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Abstract. In this paper, we prove the boundedness of the Riesz potential Iα in local variable
Morrey-Lorentz spaces. Also we apply our results to particular operators such as fractional
maximal operator, fractional Marcinkiewicz operator and fractional powers of some analytic
semigroups in these spaces.
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1. INTRODUCTION

The Lorentz-Morrey space Lp,q;λ(Rn) was first defined in [22] and also considered
in [15,24,31]. Later, the local Morrey-Lorentz spaces M loc

p,q;λ(R
n) are introduced and

the basic properties of these spaces are given in [1]. These spaces are a very natural
generalization of the Lorentz spaces such that M loc

p,q;0(Rn) = Lp,q(Rn). Recently, in
[2, 13] and [14] the authors have studied the boundedness of the Hilbert transform,
the Hardy-Littlewood maximal operator M and the Calderón-Zygmund operators T ,
and the Riesz potential Iα on the local Morrey-Lorentz spaces M loc

p,q;λ by using related
rearrangement inequalities, respectively.

The study of function spaces with variable exponent has been stimulated by prob-
lems of elasticity, fluid dynamics, calculus of variations and differential equations
with non-standard growth conditions (see [6, 8, 25, 26, 33]). Various results on non-
weighted and weighted boundedness in variable exponent Lebesgue spaces have been
proved for maximal, singular and fractional type operators, we refer to surveying pa-
pers [9] and [27]. In [18], authors define the variable local Morrey-Lorentz spaces and
proved the boundedness of maximal operator M and Calderon-Zygmund operators T
in these spaces, also they apply their results to some operators of harmonic analysis
such as Bochner-Riesz operator, Marcinkiewicz operator and fractional powers of
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some analytic semigroups. In [32], the authors give the definition of central Lorentz-
Morrey space of variable exponent by the symmetric decreasing rearrangement. They
prove the boundedness of maximal operator in these spaces and establish Sobolev’s
inequality for Riesz potentials.

Local variable Morrey-Lorentz spaces generalize variable exponent Lorentz spaces
such that M loc

p(·),q(·);0 = Lp(·),q(·), when λ= 0. In [11] variable exponent Lorentz spaces
Lp(·),q(·) are introduced and the boundedness of the singular integral and fractional
type operators and corresponding ergodic operators are proved in these spaces. The
inclusion theorems for variable Lorentz spaces were proved in [19]. We should point
out that, due to their own fine structures, Lorentz spaces appear frequently in the
study on various critical or endpoint analysis problems from many different research
fields and there exist enormous literatures on this subject.

In this paper, we prove the boundedness of Riesz potential Iα from the local vari-
able Morrey-Lorentz spaces M loc

p(·),r(·),λ(R
n) to local variable Morrey-Lorentz spaces

M loc
q(·),s(·),λ(R

n). We also give some applications of our main result.
The organization of this article is as follows. In Section 2, we give some nota-

tion and definitions. In Section 3, we prove the boundedness of the Riesz poten-
tial Iα from the local variable Morrey-Lorentz spaces M loc

p(·),r(·),λ(R
n) to local vari-

able Morrey-Lorentz spaces M loc
q(·),s(·),λ(R

n). In Section 4, as applications we get the
boundedness of fractional maximal operator Mα, fractional Marcinkiewicz operator
µΩ,α and fractional powers of some analytic semi groups L−α/2 from M loc

p(·),r(·),λ(R
n)

to M loc
q(·),s(·),λ(R

n).
Throughout the paper we use the letter C for a positive constant, independent of

appropriate parameters and not necessary the same at each occurrence.

2. PRELIMINARIES

The present paper deals with the boundedness of the Riesz potential Iα defined by

Iα f (x) =
∫
Rn

f (y)
|x− y|n−α

dy, 0 < α < n, f ∈ Lloc
1 (Rn),

in the local Morrey–Lorentz spaces Mloc
p,q;λ(R

n).
Further we apply this result to particular operators such as a fractional maximal

operator, fractional Marcinkiewicz operator and fractional powers of some analytic
semigroups.

