)(a,be F = a®beF,a—beF).

Note that every non-empty sub-hoop contains the element 1.
Every hoop H satisfies the following conditions (see [0, 7]).

(Va,be H)(a®b<c¢ < a<b—c).
(Va,b € H)(a®b < a,b).

(Va,b e H)(a< b — a).
MaceH)(a—1=1).

(VacH)(1 »a=a). (2.1)
2.2. Basic concepts about (Lukasiewicz) fuzzy set informations

A fuzzy set A in a set H of the form

{te(o,l} it b=a,

MBI =14 ifb+a,

is said to be a fuzzy point with support a and value ¢ and is denoted by (a/1).
For a fuzzy set A in a set H, we say that a fuzzy point (a/f) is

(i) contained in A, denoted by (a/t) € A, (see [10]) if A(a) > 1.
(ii) quasi-coincident with A, denoted by (a/t) g A, (see [10]) if A(a) +1 > 1.
If (a/t) oA is not established for a0 € {€, g}, it is denoted by (a/t) OA.

Definition 1 ([4, Definition 1]). A fuzzy set A in H is called a fuzzy sub-hoop of
H (see [4]) if it satisfies:

Ma®b) = min{A(a),A(b)}
(va,b € H) ({x(a s b) > min{A(a), A(b)} ) '
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Definition 2 ([9, Definition 3.1]). Let A be a fuzzy setin a set H and let d € (0,1).
A function
£ H — [0,1], x — max{0,A(x) +8— 1}
is called the Lukasiewicz fuzzy set of A in H.

Let A be a fuzzy set in a set H. For the Lukasiewicz fuzzy set Li of A in H and
t € (0,1], consider the sets

k2, 0)e :={x € H| (x/t) e} and (E3,1), := {x € H | (x/1) gL},

which are called the €-set and g-set, respectively, of Li (with value ¢). Also, consider
a set:

O(L]) = {x € H [ E}(x) > 0},
which is called the O-set of Li. It is observed that

OX]) = {x € H|A(x)+8—1>0}.

3. LUKASIEWICZ FUZZY SUB-HOOPS
In what follows, let H denote a hoop unless otherwise specified.

Definition 3. Let A be a fuzzy set in H and § an element of (0,1). Then its
Lukasiewicz fuzzy set Li in H is called a Lukasiewicz fuzzy sub-hoop of H if it
satisfies:

(x/ta) €E2, (y/tp) € L3
(Vx,y € H)(Viasty € (0,1]) | 4 _ [ {(x®y)/minre,}) € 3 NGCRY
((x = y)/min{t,,1,}) € Li

Example 1. Let H={0,a,b,c,d, 1} be a set with binary operations “®” and “ — ”
in Table 1 and Table 2, respectively.

TABLE 1. Cayley table for the binary operation “®”

— Q0 o O
SO OO O oo
QA ULOXUQ O
SO0 6 /O
o OO0 o OOoln
VL OO AU Ol
— QL0 ST o
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TABLE 2. Cayley table for the binary operation “—”

— A0 > o
O Q o —=Oo
Q= Q Q = =Q
S === =S
O T =T o =0
U~ Q Q8 S~
[N (S

Then (H,®,—,1) is a hoop. Define a fuzzy set A in H as follows:

0.58 if x=0,
0.77 if x=a,
A H = [0,1], 0 { 037 T x=b.
0.58 if x=c,
0.37 if x=d,
(0.83 if x=1.

Given 6 := 0.58, the f.ukasiewicz fuzzy set Li of A in H is given as follows:

0.16 if x=0,
0.35 if x=a,
Li:H—>[O,1],xb—> 0.00 %fx:b,
0.16 ifx=c,
0.00 ifx=d,
041 ifx=1.

It is routine to verify that Lg: is a bukasiewicz fuzzy sub-hoop of H.

Theorem 1. If A is a fuzzy sub-hoop of H, then its Lukasiewicz fuzzy set Li in H
is a Lukasiewicz fuzzy sub-hoop of H.

Proof. Assume that A is a fuzzy sub-hoop of H. Let x,y € H and ,,1, € (0, 1] be
such that (x/t,) € £ and (y/t,) € £3. Then £3(x) > 1, and £3(y) > 15, s0
2 (x®y) = max{0,A(x®y) +8—1}
> max{0, min{A(x),A(y)} +8—1}
= max{0,min{A(x) +6—1,A(y) +8—1}}
= min{max{0,A(x) + 8 — 1}, max{0,A(y) +8—1}}
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=min{E (x),£3(y)} > min{z,, 1 }.

