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Abstract. In this paper, we investigate an inverse time-dependent source problem for a time-
fractional diffusion equation with nonlocal boundary and integral over-determination conditions.
The fractional derivative is described in the generalized Caputo sense. The nonlocal boundary
conditions are regular but not strongly regular. The special thing about this problem is: the system
of eigenfunctions is not complete, but the system of eigen-and associated functions forming a
basis in L2 (0,1). Under some natural regularity and consistency conditions on the input data
the existence, uniqueness and continuously dependence upon the data of the solution are shown
by using the generalized Fourier method, the estimates of Mittag-Leffler function and Banach’s
contraction mapping principle.
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1. INTRODUCTION

Fractional calculus (FC) is the study of integrals and derivatives of arbitrary order,
which has been considered by many researchers in recent years. The arbitrary order
integrals and derivatives are used in the modelling of many physical, chemical, and
biological phenomena, [2, 5, 8,20, 24, 28]. The FC has applications in the reaction-
diffusion equations [18, 27], and is used to explain the well-known phenomena of
anomalous diffusion observed in experiments, [4, 18]. The time fractional diffusion
equations are obtained by replacing the standard time derivative with fractional de-
rivative in time variable to explain the sub-diffusion or super-diffusion, [19,21].

In this paper, we are interested with the following time-fractional diffusion equa-
tion

"Q),a’pu(x,t) =un+F(x,1), (x1)€Qr, (1.1)
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with the initial condition
ux,00=09(x), 0<x<l, (1.2)
and family of nonlocal boundary conditions
u(0,0) =u(1,t), Pue(0,)=u,(1,¢), 0<t<T, BeR\{-1,1}, (1.3)

where Q7 1= {(x,):0 <x < 1, 0 <t < T} for some fixed T > 0, D" stands for
left-sided generalized Caputo fractional derivative of order 0 < o < 1, p > 0is a
real constant, F (x,7) is the source term and ¢ (x) is the initial data. The fractional
derivative in (1.1) is a generalization of left Caputo and Caputo-Hadamard fractional
derivatives, which can be obtained by taking p = 1 and p — 0™, respectively. For =
0, the boundary conditions (1.3) are well-known and called in literature as Samarskii-
Ionkin conditions, [10]. More general boundary conditions of the type (1.3) have
been considered in [7,12,22,25,29].

The determination of a function u (x,7) which satisfies the initial boundary value
problem (IBVP) (1.1)-(1.3) such that u(-,z) € ¢%(0,1) and “D*Pu(x,-) € C(0,T),
whenever the source term F (x,) and the initial data ¢ (x) are given and continuous,
is called strong or classical solution of the IBVP (1.1)-(1.3). This problem is usually
known as the direct problem.

Letting the source term have the form F (x,7) = r(t) f (x,t), the inverse source
problem consists of determining u (x,¢) and r (¢), from the initial data @ (x), the source
term f (x,7) and nonlocal boundary conditions (1.3). This problem is not uniquely
solvable. To have the inverse source problem uniquely solvable, we impose the in-
tegral over-determination condition

/Olu(x,t) dx=g(t), te[0,T], (1.4)

where g € AC [0, T (the space of absolutely continuous functions). The solvability of
inverse source problems with such condition has been considered earlier [3, 1 1,26].

In [26] the inverse source problem (1.1)-(1.4) is studied for & = p = 1. The case
0 <a < 1andp # 1 is considered for the first time in this paper. We have analysed
the inverse source problem (1.1)-(1.4). Our strategy is mainly based on Fourier’s
method for construction of the series solution using a bi-orthogonal system of func-
tions obtained from the eigen-and associated functions of a spectral problem and its
conjugate problem, see [16]. We provide existence, uniqueness, and stability results
for solution of inverse source problem.