For each measurable function f on (0,∞) and each t > 0, the following operator

(Sα f )(t) = t
α

n −1
∫ t

0
f (s)ds+

∫
∞

t
s

α

n −1 f (s)ds

was defined by A. P. Calderón [5]. The importance of Sα is based on the fact that it
dominates the Riesz potential Iα.
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Theorem 1 ([23, 28]). If the condition(
Sα f ∗

)
(1) =

∫ 1

0
f ∗(s)ds+

∫
∞

1
s

α

n −1 f ∗(s)ds < ∞ (2.1)

holds for f ∈ Lloc
1 (Rn), then the Riesz potential

(
Iα f

)
(x), x ∈Rn, exists almost every-

where. Furthermore, the inequality(
Iα f

)∗
(t)≤CSα

(
f ∗
)
(t), 0 < t < ∞, (2.2)

is valid, where f ∗ denotes the non-increasing rearrangement of f defined by

f ∗(t) = inf{λ > 0 : |{y ∈ Rn : | f (y)|> λ}| ≤ t} for all t ∈ (0,∞)

and C is a constant independent of f and t.

Let p(t) be a measurable function on (0,∞). We mainly suppose that

1 < p− ≤ p(t)≤ p+ < ∞, (2.3)

where
p− := inf

0<t≤∞
p(t), p+ := sup

0<t≤∞

p(t).

We denote by p′(·) = p(t)
p(t)−1 . We will use the following decay conditions:

|p(t)− p(0)| ≤ A0

|lnt|
, 0 < t ≤ 1

2
(2.4)

|p(t)− p(∞)| ≤ A∞

lnt
, t ≥ 2, (2.5)

where A0,A∞ > 0 do not depend on t.
By p ∈ P0,∞(0,∞) we denote the set of bounded measurable functions (not ne-

cessarily with values in [1,∞)), which satisfy the decay conditions (2.4) and (2.5).
Also, by Lp(·)(0,∞) we denote the variable exponent Lebesgue space of measurable
functions ϕ on (0,∞) such that

Jp(·)(ϕ) =
∫

∞

0
|ϕ(s)|p(s)ds < ∞.

This is a Banach function space with respect to the norm (see e.g. [10])

∥ϕ∥Lp(·) = inf
{

λ > 0 : Jp(·)

(
ϕ

λ

)
≤ 1

}
.

Definition 1 ([21]). Let q satisfy the condition (2.3). We denote by LMq(·),λ ≡
LMq(·),λ(0,∞) the variable exponent local Morrey space with finite norm

∥ϕ∥LMq(·),λ = sup
t>0

t−
λ

q∗(t) ∥ϕ∥Lq(·)(0,t)

= sup
t>0

inf

η > 0 :
∫ t

0

∣∣∣∣∣ ϕ(s)

ηt
λ

q∗(t)

∣∣∣∣∣
q(s)

ds ≤ 1

 ,
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where q∗(t) = q(0),0 < t < 1 and q∗(t) = q(∞), t ≥ 1.

Definition 2 ([11]). Let p,q satisfy the condition (2.3). We denote by Lp(·),q(·)(Rn)
variable exponent Lorentz space, the space of functions f on Rn such that
t

1
p(t)−

1
q(t) f ∗(t) ∈ Lq(·)(0,∞), i.e.

Jp(·),q(·)( f ) =
∫

∞

0
t

q(t)
p(t)−1

( f ∗(t))q(t)dt < ∞

and we denote

∥ f∥Lp(·),q(·)(Rn) = inf
{

σ > 0 : Jp(·),q(·)

(
f
σ

)
≤ 1

}
=
∥∥∥t

1
p(t)−

1
q(t) f ∗(t)

∥∥∥
Lq(·)(0,∞)

,

where f ∗ denotes the non-increasing rearrangement of f such that

f ∗(t) = inf{λ > 0 : |{y ∈ Rn : | f (y)|> λ}| ≤ t} , ∀t ∈ (0,∞)

and

f ∗∗(t) =
1
t

∫ t

0
f ∗(s)ds

(see [3]). More information about variable exponent Lorentz spaces can be found in
[11, 16].