Hence ((x®y)/min{t,,1}) € £2. The similar way induces ((x — y)/min{ts,2}) €
Li. Therefore, Li is a bukasiewicz fuzzy sub-hoop of H. g

The following example shows that the converse of Theorem 1 may not be true.

Example 2. Consider the hoop H = {0,a,b,c,d,1} in Example 1 and define a
fuzzy set A in H as follows:

0.22 if x=0,
0.17 if x=a,
A H—[0,1], x— 0.85 %f x=b,
0.90 if x=c¢,
0.27 if x=d,
0.96 if x=1.

Given 6 := 0.73, the Lukasiewicz fuzzy set Li of A in H is given as follows:

0.69 ifx=1,
058 ifx=0>b
E3: H = [0,1], x— =5
0.63 ifx=c,

0.00 ifxe{0,a,d}.

It is routine to verify that Li is a Lukasiewicz fuzzy sub-hoop of H. But A is not a
fuzzy sub-hoop of H since A(d ® ¢) = A(0) = 0.22 # 0.27 = min{A(d),A(c)}.

Lemma 1. If A is a fuzzy sub-hoop of H, then its Lukasiewicz fuzzy set Li satisfies:
(Vx € H)(Vt € (0,1]) ((x/t) €L = (1/1) eLi). (3.2)

Proof. If A is a fuzzy sub-hoop of H, then its Lukasiewicz fuzzy set Li is a
Lukasiewicz fuzzy sub-hoop of H by Theorem 1. Hence the combination of (H1)
and (3.1) induces (3.2). ]

Remark 1. Let A be a fuzzy sub-hoop of H, and assume that the condition (3.2) is
valid. Since (x/E3(x)) € £ for all x € H, we have (1/£3(x)) € £ by (3.2). Hence
Li(l) > Li(x) for all x € H. Conversely, suppose Li satisfies Li(l) > Li(x) for all
x€H. Letxe€ Handt € (0,1] be such that (x/1) € Li. Then Li(l) > Li(x) > t, that
is, (1/t) € Li. This shows that if A is a fuzzy sub-hoop of H, then the condition (3.2)
is equivalent to the condition below:

(Vx € H) (Liu) > Li(x)) .
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Proposition 1. For a Lukasiewicz fuzzy set Li of M in H, if A is a fuzzy sub-hoop
of H, then the following assertions are equivalent.

(Vx € H) (Li(x) - L§(1)) . (3.3)
(yox)/1) € £}
(5> x)/1) € 12 )' GH

Proof. Let A be a fuzzy sub-hoop of H. Then its Lukasiewicz fuzzy set Li is a
Lukasiewicz fuzzy sub-hoop of H (see Theorem 1). Assume that (3.3) is valid. Let
x,y € H and t € (0,1] be such that (y/r) € £2. Then (1/¢) € £ by Lemma 1. Since
(x/E2(x)) € £D and (y/E2(y)) € £ for all x,y € H, we have

(yox)/min{k)(y),E2()}) €£3, (v = x)/min{EJ(y), £ (x)}) €£J
by (3.1). It follows from Remark 1 and (3.3) that
E5(y©x) > min{E3 (y), £ (x)} = min{£3 (1), £ ()} = £ (x) > 1

(Vx,y € H)(Vr € (0,1]) <{<y/t> €L = {

and
E2(y — x) > min{E3 (), 2 (x)} = min{E3(1),£5(x) } =£2 (x) > 1.

Hence ((y®x)/t) € Li and ((y = x)/t) € Li forall x,y € H and t € (0,1].

Conversely, suppose that (3.4) is valid. Since (1 /Li(l)) € 12, it follows from
(2.1) and (3.4) that (x/E2(1)) = ((1 — x)/E3(1)) € £3, that is, £ (x) > £2(1) for all
x € H. Combining this with Remark 1 leads to £3(x) = £5(1) for all x € H. O

Theorem 2. Let A be a fuzzy set in H. If the Lukasiewicz fuzzy set Li of in H
satisfies:

z2<x, (y/tp) € Li, (z/t.) € Li
(Vx,yz€ H)(Vipste € (0.1]) | § _ [ ((x©y)/min{s,,rc}) € 27 , (35)
((x = y)/min{ty,t.}) € £2

then Li is a Lukasiewicz fuzzy sub-hoop of H.