The rest of the paper is organized as follows: in Section 2, we provide some pre-
liminaries and basic result needed for the forthcoming sections. In Section 3, we
present associated spectral problem of this problem and its properties, whilst the bi-
orthogonal system is constructed. Our main results concerning the existence, unique-
ness and continuous dependence of the solution of the inverse problem is present in
Section 4.
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2. PRELIMINARIES AND SOME BASIC RESULTS

In this section, we recall some definitions, notations from fractional calculus, and
some basic results for the convenience of the readers.

Definition 2.1 ([15, page 861]). Let [a,b] be a finite interval and f: [a,b] — R
be an integrable function. The generalized left fractional integral (in the sense of
Katugampola) is defined by

1 ‘ p_op\ o1 d

where I'(-) is the Euler Gamma function defined by I" () := [;"" % e~ dt.

Definition 2.2 ([17, 1.1.5]). Let [a,b] be a finite interval. Then, AC [a,b] is the
space of absolute continuous functions on [a, b], defined by

ACla,b] = {f: [a,b] — R such that f (x) :c—I—/x(p(t) dt,@c L (a,b)}.

Definition 2.3 ([14]). Let p > 0 and f € AC|[a,b]. The left generalized Caputo
fractional derivative of f of order O < o < 1 is defined by

1 tP P\ T
g@a@f(t):r(l_a)/a (t ps ) f'(s)ds.
Ifoo=p =1, then “D*Pf(r) = £ (¢).

Theorem 2.1 ([14]). Let f € AC|[a,b], 0 < o< 1 and p > 0. Then, we have:
LR (D% f(x) = f(x)~ [ (a).

Definition 2.4 ([1]). Let f: [0,+o[ — R be a real valued function. The p-
Laplace transform of f is defined by

= P

oo P dt
LUOYe)= [ 015, p>0
for all values of s, the integral is valid.

Theorem 2.2 ([1]). If the p-Laplace transform of f: [ 0,4+ [ — R exists fors > c;
and the p-Laplace transform of g: [0,~+e | — R for s > ¢,. Then, for any constants
a and b, the p-Laplace transform of af + bg exists and

Lo{af (1) +bg (1)} (s) = alp{f (1)} () +bLp{g(1)}(s), fors>max{ci,ca}.
Definition 2.5 ([ 13]). Let f and g be two functions which are piecewise continuous
at each interval [0, T']. We define the p-convolution of f and g by

()= [ =" g0) .



876 F. MIHOUBI AND B. NOUIRI

Theorem 2.3 ([13]). Let f and g be two functions which are piecewise continuous
at each interval [0,T]. Then,

Lo{(f+8) ()} = Lpo{f (1)} Lo{g ()}
Theorem 2.4 ([13]). Let o> 0 and f € AC[0,T]. Then,

Ly {(§D*1) (1)} (5) = s“Lp {f (1)} =571 £ (0).

Definition 2.6 ([6]). The Mittag-Leffler function of two parameters is defined as

ok
Egq (x) = kgbm’ z€C, Re(§) >0, Re(n)>0.

For n = 1, the Mittag-Leffler function is reduced to classical one parameter Mittag-
Leffler function, that is,

+oo Z
Eg (x) := Eg (x) :k;om.

Let ez (t,u) := E¢ (—yti) and eg y, (¢, 1) := tT'*lEgn (—yt‘i), where u is a positive
real number. The Mittag-Leffler functions eg (¢, u), ez q (t,u) for 0 <€ <1, 0 <& <
n < 1, respectively, are completely monotone functions, i.e.

n 0" n 0"
(—1) w[@g(l,y)] >0 and (—1) ﬁ[eém(t,y)] >0, neN.

Using Theorem 1.6 in [23], we can have the following estimate

Nut® N

‘,Ue&,i(’yﬂ)‘ét( < <C 1eleT], @2.1)

1+ u5)
where € > 0, N and C are some constants.