Now we give the definition of local variable Morrey-Lorentz spaces, which is
defined in [18].

Definition 3. Let p,q satisfy the condition (2.3) and 0 ≤ λ < 1. We denote by
M loc

p(·),q(·),λ ≡ M loc
p(·),q(·),λ(R

n) the local variable Morrey-Lorentz space, the space of
all measurable functions with finite quasinorm

∥ f∥M loc
p(·),q(·),λ

:= sup
t>0

t−
λ

q∗(t) ∥τ
1

p(τ)−
1

q(τ) f ∗(τ)∥Lq(·)(0,t).

These spaces generalize variable exponent Lorentz spaces such that M loc
p(·),q(·);0 =

Lp(·),q(·), when λ = 0 (see [11]). Also, if λ = 0 and q(·) = p(·) then M loc
p(·),p(·);0 = Lp(·)

are variable exponent Lebesgue spaces (see [17]).

3. THE BOUNDEDNESS OF RIESZ POTENTIAL Iα IN THE LOCAL VARIABLE
MORREY-LORENTZ SPACES

In this section, we prove the boundedness of Riesz potential Iα in the local variable
Morrey-Lorentz spaces. We need the following two definitions about Hardy operators
which are used in the proof of our main theorems. These operators are very important
in analysis and have been widely studied.
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Definition 4 ([11]). Let β(t) and γ(t) are measurable functions on (0,∞). The
weighted Hardy operators Hβ(·)

γ(·) and H β(·)
γ(·) with power weight acting on ϕ are defined

by

Hβ(·)
γ(·) ϕ(t) = tβ(t)+γ(t)−1

∫ t

0

ϕ(y)
yγ(y)

dy

and

H β(·)
γ(·) ϕ(t) = tβ(t)+γ(t)

∫
∞

t

ϕ(y)
yγ(y)+1 dy.

The following lemma provides some minimal assumptions on the function τ
λ

q∗(τ)

under which the so-defined spaces contain ”nice” functions.

Lemma 1 ([21]). Let r satisfy the condition (2.3), r ∈ P0(0,∞) and 0 ≤ λ < 1.
Then the assumption

sup
τ>0

[min{1,τ}]
1

r(0)

τ
λ

r∗(τ)
< ∞ (3.1)

is sufficient for bounded functions f with compact support to belong to the local
variable Morrey-Lorentz spaces M loc

p(·),r(·),λ(R
n).

Lemma 2 ([21]). Let r satisfy the condition (2.3), r ∈ P0(0,∞), 0 ≤ λ < 1,
limt→0 tγ(t) exists and finite and the condition (3.1) is satisfied. Suppose that the
following conditions hold.

(i) tγ(t)−a and t
λ

r∗(t)−γ(t)−a are almost decreasing for some a ∈ R, in the case of
operator Hβ(·)

γ(·) .

(ii) t−γ(t)+b and t
λ

r∗(t)−γ(t)+b are almost increasing for some b ∈ R, in the case of
operator H β(·)

γ(·) .

Then the conditions

γ(t)<
λ

r∗(t)
+

1
r′(0)

, γ(t)>
λ

r∗(t)
− 1

r(∞)

are sufficient for the Hardy operators Hβ(·)
γ(·) and H β(·)

γ(·) , respectively, to be defined on
the space LMr(·),λ(Rn).

Lemma 3 ([21]). Let r satisfy the condition (2.3), r ∈P0(0,∞), 0≤ λ< 1. Suppose
also that the conditions (3.1) and of Lemma 2 are satisfied. Then the operators Hβ(·)

γ(·)

and H β(·)
γ(·) are bounded from the space LMr(·),λ(0,∞) to the space LMs(·),λ(0,∞) if

γ(t)< λ

r∗(t)
+ 1

r′(t) , γ(t)> λ

r∗(t)
− 1

r(t) , respectively.