Proof. Let x,y € H and t4,1, € (0,1] be such that (x/t,) € Lg and (y/t) € Li.
Since x < x for all x € H, it follows from (3.5) that ((x ©®y)/min{¢,,#,}) € Li and
((x—=y)/min{t,,1,}) € Li. Therefore, Li is a Lukasiewicz fuzzy sub-hoop of H. [

Corollary 1. Let A be a fuzzy set in H. If the Lukasiewicz fuzzy set Lg of Min H
satisfies:

2<x, (y/ty) €L, (z/te) € ]
(Vx,y.2 € H)(Vtp,tc € (0, 1]) | ¢ J{(x©y)/max{tp,tc}) € £} )
((x = y)/max{1p,t.}) € Li
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S . .
then £3 is a Lukasiewicz fuzzy sub-hoop of H.

Theorem 3. Let A be a fuzzy set in H. If the Lukasiewicz fuzzy set Li of Min H
satisfies:

2<x, (y/t) € £, (z/te) € B}
(vx,y,2 € H) (0,1 € (0,05)) | § _ [{(r@y)/min{in,1c}) q£3 C)
((x =) /min{ty,z.}) g £

then Li is a tukasiewicz fuzzy sub-hoop of H.
Proof. Letx,y € H and 4,1, € (0,0.5] C (0, 1] be such that (x/z,) € Lg and (y/1) €
Li. Since x < x for all x € H, we have
(x®y)/min{ta,1}) g3 ((x—y)/min{ta,1,}) g3

by (3.6). Since min{z,,1,} < 0.5, it follows that

Li(x@y) > 1 —min{z,,t,} > min{t,,,}
and

E2(x —y) > 1 —min{z,,5,} > min{z,,,}.

This shows that ((x®y)/min{z,,1,}) € Li and ((x —y)/min{z,,1,}) € Li. Therefore,
Li is a Lukasiewicz fuzzy sub-hoop of H. g

Corollary 2. Let A be a fuzzy set in H. If the Lukasiewicz fuzzy set Lg of Min H
satisfies:
2<x, (v/n) € B, (/i) €E,
(Vx,y,2 € H) (i, 1 € (0,0.5) | § ((x@y)/max{ty,1.}) g L] :
((x =) /max{ty,1.}) £}

then Li is a tukasiewicz fuzzy sub-hoop of H.

Theorem 4. Let A be a fuzzy set in H. If the Lukasiewicz fuzzy set Li of Min H
satisfies:
z<x, (v/tn) qL3, (z/1c) 43
(Vx,v,z € H)(Vtp, 1. € (0.5,1]) _ J{Goy)/min{i,t}) € £ , (3.7)
((x = y)/min{1p,1.}) € L‘;

then Li is a Lukasiewicz fuzzy sub-hoop of H.
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Proof. Letx,y € H and t,,1, € (0.5,1] C (0, 1] be such that (x/z,) € Li and (y/tp)
€ Li. Then Li(x) >1t, >1—1, and Li(y) >t > 1 —1p, that is, (x/ta>qL§z and
(y/tp) qLi. Since x < x for all x € H, it follows from (3.7) that ((x ®y)/min{t,,%,}) €
Li and ((x — y)/min{z,,1,}) € Lg. Hence Li is a Lukasiewicz fuzzy sub-hoop of
H. O

Corollary 3. Let A be a fuzzy set in H. If the Lukasiewicz fuzzy set Li of Min H
satisfies:
z<x, (/1) qL3, (2/1c) 43
(Vx,y,z € H)(Vtp,t. € (0.5,1]) N (x®y)/max{ty,t.}) € £2 ,
((x —y)/max{tp,t.}) € Lg

then Li is a tukasiewicz fuzzy sub-hoop of H.

We explore the conditions under which the €-set, g-set, and O-set of Lukasiewicz
fuzzy set can be sub-hoops.

