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Abstract. In this paper, we will present existence and localization fixed point theorems and sta-
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1. INTRODUCTION AND PRELIMINARIES

Let (X,d) be a metric space and f: X — X be an operator. For each x € X, we
denote O(x,0) = {x,f(x),...,{"(x),...}.

Let xo be a given point in X and r > 0. The set B(xo;r) = {x € X: d(xp,x) <r}is
the open ball of center xq and radius r, while B(x;7) := {x € X: d(x0,x) < r} is the
closed ball of center xy and radius r.

We will now recall some definitions and well-known results, which will be useful
throughout the paper.

Definition 1 ([4, Ciri¢ Definition page 268]). Let (X,d) be a metric space and
f: X — X be an operator. Then X is said to be f-orbitally complete if every Cauchy
sequence contained in O(x, ), for some x € X, converges in X.

In the above context, a sequence of Picard iterates starting from xy € X is a se-
quence x, == *(xg), for n € N*.

Definition 2 ([4, Ciri¢ Definition 1]). Let (X,d) be a metric space. Then, f: ¥ C
X — X is a single-valued Ciri¢ type operator with constant ¢ if there exists a number
g € (0,1), such that for all x,y € Y we have

d(f(x),f(y)) < g-max{d(x,y),d(x,f(x)),d(y,f(y)),d(x,{(y)),d(y,f(x))} .
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Let (X,d) be a metric space. By P(X) we denote the family of all nonempty
subsets of X, and the family of all nonempty and closed subsets of X is denoted with
P,;(X). Throughout the paper, we consider the following distances (see, e.g., [9, 10]):

(1) The gap functional (generated by d) between a pointa € X and asetY € P(X)
is
D(a,Y) :=inf{d(a,y) |y€Y}.
(2) The Pompeiu-Hausdorff functional (generated by d) between two sets A, B €
P(X)is

H(A,B) := max {sup(infd(a,b)), sup(inf d(a, b))} :
acA bEB beB €A

If F: X — P(X) is a multi-valued operator, then its fixed point set is denoted by
Fix(F) := {x € X | x € F(x)}, while the graph of F is the set Graph(F) := {(x,y) €
X x X | y € F(x)}. The set of all strict fixed points of F is denoted by SFix(F), i.e.,
there exists x* € X such that F(x*) = {x*}.

In this paper, we will present several existence and localization fixed point the-
orems and stability results for the fixed point problem involving some very general
classes of operators (single-valued and multi-valued), namely for Ciri¢ type operat-
ors. Then, some applications to homotopy principles are given. Our results comple-
ment and extend some works in the literature, see e.g. [1-4,6,8,11].

2. A STUDY OF THE FIXED POINT EQUATION WITH GENERALIZED éIRIé
OPERATORS

In this section, the single-valued case is taken into consideration. We first recall
Ciri¢’s Theorem which appeared in the well-known paper from 1974, see [4].

Theorem 1 ([4, Ciri¢ Theorem 1]). Let (X,d) be a metric space and f: X — X be
a Ciri¢ type operator with constant q € (0, 1). Suppose that X is f-orbitally complete.
Then:

(i) f has a unique fixed point x* in X and lim f"(x) = x*, ie., fis a Picard
n—yoo
operator;

(ii) d(f™(x),x*) <

n

q
l—¢q
Our first main result, which generalizes the above theorem, is an existence, unique-
ness and localization for the unique fixed point of a single-valued Ciri¢ type operator.

d(x,f(x)), for every x € X and every n € N*.

Theorem 2. Let (X,d) be a complete metric space, xo € X and r > 0. We consider
f: B(xo;r) — X a single-valued Ciri¢ type operator with constant q € (0, %) We also
suppose that
1—-2q

l—gq

r.

d(xo,f(x0)) <



ON SOME FIXED POINT THEOREMS FOR CIRIC OPERATORS 893
Then f has a unique fixed point x* € B(xo;r), f"(x0) € B(xo;r), for all n € N and the
sequence (f"(x0))nen of Picard iterates starting from xo converges to x* as n — oo

Proof. Let 0 < s < r such that
1—-2q 1—2¢
r.

d(xo,f(x0)) < g $< —
The sequence (x,),cn» With X, := f*(xo), has the recurrent form x,,;.; = f(x,), for all
n € N. Then,
d(x1,x2) = d(f(x0), f(x1))

< gmax {d(xq,x1),d(x0,x1),d(x1,x2),d(x0,x2)d(x1,x1) }

= gmax {d(xp,x;),d(x1,x2),d(x0,x2) }

< gmax {d(xg,x1),d(x1,x2),d(x0,x1) +d(x1,x2)}

= q(d(x0,x1) +d(x1,x2)),
implying

d(xy,x2) < %d(xo,xl).