Lemma 2.1 ([13]). Let § > 0 and )s%‘ < 1. Then, we have:

tP s01 P 1
Lp {eg (p,?\«> } = m and Lp {e&ﬂ& (p,)\,) } = sa+7b.
Theorem 2.5 ([13]). The Cauchy problem

SDPy(t)+Ay(t)=f(t), t>0, 0<a<l, p>0, AeR,
¥(0) = o, Yo €R,

has the solution

P ! tP—sP d
y(t)_yoeoc<p77h>+/oeoc,a< pS ,K)f(S) Sli_sp
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3. THE AUXILIARY SPECTRAL PROBLEM AND BI-ORTHOGONAL SYSTEMS
Applying the Fourier method for solving the direct problem (1.1)-(1.3) leads to the
spectral problem
—-X"=AX, 0<x<I, 3.D
X0)=Xx(1), BX'(0)=Xx"(1), BeR\{-1,1}. (3.2)
According to [25, Theorem 3.109], the boundary conditions (3.2) are regular but

not strongly regular. Obviously, the boundary-value problem (3.1)-(3.2) is not self-
adjoint. But the problem

—Y' =AY, 0<x<]1, (3.3)
Y(0)=pr (1), Y'(0)=Y'(1), BeR\{-1,1}, (3.4)

will be a conjugated problem.
The two spectral problems (3.1)-(3.2) and (3.3)-(3.4) have the same double eigen-

values Ay, = (271:l<)2 (except for the first Ay = 0). Following the idea presented in [9],
the system of eigen-and associated functions of problem (3.1)-(3.2) is given by:

Xo(x) =2, Xpr—1(x) =4cos(2mkx), Xox(x)=4(1—b—ax)sin(2mkx) (3.5)

and the system of eigen-and associated functions of conjugate problem (3.3)-(3.4) is
the following:

Yo(x) =ax+b, Yy_i(x)=(ax+b)cos(2mkx), Yo (x)=sin(2mkx), (3.6)
wherea= (1-8)/(1+B)and b=p/(1+P).

Lemma 3.1. The systems of functions (3.5) and (3.6) are bi-orthonormal in
L?(0,1).

Proof. 1t is easy to show that the systems (3.5) and (3.6) form a bi-orthogonal
system on [0,1], i.e. (X;,¥;) =1 and (X;,Y;) =0,i # j. O

Lemma 3.2. The systems of functions (3.5) and (3.6) are complete in L? (0,1).

Proof. Let f € L? (0, 1) be orthogonal with the system of functions (3.5). f (x) can
be presented by the series
~+oo

f(x) =) Bysin(2nnx), (3.7)

n=1

which converges in L? (0, 1). Since f (x) is orthogonal with (3.5), we have

0:/()14(1—b—ax)f(x)sin(2nkx) dx

+oo 1
=) Bn/ 4 (1 — b — ax)sin (2mkx) sin (2mnx) dx = By, k€ N*.
n=1 0
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From (3.7), f (x) = 0. Then, (3.5) is complete in L? (0, 1). O
Theorem 3.1. The system of functions (3.5) forms a Riesz basis in L (0, 1).

Proof. From [25, page 211], the system (3.5) is a Riesz basis in L? (0, 1) if there
exist two constants m, M > 0 such that for any f € L? (0, 1), the following inequality
holds:

oo
mflpen < LA <MIflz0)
i=0

where

/f x) dx and f; = (f,X;) /f (x) dx.

For i = 0, and using the Cauchy-Schwarz inequality we have

12 = (. 0)? [/ o (x dxrg/IYﬂx)dx/ole(x)dx

(3.8)
< LEBEE e
12(0,1)
3(1+B)°
For i = 2k — 1, and using the Bessel inequality we obtain:
v 2 v 2 2 2
Y =Y () < Wacallzon 112200
k=1 k=1
(3.9)
7—11B+7p* T
— 2 .
6(1+py? Y
For i = 2k, and using the Bessel inequality we obtain:
Zf2k = Z (f, Yor)* < ||Y2kHL2 0,1) HfHLZ 0,1) HfHU 0.1) (3.10)
From (3.8)—(3. 1 0), we have
v 2 2 W 2 v 2 2
Zfi :fo+Zf2k—1+Zf2k§M||f||L2(o,1)» (3.11)
i=0 k=1 k=1
where M = = BHB ’
2(1+p)°
On the other hand we have:
) 2
fo=(f. %)’ [/ Xo (x a’x} <4 fllz20,1) - (3.12)