The following theorem is the main result of our paper in which we give the bounded-
ness of Riesz potential in the local variable Morrey-Lorentz spaces.
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Theorem 2. Let p,q,r,s satisfy the condition (2.3), p,q,r,s∈P0,∞(0,∞), 0≤ λ< 1
and f ∈ M loc

p(·),r(·),λ(R
n). Suppose that the conditions (3.1) and of Lemma 2 are satis-

fied. If r(t)
r(t)+λ

< p(t) <
(

λ

r(t) +
α

n

)−1
, 1

p(t) −
1

q(t) = λ

(
1

r(t) −
1

s(t)

)
+ α

n , then the Riesz

potential Iα is bounded from the local variable Morrey-Lorentz spaces M loc
p(·),r(·),λ(R

n)

to M loc
q(·),s(·),λ(R

n).

Proof. From the definition of local variable Morrey-Lorentz spaces and the in-
equality (2.2) we get

∥Iα f∥Mloc
q(·),s(·),λ

= sup
t>0

t−
λ

s∗(t) ∥τ
1

q(τ)−
1

s(τ) (Iα f )∗(τ)∥Ls(·)(0,t)

≤C sup
t>0

t−
λ

s∗(t)

∥∥∥∥τ
1

q(τ)−
1

s(τ)

(
τ

α

n −1
∫

τ

0
f ∗(y)dy+

∫
∞

τ

y
α

n −1 f ∗(y)dy
)∥∥∥∥

Ls(·)(0,t)

≤C sup
t>0

t−
λ

s∗(t)

∥∥∥∥τ
1

q(τ)−
1

s(τ)+
α

n −1
∫

τ

0
f ∗(y)dy

∥∥∥∥
Ls(·)(0,t)

+C sup
t>0

t−
λ

s∗(t) ∥τ
1

q(τ)−
1

s(τ)

∫
∞

τ

y
α

n −1 f ∗(y)dy
∥∥∥∥

Ls(·)(0,t)

= I1 + I2.

Let us estimate I1:

I1 =C sup
t>0

t−
λ

s∗(t)

∥∥∥∥τ
1

q(τ)−
1

s(τ)+
α

n −1
∫

τ

0
f ∗(y)dy

∥∥∥∥
Ls(·)(0,t)

=C∥Hβ(·)
γ(·) g∥Ls(·),λ(0,∞).

We take γ(t) = 1
p(t) −

1
r(t) and consider the Hardy operator Hβ(·)

γ(·) and g(t) =

t
1

p(t)−
1

r(t) f ∗(t). Therefore we get β(t) = 1
q(t) −

1
s(t) +

1
r(t) −

1
p(t) +

α

n . By Lemma 3,

we have β(t) = (1−λ)
(

1
r(t) −

1
s(t)

)
, then we obtain 1

p(t) −
1

q(t) = λ

(
1

r(t) −
1

s(t)

)
+ α

n .

Hence the operator Hβ(·)
γ(·) is bounded from the Morrey space Lr(·),λ(0,∞) to

Ls(·),λ(0,∞) under the condition γ(t) = 1
p(t) −

1
r(t) <

1
r′(t) +

λ

r∗(t)
. Then we get

I1 ≤C∥Hβ(·)
γ(·) g∥Ls(·),λ(0,∞) ≤C∥g∥Lr(·),λ(0,∞)

=C sup
t>0

t−
λ

r∗(·) ∥τ
1

p(τ)−
1

r(τ) f ∗(τ)∥Lr(·)(0,t)

=C∥ f∥Mloc
p(·),r(·);λ

. (3.2)

Now we consider I2:

I2 =C sup
t>0

t−
λ

s∗(t)

∥∥∥∥τ
1

q(τ)−
1

s(τ)

∫
∞

τ

y
α

n −1 f ∗(y)dy
∥∥∥∥

Ls(·)(0,t)
=C∥H β(·)

γ(·) g∥Ls(·),λ(0,∞).
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We take γ(t) = 1
p(t) −

1
r(t) −

α

n in the Hardy operator H β(·)
γ(·) and g(t) = t

1
p−

1
r f ∗(t).