Theorem 5. Let Li be a Lukasiewicz fuzzy set of a fuzzy set N in H. Then the €-set
(Li,t)e ofLi is a sub-hoop of H for all t € (0.5,1] if and only ifmin{Li(x),Li(y)}
is less than or equal to

max{Li(x@y),O.S} and max{Li(x —),0.5}.

Proof. Assume that the €-set (Li,t)e of Li is a sub-hoop of H for all r € (0.5, 1].
If min{Li(x),Li(y)} > max{Li(x@y),O.S} for some x,y € H, then

t:=min{£2(x),E3(y)} € (0.5,1], (x/t) e E2, (y/t) € £

Hence x,y € (E0,1)c, and so x®y € (E2,1)e. But (x®y)/t)ELY implies x Oy ¢
(£2,1)e, a contradiction. Hence min{ES(x),£2(y)} < max{£3(x ®y),0.5} for all
x,y € H. In the same way, we can verify min{Li(x),Li(y)} < max{Li(x —),0.5}
forall x,y € H.

Conversely suppose that

min{£3 (), £3(y)} < max{ES (x — y),0.5},
s 5 5 (3.8)
min{L3 (x),£; (y)} < max{L3(x®y),0.5}

forall x,y € H. Lett € (0.5,1] and x,y € H be such that x € (Li,t)e andy € (Li,t)e.
Then Li (x) >t and Li (y) > t, which imply from (3.8) that

0.5 <t <min{Ed(x),£3(y)} < max{£3(x®y),0.5}

and
0.5 <t <min{E3(x),£3(y)} < max{E(x — y),0.5}.
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Hense ((x®y)/t) € Li and ((x — y)/t) € Li, ie, x®Oye€ (Li,t)e and x > y €
(Li,t)e. Therefore (Li,t)e is a sub-hoop of H forr € (0.5,1]. O

Theorem 6. Let Li be a Lukasiewicz fuzzy set of a fuzzy set N in H. If N is a fuzzy
sub-hoop of H, then the g-set (Li,t)q ofLi is a sub-hoop of H for all t € (0,1].
Proof. If A is a fuzzy sub-hoop of H, then Li is a Lukasiewicz fuzzy sub-hoop of
H (see Theorem 1). Let7 € (0,1] and x,y € (Li,t)q. Then (x/t)qLi and <y/t>qLi,
that is, £3(x) +¢ > 1 and £3(y) +¢ > 1. Since (x/ES(x)) € £ and (y/E3(y)) € £2
for all x,y € H, we have
: ) ) ) : ) ) 1)
(x@y)/min{ky(x), L2 ()}) €Ly, ((x = y)/min{L7(x),£3(v)}) € £3
by (3.1). It follows that
E3(x@y) +1 > min{ED (), £ (v)} +1 = min{Ed (x) +1,£5 () +1} > 1
and
ES(x = y)+1 > min{ED (x), £ ()} +1 = min{E3 (x) +£,E5(y) +1} > 1.
Hence <(x®y)/t>qLi and ((x — y)/t)qL?, that is, x Oy € (Li,t)q and x >y €
(Li,t)q. Thus, (Li,t)q is a sub-hoop of H. O
Proposition 2. Let Li be a Lukasiewicz fuzzy set of a fuzzy set N in H.
(i) If the g-set (Li,t)q is a sub-hoop of H for all t € (0,0.5], then Li satisfies:

(x/ta) qES, (y/ts) g £
(vx,y € H) (V0,1 € (0.05)) | § _ {((x@ y)/max{ts,1,}) € E3
((x = y)/max{t,,1,}) € Li
(ii) If the €-set (Li,t)e is a sub-hoop of H for all t € (0.5, 1], then Li satisfies:

<x/ta> € LS, <y/th> € L;?
(Vx,y € H) (V4,1 € (0.5,1]) N ((x@y)/min{ta,tb}mLi
((x— y)/min{ta,1}) g L3
Proof.

(i) Assume that (Li,t)q is a sub-hoop of H for all 7 € (0,0.5]. Let x,y € H and
tasty € (0,0.5] be such that (x/1,) g£2 and (y/t,) g£.5. Then x € (£2,1,), C
(Li,max{ta,tb})q and y € (Li7tb)q C (Li,max{ta,tb})q. Hence x©y €
(Li,max{ta,tb})q andx =y € (Li,max{ta,tb})q. Since max{z,,} < 0.5,
it follows that

Li(x@y) > 1 —max{t,,2} > max{t,,t}
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and
Li(x —y) > 1 —max{t,,t,} > max{t,,1}.