Using the Bessel inequality, we obtain:

—+oo o0
Zf22k71 =Y (f Xo1)> < 8 HinZ(O,l)v (3.13)
k=1

k=1
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Fa = 8(1+B+p
k;fzzk = k; (f Xo)? < (3(1E[3)§) 117201, - (3.14)

Then, from (3.12)-(3.14) we have:

i 44+80[3+44[3
TN

Using the Cauchy—Schwarz inequality and (3.15), we get

11201 (.15)

400
1120 = (£ ) = X Fifi
i=0

e V2 [ 712
<|L7| s
[i=0 i=0
- -1/2 1/2
44 + 80P + 44p? / &, /
< 314 B) 11122 0,1 ;)fi :
Consequently, we have:
v 3(1+p)°
2 2
< - = . 1
mfllz20,1) < l_;,)fz ; 44 + 80B + 44p2 (3.16)
From (3.11) and (3.16), the system (3.5) is a Riesz basis in L2 (0, 1). O

Corollary 3.1. From Lemme 3.1 and Theorem 3.1, the systems (3.5) and (3.6) are
equivalent bases in L* (0, 1).

4. MAIN RESULTS
4.1. Existence and uniqueness of the solution

In this subsection, we give the main result on existence and uniqueness of the
solution of the inverse problem (1.1)-(1.4) is presented as follows.

Theorem 4.1. Let the following assumptions be satisfied

(A1) 9 € C*(0,1), 9(1) = ¢(0), ¢'(1) = B’ (0), " (1) = 9" (0), 6" (1) =B

X(PI”(O)
(A2) f(x,-) € C[0,T] and fort € [0,T), f(-,t) € C*[0,1];
f(()?t) :f(l t) ( ): fo(07t)’ fxx(oat) :fxx(lvt)a

fxxx(lyt) foxx Ot / f xt dx;éO

and there exists a constant M > 0 such that

1 —1
0< / fxt)dx| <M,
0
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(A3) g€ C'(0,T), and g satisfies the consistency condition [, ¢ (x) dx = g (0).
If the following condition

a1 4Bl p* /P
T < <MC”1—B| , “4.1)

where C' is defined in (4.16), then the inverse problem (1.1)-(1.4) has a unique solu-
tion.

Proof. According to assumptions (A1)-(A3), there are positive constants, L, Ly,
M;,i=0,...,2, such that

1P A A P —sP o
L) := max eq [ — Lr:= max E
1 01T o < p; k) ) 2 0<s<i<T o0 [ k( P ) } y

4
Mo :=rllcor)- M _max(Hﬁ)HCOT H )HC(OT)>’

4 4
M2 ‘= max <|(p0| ) ‘(ng)_l ‘ 5 ’(p(Zk) D .
The proof of this theorem takes place in three steps:

Step 1: Construction of solution: By applying the Fourier’s method, the solu-
tion u (x,7) of the direct problem (1.1)-(1.3), can be developed in uniformly
convergent series form using the eigenfunctions (3.5) in L? (0, 1) as follows

u(x,t) = 2ug (t +Zu2k (1) Xok—1 ( —i—Zuzk ) Xox (x (4.2)

We define the coefficients ug (1), uax—1 (¢) and uag (¢) for k € N* by multiply-
ing (4.2) by the eigenfunctions of (3.6) and integrating over [0, 1] and using
Lemma 3.1, we get

uo (1) = (u(x,2), Yo (x)), w1 (1) = (u(x,1), Yoe1 (x)),
uy (1) = (u(x,1), Yox (x))
where (-,-) represents the inner product in L (0, 1).