Therefore we get β(t) = 1
q(t) −

1
s(t) +

1
r(t) −

1
p(t) +

α

n . By Lemma 3, we have β(t) =

(1−λ)
(

1
r(t) −

1
s(t)

)
, then we obtain 1

p(t) −
1

q(t) = λ

(
1

r(t) −
1

s(t)

)
+ α

n .

Hence the operator H β(·)
γ(·) is bounded from the Morrey space Lr,λ(0,∞) to Ls,λ(0,∞)

under the condition λ

r∗(t)
− 1

r(t) < γ(t) = 1
p(t) −

1
r(t) −

α

n . Then we get

sup
t>0

t−
λ

s∗(t) ∥H β(·)
γ(·) ∥Ls(·)(0,t) ≤C∥g∥Lr(·),λ(0,∞) =C sup

t>0
t−

λ

r∗(t) ∥τ
1

p(τ)−
1

r(τ) f ∗(τ)∥Lr(·)(0,t)

=C∥ f∥Mloc
p(·),r(·);λ

. (3.3)

From inequalities (3.2) and (3.3) we obtain the boundedness of the operator Iα from
Mloc

p(·),r(·);λ to Mloc
q(·),s(·);λ.

□

Remark 1. In the case λ = 0, from Theorem 2 we get the boundedness of the
operator Iα in the variable exponent Lorentz spaces Lp(·),q(·)(Rn) which is proved in
[11].

4. SOME APPLICATIONS

Theorem 2 can be applied to various operators which are estimated from above
by the Riesz potentials. In this section, we apply the theorem to the fractional max-
imal operator, fractional Marcinkiewicz operator and the fractional powers of some
analytic semigroups.

4.1. Fractional maximal operator

For 0 ≤ α < n, we define the fractional maximal operator

Mα f (x) = sup
t>0

|B(x, t)|
α

n −1
∫

B(x,t)
| f (y)|dy,

where B(x, t) is the open ball centered at x of radius t for x ∈ Rn and |B(x, t)| is
a Lebesgue measure of B(x, t) such that |B(x, t)| = ωntn in which ωn denotes the
volume of the unit ball in Rn. The fractional maximal operator Mα is closely related
to a Riesz potential operator such that

Mα f (x)≤ ω
α

n −1
n (Iα| f |)(x). (4.1)

Corollary 1. Let p,q,r,s satisfy the condition (2.3), p,q,r,s ∈ P0,∞(0,∞),
0 ≤ λ < 1, and f ∈ M loc

p(·),r(·),λ(R
n). Suppose that the conditions (3.1) and of Lemma 2

are satisfied. If r(t)
r(t)+λ

< p(t)<
(

λ

r(t) +
α

n

)−1
, 1

p(t)−
1

q(t) = λ

(
1

r(t) −
1

s(t)

)
+ α

n , then the
fractional maximal operator Mα is bounded from the local variable Morrey-Lorentz
spaces M loc

p(·),r(·),λ(R
n) to M loc

q(·),s(·),λ(R
n).
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Remark 2. In the case λ = 0, from Theorem 2 we get the boundedness of the
operator Mα in the variable exponent Lorentz spaces Lp(·),q(·)(Rn) which is proved in
[11].

4.2. Fractional Marcinkiewicz operator

Let Sn−1 = {x ∈Rn : |x|= 1} be the unit sphere in Rn equipped with the Lebesgue
measure dσ. Suppose that Ω satisfies the following conditions.

(a) Ω is the homogeneous function of degree zero on Rn \{0}, i.e.,

Ω(tx) = Ω(x) for any t > 0, x ∈ Rn \{0}.
(b) Ω has mean zero on Sn−1, i.e.,∫

Sn−1
Ω(x′)dσ(x′) = 0.

(c) Ω ∈ Lipγ(S
n−1), 0 < γ ≤ 1, that is, there exists a constant C > 0 such that

|Ω(x′)−Ω(y′)| ≤C|x′− y′|γ for any x′,y′ ∈ Sn−1.