1-2
1 , thus 71— hwithhe (0,1). Using the mathematical

—q l—gq
induction, we can prove the inequality

d(xn_l,xn) < hnild(xO,xl)

holds for all n € N*. We also know that d(xq,x;) < (1 —h)s.
By taking a point n € N* arbitrarily, we obtain

d<x07~xn) S d()C(),Xl) +d(X1,X2) + - +d(xn—17xn)
< d(xo,x1) +hd(x0,x1) + -+ H"'d(x0,x1)

= d(xo,x1)(1+h+--+hr"")
1-n" 1
= < — <s
% d(xg,x1) < 1_hd(xo,xl)
proving that all elements of the sequence are in the closed ball B(xo;s).

We will continue by proving that the sequence considered is Cauchy in X. Let
m € N and n € N*. We compute

We denote h := I

d (X Xman) < d(Xp, Xmt1) + - + A(Xmtn—15Xmtn)
< K" (xg,x1) + -+ K" d(x0,x1)
= h"d(xo,x1) (l—i-h—i--"—i—h"*l)
o=

1—-h

(x0,x1)
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hm
< 1fhd(xoﬂfl)-
This relation leads us to the conclusion that (x;),cn is a Cauchy sequence. Moreover,
due to the completeness of (X,d), we obtain it is also convergent to a point x* €
B(x0;s). We will prove that x* is a fixed point. We compute the following inequality
d(x*, £(x")) < (", x041) +d (x40, £(x7))
< d(X*7xn+1) +qmax{d(xnv)C*)ad(xnaxn+l)>d(X*>f(X*))7
A, n41),d(x, £(x7)) }

<d(x",xp41) + gmax{d(xn, x5+1),d(x", x0+1),d (2, x7) +d(x", f(x*)) }

<A xn1) ¢ [0, 1) +d (1, x7) +d(7 ()],
which implies

1
d(x*,f(x*)) < lﬂd(xn+1,x*) + IL [d(x,%n1)], for all n € N.
—q )

We only need to let n — oo in the above inequality, and we will obtain d(x*,f(x*)) =
0, proving that x* is a fixed point for f.

For the uniqueness of the fixed point, we suppose by contradiction that there exists
another fixed point y*, with x* # y*. Then,

d(x*,y") = d(f(x"), f(»"))
< gmax {d(x",y"),d(x",x"),d(y",y"),d(x",y"),d(y",x") } = qd(x", "),

1
which is a contradiction due to the fact that g < 5 O

We now denote by S(Y,X) the family of all operators from Y to X, where X is a
metric space and Y a closed subset of X, and by

Sor (V,X) := {f € S(Y,X) such that f|,, : 9Y — X is fixed point free} .

We will introduce the concept of a family of single-valued Ciri¢ type operators
with constant g.

Definition 3. Let (X,d) be a metric space and (J, p) be a metric space. We say that
{f,: AeJ} C S(Y,X) is a family of single-valued Ciri¢ type operators with constant
g € (0,1) if the following conditions are satisfied: there exist p € (0,1] and M > 0
such that

(1) for all x;,x, € Y and A € J, we have
d(fy(x1),f(x2)) < gmax{d(x1,x2),d(x1,fr(x1)),d(x2, £ (x2)),
d(xr, fa(x2)),d(x2, £ (x1)) } 5
(ii) forallx € Y and A, u € J, we have
d(fi(x),u(x)) <M p(A,p)]”.
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The following homotopy result can now be proved.

Theorem 3. Let (X,d) be a complete metric space and Y be a closed subset such
thatintY # @. Let (J,p) be a connected metric space and{f) : A € J} be a family of
single-valued Ciri¢ type operators with constant q € (O, %) from Syy (Y, X). Then the
following conclusions occur:

(i) If there exists a point A € J, such that the equation fi (x) = x has a solution,
then the equation ) (x) = x has a unique solution for any A € J;
(ii) If fy(x)) = xp, for any A € J, then the operator

jrJ—=intY,j(A) =xy,
is continuous.