The expansion coefficients of the functions f (x,#) and @ (x) into eigen-
functions (3.6) are given by

fot)=(f(x,0),Yo(x)), fax—1 (t) = (f (x,1) , Yar—1 (%)),

(4.3)

Ja (1) = (f (x,1) , Yor (%)), (4.4)
and
Po = <(p(x)7Y0(x)>7 P2k—1 = <(P(X),Y2k,1(x)>,
P2 = (@ (x), Yor (x)) . (4.5)
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From (1.1), (4.3)-(4.5), Lemma 3.1, integration by parts twice and (1.3), we

obtain
DM Pug (1) =r (1) fo (1)
) 4.6)
ugp (O) = (PO,
C@;x’puzk (1) + Ao (1) = r (t) far (1), “4.7)
Uy (0) = @, |
"Q);x’puqu (l‘) + Mpttop—1 (z) = —4makuyy, (l‘) + r(t)ka,l (t) ’ (4.8)
Urk—1 (0) = P2k—1- |
Applying ;" on (4.6) and using Theorem 2.1, we obtain
1 t tp — sp a1 dS
uo(t>:¢0+m/() (P) r(s) fo(s) S 4.9

Applying Theorem 2.5 on (4.7) and (4.8) , we obtain:

= Py Cewa [T ds 4.10
ui (t) = Poreq oM +/0€oc,a M F(S)fzk(s)ﬁ, (4.10)
and

1P i P —sP d
urp—1 (1) = Pap—1€q (p,M) +/0 oo (ps,M> r(s) far—1(s) sli,sp

4.11
Anak 4 tP—sP A ds ( )
— 4Ta /0 eoc,oc p SN | Uk (S) slfp .

After substituting expressions uq (), uy (t), and uy,— (t), respectively de-
scribed by (4.9), (4.10), and (4.11), into (4.2), we have:

! —sP\ ! s
) =200+ o [ (F50) ) 5

Ry tP t P —sP d
+) {(szea (ka) +/ €a, (s ,7bk> r(s) far (5) 7: }sz (x)
k=1 Y 0 p sl=p

+oo P t P — P d
+Z,1{(P2klea <p77bk)+/0 e(x,oc( ps ,Kk)r(s)fzkl(s)slsp

k=
t tp — Sp ds
—47tak/0 oo < 5 ,kk> uy () slp}XZk—l (x),

Taking the generalized Caputo fractional derivative “D*® of the over-
determination condition (1.4), and integrating the equation (1.1) on [0, 1] and
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using (1.3), we obtain

“DPg (1) + (1= B)uc (0,1) /1 v fu(t)
t)= h ) dx=2f(t)+—
r(?) 7 o) dx where | f(x,1) dx=2fo(t) Z’l .
and
1P
Zgﬂik 1— ((kaea (p,?\,k>
t P —sP d
+/em( - ,xk> (5) fax () <= )
0 p
Hence, we get following implicit representation of r(t)
_ ka
=0+ 20+ / K(s)r(s) o, @12)
where
foo P
C@;x’pg (l‘) +a Z 8mkQrreq <p,7bk>
k=1
t) = ) 4.13
n Jo f (x.1) dx e
and

p_p\ &l 4o P_P\*
K(t,s)za(t ps> ZSTCkfzk Eaa[ 7»1{<t pS ) }

Step 2: Existence of the solution: We consider the following map:

on the space C[0,T] with ||¢] := [max |0 (¢)|. To show P is well defined.