In 1958, Stein [29] defined the Marcinkiewicz integral of higher dimension µΩ as

µΩ,α( f )(x) =
(∫

∞

0
|FΩ,α,t( f )(x)|2 dt

t3

)1/2

,

where

FΩ,α,t( f )(x) =
∫
|x−y|≤t

Ω(x− y)
|x− y|n−1−α

f (y)dy.

The continuity of the Marcinkiewicz operator µΩ was extensively studied in
[7, 12, 20, 30]. Let H be the space H = {h : ∥h∥= (

∫
∞

0 |h(t)|2dt/t3)1/2 < ∞}. Then it
is clear that µΩ( f )(x) = ∥FΩ,t( f )(x)∥.

By Minkowski inequality and the conditions on Ω, we get

µΩ,α( f )(x)≤
∫
Rn

|Ω(x− y)|
|x− y|n−1−α

| f (y)|
(∫

∞

|x−y|

dt
t3

)1/2

dy

≤C
∫
Rn

| f (y)|
|x− y|n−α

dy = Iα(| f |)(x).

Then we have the following corollary.

Corollary 2. Let p,q,r,s satisfy the condition (2.3), p,q,r,s ∈ P0,∞(0,∞) and
f ∈ M loc

p(·),r(·),λ(R
n). Suppose that the conditions (3.1) and of Lemma 2 are sat-

isfied. If r(t)
r(t)+λ

< p(t) <
(

λ

r(t) +
α

n

)−1
, 1

p(t) −
1

q(t) = λ

(
1

r(t) −
1

s(t)

)
+ α

n , then the
fractional Marcinkiewicz operator µΩ,α is bounded from the local variable Morrey-
Lorentz spaces M loc

p(·),r(·),λ(R
n) to M loc

q(·),s(·),λ(R
n).

Remark 3. In the case λ = 0, from Theorem 2 we get the boundedness of the
operator µΩ,α in the variable exponent Lorentz spaces Lp(·),q(·)(Rn).
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4.3. Fractional powers of some analytic semigroups

Suppose that L is a linear operator on L2 which generates an analytic semigoup
e−tL with the kernel pt(x,y) satisfying a Gaussian upper bound, i.e.,

|pt(x,y)| ≤
c1

tn/2 e−c2
|x−y|2

t (4.2)

for x,y ∈ Rn and all t > 0, where c1,c2 > 0 are independent of x,y and t.
For 0 < α < n, the fractional powers L−α/2 of the operator L are defined by

L−α/2 f (x) =
1

Γ(α/2

∫
∞

0
e−tL f (x)

dt
t−α/2+1 .

Note that if L = −∆ is the Laplacian on Rn, then L−α/2 is the Riesz potential
Iα. Property (4.2) is satisfied for large classes of differential operators. In [4], other
examples of operators which are estimates from above by the Riesz potentials are
given. Since the semigroup e−tL has the kernel pt(x,y) which satisfies condition
(4.2), it follows that

|L−α/2 f (x)| ≤CIα(| f |)(x).
Hence we get the following corollary.

Corollary 3. Let p,q,r,s satisfy the condition (2.3), p,q,r,s ∈ P0,∞(0,∞),
0 ≤ λ < 1 and f ∈ M loc

p(·),r(·),λ(R
n). Suppose that the conditions (3.1) and of Lemma

2 are satisfied. If r(t)
r(t)+λ

< p(t) <
(

λ

r(t) +
α

n

)−1
, 1

p(t) −
1

q(t) = λ

(
1

r(t) −
1

s(t)

)
+ α

n ,

then the operator L−α/2 is bounded from the local variable Morrey-Lorentz spaces
M loc

p(·),r(·),λ(R
n) to M loc

q(·),s(·),λ(R
n).

Remark 4. In the case λ = 0, from Theorem 2 we get the boundedness of the
operator L−α/2 in the variable exponent Lorentz spaces Lp(·),q(·)(Rn).

REFERENCES
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