Therefore, ((x®y)/max{t,,1}) € £2 and ((x — y)/max{ts,1,}) € £3.

(ii) Assume that (Li,t)e is a sub-hoop of H for all r € (0.5,1]. Let x,y € H and
tasty € (0.5,1] be such that (x/1,) € £ and (y/t) € £2. Then £3(x) > 1, >
min{z,,1,} and Li(y) > tp, > min{z,,1,}, which imply that

x € (K2, min{t,,1})e, y € (£, min{t,,1})e.
Hence
xOy € (K min{t,,1})e, x—y € (B2, min{t,,1})e.

Since min{#,,1,} > 0.5, it follows that
£ (x®y) > min{z,,1,} > 1 —min{z,,1,}
and

Ed (x —y) > min{r,, 5} > 1 —min{t, 7}

Therefore, ((x ®y)/min{t,,}) qLi and ((x — y)/min{t,,1,}) qLi.
O
Theorem 7. If Li satisfies:
(x/t) e B, (y/t) € £D
(Vx,y € H)(Vt € (0,0.5]) N (x@y)/t)qEd : (3.9)
((x—y)/1)qL3

then the €-set (Li,t)e is a sub-hoop of H for all t € (0,0.5].

Proof. Let t € (0,0.5] and assume that Li satisfies the condition (3.9). If x,y €
(£2,1)e, then (x/r) €£{ and (y/t) €E3, and thus ((x®y) /1) g£2 and ((x — y) /1) qE]
by (3.9). Since 7 < 0.5, it follows that £ (x@y) > 1 —¢ > tand E (x = y) > 1 —1 > 1.
Thusx®y e (Li,t)e andx —ye€ (Li,t)e which shows that (Li,t)e is a sub-hoop of
H forallz € (0,0.5]. O

Theorem 8. If Li satisfies:
(x/t)qL2, (y/t) g3
(Vx,y € H)(Vt € (0.5,1]) N (x@y)/t) e L2 : (3.10)
(x—y)/1) £}

then the g-set (Li,t)q is a sub-hoop of H for all t € (0.5,1].
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Proof. Suppose that Li satisfies the condition (3.10) and lets € (0.5, 1] and x,y € H
be such that x,y € (Li,t)q. Then (x/t)qLi and (y/t>qL§. Hence ((x®y)/t) € Li
and ((x — y)/t) € £ by (3.10). Since ¢ > 0.5, it follows that X (x©y) > > 1 —1¢
and Li(x —y)>t>1—1, thatis, x®y € (Li,t)q and x —»y € (Li,t)q. Therefore,
(Li,t)q is a sub-hoop of H for all 7 € (0.5,1]. O

Theorem 9. Let Li be a Lukasiewicz fuzzy set of a fuzzy set N in H. If N is a fuzzy
sub-hoop of H, then the O-set O(Li) of Li is a sub-hoop of H.

Proof. Let x,y € O(Li). Then A(x) +6—1>0and A(y) +6—1>0. IfAisa

fuzzy sub-hoop of H, then Li is a Lukasiewicz fuzzy sub-hoop of H (see Theoem 1).
It follows that

£ (x®y) > min{Ed(x),£2(y)} = min{A(x) +8— 1,A(y) +8—-1} >0
and

£ (x = y) > min{£2 (x),£2 (y) } = min{A(x) + 8 — 1,M(y) + 85— 1} > 0.
Hencex®y € O(Li) andx—y€ O(Li), and therefore O(Li) isasub-hoopof H. [

Theorem 10. Let A be a fuzzy set in H. If a Lukasiewicz fuzzy set Li of hin H
satisfies:

(x/ta) € L2, (y/tp) € £
(Vx,y € H)(Vta,1, € (0,1]) N (x®y)/max{ta,t,}) g£3 . 31D
((x =) /max{ta,1}) g3,
then the O-set O(Li) of Li is a sub-hoop of H.