Proof. We will begin the proof by considering two fixed points, x; a fixed point of
fj, and x, a fixed point of f,,. Then,

d(xx, %) = d(fa(xa), fu(xu)
< d(fy (o), o)) + d(fr (), Bulx)-
Taking d(fy (xy),f.(x,)) separately, we compute
d(fy.(xa), fa(x)) < gmax{d(x,xy),d(x, T (x2)), d (0, 1. (x)), d(a, . ()
d(x, fa(xa)) }
= qmax {d(x, %), d(x, () ), d (o, 2. () }
< gmax {d(xy,x,),d(x,0) +d (o B (), d (s B () §
= q[d(xy, x0) + d(xp, ()]
which implies
(), 82 ()) < 77 d0n).

Using the latter inequality together with the first one, we obtain

d(x,x) < ﬁd(xkvxu) +d(fa () ()

q
< do.m) + Mlp(hp)”
entailing

l—q
d(x,0) < 7 2™ P(A, )"

Let us consider the set
Q={Ae€J|3Ix €intY such that x; = (x))}.

In addition to J being a connected space, by proving that Q is both closed and open,
will lead us to Q = J, proving (i). For the closedness of Q, let (A;),eny C Q such that



896 M. MOGA AND R. TRUSCA

An — A*, and we show that A* € Q. We consider x),, = f; (x), ) and xp, =1 (x3,)
and we know that

1—
A0y, x0) < ——L M [p (s M) @.1)
1—-2q
We already know that the sequence (A, )qen is Cauchy in J, which implies that for an
arbitrary € > 0 there exists ng € N with m,n € N, m,n > ng such that

Pp(Am, Ap) < €. 2.2)

e’M(1—q)
1—2¢g
(2.1) and (2.2), we get

We will denote =: ¢/ > 0. Using this notation, together with relations

d(x;Lm ,X;W) < 8/,

which proves the sequence (x;, ) is Cauchy in X. Also, since (X,d) is a complete
space, we obtain (x,, ) is a convergent sequence in Y. Let us now denote the limit of
this sequence by x;+, and we compute

(s, f(0)) < dCas,x,,,) +dl,,,fon)
<d(xy+,x,,,) +gmax {d(xxn,xx*),d(xk)l,xxn+l ), d (s, f),
d(x, flon)), a1, ) }
<d(ve,x,,,) +q[don, n0) +doa,,x,,,) +d0os, fo)
+ d(xy,, flns)) +d(xns 2, )] .
The inequality obtained above implies that for all n € N,

d(xl*af(xk*)) < 1— 2q [(1 +2q)d(x7unaxk*) +q (d(xk,nx?unﬂ) + d(x;iaxlnﬂ))] )

and by letting n — oo, we get that x; - is a fixed point for f. Since f is fixed point free
on its boundary, then A* belongs to Q, proving it is closed.

In order to show that Q is open, we consider Ay € Q. Then, there exists a point
Xy, € int Y such that x),, = fj (xy, ). Now, we will prove the existence of an € > 0 and
an open ball B(Ag;€) C Q. Due to int Y being an open set and x;,, € int Y, there exists

1—-2q
M1—q)
and an arbitrary A € B(A\g;€), and we prove that A € Q. Let us begin by estimating
the following distance

d(fr (g ), X,) = d(fa(xn, ), B (X))
<M(p(A,Ng))P < Me?
1—2¢q
l—q

an open ball B(x),;r) C int Y. We consider arbitrary € > 0 such that £” <

IN

r.
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From the inequality above, we get that the operator

fr: B(xy;r) = X
is a Ciri¢ type operator, and using the local fixed point theorem for Ciri¢ type operat-
ors, we obtain that Fix(f) ) # @, implying A € Q.

Based on what we proved so far, the operator j is single-valued. We consider
A, u € J and we have

4G () < LM p(w)’.

—1-2¢
Letting
e(1—29)17
o) <= ]

we immediately obtain that d(j(A),j(u)) < €, proving that j is a continuous operator.
O

3. A STUDY OF THE FIXED POINT EQUATION WITH MULTI-VALUED

GENERALIZED éIRIé OPERATORS

‘We first consider some notions related to our main results.

Definition 4. An operator F: X — P, (X) is said to be a multi-valued generalized
contraction if for every x,y € X there exist non-negative numbers p, g, r, which may
depend on both x and y, such that sup {p+2qg+2r | x,y € X} < 1 and

H(F(x),F(y)) < p-d(x,y) +¢-[D(x,F(x)) + D(y, F(y))] +7- [D(x,F(y)) + D(y, F(x))].