Since, under the assumptions (A1), (A2) and integration by parts four times,
forz,s € [0,T], we obtain

P(r(t) =n()+

k;lgnk(pﬂceot <p>;\'k> S 27[3](3 5 (414)

(4.15)

P _Sp>°°} +oo L )fz(;ir) (S)‘
<

313
= 2k

where (p;‘,t — [} o (x)sin (27kx) dx, £ (1) = Jof 2 sin (2mkr) dix.
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Using the Cauchy-Schwarz and Bessel inequalities, we obtain

L[ )

o*f (x,1)
21m3k3 .

ox*

Y

12(0,1)

1/2 1/2
too 12 +oo )
£oks| [Eo)] =

k=1

k=1

where c is a constant independent of ¢ and k. Thus, we have

oo _ (04

§j8nkﬁk@>Ema[—xk<’pps9> ]f;cx

k=1

2 (1) o
ox*

C' = ¢ max
0<t<T

21

By (4.14) and (4.15), the series functions

foo P_sP\“ I P
Y 87k for (5) Ev [—7% <t 5 . ) } and ) 8mk@oceq (t‘)’kk)
k=1

k=1

are uniformly convergent. Then, 1 (¢) and K (¢, s) are continuous functions on
[0,7T] and [0,T] x [0, T], respectively. Hence, the operator ©? is well defined.

Let ri,r, € C(0,T). From (4.16) and the change of variable T = tp;‘vp, we
get

MC'|1 - B| TP

“T(rl)_?(FZ)"S 0c|1+[3|p°‘

lr1 —ra| - 4.17)

With the condition (4.1), % < 1, then the mapping P is a contrac-
tion. Consequently, by Banach fixed point theorem, the mapping P has a
unique fixed point r € C[0,T].

To establish the regularity of the obtained solution, it remains to show
u(x,t) 1y (x,1) e (x,2) D Pu(x,1) € C(Qr).

Under assumptions (A1)-(A2) and integration by parts four times, we have

) =B 1 ()= e (A 0 220 0)).
(4)

1
— 2k —
P Tentdr P T Tentid (‘Pzw "k P

(4.18)
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From (4.9)-(4.11), (4.18) and (2.1), we get
MoMlTpa
O My, 1 [0,T],
LiM, +L2M01V11Tp(1/009oc
N < tel0,T
(LiMr + LoMoM TP fap®) (1 + |a| + |a| CTP /p)
a1 (1)] <

16m4k4 ’
t€le,T], €>0.

luo ()| < M+

(4.19)

By using (4.2) and (4.19), following relations hold for x € [0,1] and ¢ € [¢, T
with € > 0 such that

L1M2+L2MOM]Tpa/ap )(1+]a|+]a|CTp/p)

’ (Xl"<2M1—|-kZI AR
(1+ |b|+|a|) (LiMy + LoMoM, TP /ap™)

4mtict ’
(et < §5 (M LMo T2/ (1 + o] 1] CT? )
el A 213k
++Z (Ia\+27Ek(1+|b|+|a|))(1+\b|+|a!)

X (LiM; +L2M0M1T"°°/ocp°‘)

% (LiMy + LoMoM TP Jop®) (1 CTP
e

o0

_|_
i

=~

=]
oo Pe/op®

iy (a+nk(1+\b\+|a\))([431A3’12+L2M0M‘T /%) (4.20)
= Tk

From (4.6)-(4.8), (4.19) and for 7 € [g, T], we have
‘8@,0”)140 (l‘)’ < MoM,,
MoM, LiM, + LyMoM,TP* /op®
‘0 qu (t)‘ < / P

— l6mtk4 4m2j2 ’
P (1+la)) MoMy | (LiMo + LoMoM TP /aip®)
0P w1 ()] = g 422
LiMy + LoyMoM, T fox
X (1+|a]+|a|CT? Jp) 4 [eLEra + LoMOM\TT/0p)

4T3 k3
Consequently,

(2+|b|+2|a|) MoM
|6 DPu (x,1)| < 2MoM, +): | |4R4L4) e 4.21)
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L]Mz + LyMoM, p“/ocp )
k3

L1M2 +L2M()M1Tpa/06p ) (2+ |b‘ +2 |a| + ]a|CTp/p)
n2k?