Proof. Assume that Li satisfies the condition (3.11). If x,y € O(Li), then A(x) +

§—1>0andA(y) +8—1> 0. Since [x/E3(x)] € £2 and [y/E3(y)] € 3. it follows
from (3.11) that

(x@y)/max{k3 (x),£3(»)}) gL and ((x = y)/max {£3(x), £3 (v)}) g3
Ifx®y¢ O(Li) orx—yé¢ O(Li), then Li(x@y) =0or Li(x —y) = 0. Hence
E3 (x@y) +max{E (x), £§ ()} = max{L3 (x). £} (»)}
= max{max{0,A(x) +8—1},max{0,A(y) +8—1}}
= max{A(x)+8—1,A(y)+8—1}
= max{A(x),A(y)} +8—1
<146-1=8<1,
E3(x = v) + max{E (x), E3 (v)} = max{£ (x), £} ()}
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= max{max{0,A(x) +8—1},max{0,A(y) +3—1}}
=max{A(x)+6—1,A(y) +8—1}
= max{A(x),A(y)} +6—1
<1486-1=58<1,
that is, ((x®y)/max{E3(x), £ (») HGED or ((x — y)/max{Ed(x),£3(y) 1) L. This

is a contradiction, and thus x ® y,x — y € O(Li). Therefore, O(Li) is a sub-hoop of
H. O

Theorem 11. Let A be a fuzzy set in H. If a Lukasiewicz fuzzy set Lg of hin H
satisfies:

(x/ta) qES, (y/to) g L3
(vx,y € H) (Yia,tp € (0.1]) | § _ {((x@y)/max{ta,tb}> e . (3.12)
((x = y)/max{t,,1,}) € Li
then the O-set O(Li) of Li is a sub-hoop of H.

Proof. Assume that Li satisfies the condition (3.12). Let x,y € O(Li). Then
Ax)+8—1>0and A(y)+3—1> 0. Hence

ES(x) + 1 = max{0,A(x) +8— 1} +1=A(x) +8— 1+ 1 =A(x)+8> 1
and
E2(y) + 1 =max{0,A(y) +8— 1} + 1 =A(3) +8—1+1=A(y) + 8> 1,
that is, (x/1) gL and (y/1) gL2. It follows from (3.12) that
(x®)/1) = (x@y)/max{1,1}) € £,
(x = )/1) = {(x = y)/max{1,1}) € £.

IfxOy¢ O] orx —y ¢ OLD), then £ (x®y) =0 < 1 or Ed(x — y) =0 < 1, that
is, ((x@y)/l)@hi or ((x — y)/1>§Li. This is a contradiction to (3.13), and thus
XOy,x—>y€ O(Li). Therefore, O(Li) is a sub-hoop of H. O

(3.13)

Theorem 12. [If a Lukasiewicz fuzzy set Lgi in H satisfies:

(x@y)/3) € £2
(5 3)/8) € £8 ) G

(Vx,y € H) ({(x/&qLi, <y/8>qL§L = {

then the O-set of Li is a sub-hoop of H.

Proof. Let x,y € O(L2). Then A(x) +& > 1 and A(y) +8 > 1, i.e., (x/8) ¢\ and
(y/8) g\ It follows from (3.14) that ((x®y)/8) € £2 and ((x — y)/8) € £2, which
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shows Li(x@y) >8> 0and Li(x —y)>8>0. Hence xOy,x >y € O(Li), and
therefore O(Li) is a sub-hoop of H. O

Theorem 13. Let Li be a Lukasiewicz fuzzy set in H that satisfies:

(x/ta) g, (y/th) g A

Vx,y € H)(Vt,, 1, € [0,1
(7x,y € H)(Va,ty € [8,1]) S xOy, x>y E (ED,8)e

(3.15)

Then the O-set of Li is a sub-hoop of H.

Proof. Assume that Li satisfies (3.15). If x,y € O(Li), then A(x) +1#, > A(x)+93 >

1 and A(y) +1, > A(y) +06 > 1. Thus (x/t,)gA and (y/t,) gA. Using (3.15) leads to
xOy,x —=ye (£2,8)c. Hence Li(x@y) >8>0 and Li(x —y) >8>0, that is,
XOyx—y€ O(Li). Consequently, O(Li) is a sub-hoop of H. O

Corollary 4. Let Li be a Lukasiewicz fuzzy set in H that satisfies:

(x/8) g\, (y/8) g\

Vx,y e H
(vx,y ) :>x®y,x—>y€(L6,8)€

Then the O-set of Li is a sub-hoop of H.
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