E

From (4.20), (4.21) and by Weierstrass M-test, the series corresponding to
w(x,1), e (x,1), they (x,2), §D7Pu(x,1) are uniformly convergent on [0, 1] x
e, T] for € > 0. Hence, u (x,1), tx (x,1), iy (x,2), §D; P u (x,) are continuous
functions on Q7.
Step 3: Uniqueness of the solution: Let {u (x,z),r; (¢)} and
{v(x,t),r2 (1)} be two solution sets of the inverse problem (1.1)-(1.4). By
using (4.2), we obtain

u(x,t)—v(x,t) =2(up(t) —vo (1))

+ i (u2k_1 (Z) — V2k—1 ([))XZk_l (X) (422)

+ Z unk () — var (1)) Xox (x)
Due to the estimate (4.17) and condition (4.1), we have r; = r;, and by sub-
stituting r; = r in (4.22) and (4.9)-(4.11), we obtain u = v.
O
4.2. Continuous dependence of the solution on the data

Let H be the set of triples {@, f,g} where the functions ¢, f and g satisfy the
assumptions of Theorem 4.1 and

10l cs0,1) <Ma, N fllcrary <Ms, I8l cr0,1) < Me.

For ¢ € 7, we define the norm [|0|5 := [[@ll c+(o.1) + /1l () + Il 10,1
By using the Cauchy-Schwarz and Bessel inequalities, the series functions

i |70 )

2753](3 < M77

k=1

is uniformly convergent, where fz(:) (s) are the coefficients of the sine Fourier expan-
o f (x s)

sion of the function

Theorem 4.2. The solution {u(x,t),r(t)} of the inverse problem (1.1)-(1.4) un-
der the assumptions of Theorem 4.1, depends continuously upon the data for T <

(all+B|p“)1/ e
Men—pl)
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Proof. Let {u(x,t),r(t)} and {ii(x,t),7(t)} be two solution sets of the inverse
problem (1.1)-(1.4), corresponding to the data ¢ = {@, f,g} and ¢ = {@, f,§}, re-

spectively.
~ A 0P ~ ~
For g,& € C' (0,T), we have HBQ), Pg —6Dy ngC(O’T) <Msllg—&ll~ (0,7)» Where

1-pa
Mg = pl—gr‘i(pz,a)' From (4.13), we have

N i) = (/Olfoc,r) ax [ 7 dx)

| o) x5 2810)

+a28nk (P2 — k) E < M <tp> >
</fxt ) dx— /fxt dx)

+a];8nk(b2kEa( Dt (i) >

x </01f(x,t) dx—/olf(x,t) dxﬂ.

@ -
From (4.18), we have Qop — (PZk = fO ( ( (~P( ))sz( ) dx = q)%%n:]‘:%k .
We have the estimate

—1

||n*ﬁH <N ”(P*q’||c4(o,1) +N Hf*fHC(QT) + N3 Hgngcl(oJ),

where N| = M?|a|LiC*, N> = M?(|a|LiM;+MeMyg), N3z =M>MsMg.
From (4.12), we have the estimate

F Al MMolal TP" ) ) 7a) H MICT™ e
_#Fl < |In— i b Bl _ il b el | RN
=71 < =+ T - 7 )
M2MoC'TP*
tapr [ Fllean

Due to the estimate of ||n — 1|, we have

(1 M |a|C'T®

Ao ) Ir=rl <M llo=Blcso,

MMy |a|TP*  M*MyC'TP*
+ <N2+ ap® + ap® Hf HC4(QT)
+Nsllg—&llcro,1) -
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Hence
| M|a|C'TP*
ap*

) lr— < N [0 — 8-

MM, TP 2 ! TPOL
where Nj := max {Nl,Nz | MMolalTP® | M*MoC'T N3}.

ap® ap®

o l/pOC ~ T
For T < (%) , we have ||r — 7| §Jﬁ”¢—¢”}[-
ap

From (4.2), a similar estimate can be also obtained for the difference u — i:

el ogay) < Vs o~ 8-
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