Definition 5 ([2, A. Amini-Harandi Definition 2.1]). Let (X,d) be a metric space.
The set-valued map F: ¥ C X — P, 4(X) is said to be a multi-valued Ciri¢ type
operator with constant k (named a k-set-valued quasi-contraction in [2]) if

H(F(x),F(y)) < kmax {d(x,y),D(x,F(x)),D(y,F(y)),D(x,F(y)),D(y,F(x))} ,
for any x,y € X, where 0 < k < 1.

We have the following example of a multi-valued Ciri¢ type operator, which is not
a multi-valued generalized contraction.

Example 1. Let

&:{m:m:QLLQQHJn:Liluw%+L”},

&:{—ﬁm:LZ%@&“@nzli&“”%+zn}’
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where k € N and let X = X; UX5. Let us define F: X — X by

2,6
F(x) = igxﬁx}, x e X,
gx XEXZ.

. 6
The mapping F is a multi-valued Cirié type operator with g = 7 If both x and y

are in X; or in X5, then

6
H(E(x),E()) < Zd(x,y).
If we take x € X; and y € X5, then we have that

x> 37—0)/ implies H(F(x),F(y)) = o <X— 370)’> < g <x— ;y) = gD(va(y»

7 7

7 6 (7 6 6
—yimplies HF(x),F(y)) = = [ —=y—x ) < ~(y—x) == .
< gy implies HFG). ) = (5o < S = St

Therefore, we have that F satisfies the following condition:

H(F(x), F(y)) < g max {d(x,y),D(x,F(y)),D(y,F(x))},

and hence, it is a multi-valued Ciri¢ type operator.
In the following step, we show that F is not a multi-valued generalized contraction
onX.Letx=1andy= % Then we have that

p-d(x,y)+q- [D(x,F(x)) +D(y,F(y))] 4 r- [D(x,F(y)) + D(yF(x))] =

1+4+88 <(+2+2)88<
=—p+—q+—r r)—-
2P T 109 79" =P T A 140

88 53
—— < — =H(F(x),F
as p+2q+2r < 1. Thus, we can see that F is not a multi-valued generalized contrac-
tion.

If (X,d) is a metric space and F: X — P(X) is a multi-valued operator, then a
sequence (x,),.y from X is called a sequence of Picard type starting from (x,y) €
Graph(F) if xo = x,x; =y and x,, € F(x,,_1),n € N*.

The following lemma is useful for our following results.

Lemma 1 (Cauchy’s Lemma). Let (a,), (b,) be two sequences of positive numbers

n
such that }, ay < e and lim b, =0. Then lim (lgankbk =0.

n—yoo
n>0
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Theorem 4 ([2, A. Amini-Harandi Theorem 2.2]). Let (X,d) be a complete metric
space. LetF: X — Py, /(X)) be a multi-valued Cirié type operator with constant k < %
Then, F has a fixed point.

Here we will give a constructive proof of this theorem, as well as some data de-
pendence and stability results for the fixed point problem x € F(x).

Theorem 5. Let (X,d) be a complete metric space. Let F: X — P.(X) be a multi-
valued Ciri¢ type operator with constant k < % Then:

(i) Fix(F) # @ and for every (x,y) € Graph(F) there exists a sequence (x,), -y
of Picard type starting from xo ‘= x, x| :=y which converge to a fixed point
x* of F;

(ii) the fixed point equation x € F(x) has the data dependence property, i.e., for
any x* € Fix(F) and any G: X — P(X) such that Fix(G) # & and the in-
equality H(F(x),G(x)) <m holds for all x € X and some M > 0, there is
u* € Fix(G) such that

oy o (LHK)g
d <
(x 7u ) —_ 1 _ k n’
where 1 < g < — 2k
(iii) the fixed point equation is well-posed, i.e., for every sequence (up)nen C X

such that
D(uy,,F(u,)) — 0,

as n —» oo, we have that u, — x*, as n — oo,

(iv) if g < %, then the fixed point equation has the Ostrowski stability property,
i.e., for any sequence (uy),cy C X with D(up1,F(u,)) —> 0 as n — oo, we
have that u, — x*;

Proof. In order to prove (i), let xp € X and we construct the sequence (xn)neN of
Picard type starting from x := x having the general term x, € F(x,_;),n € N*. We
prove that this sequence is Cauchy.

Letx; € F(xp) and 1 < ¢ < zik Then, there exists x, € F(x;) such that d(x;,x;) <
gH(F(x),F(x1)). Then, we have:

d(x1,x2) < gk-max{d(xg,x;),D

—

X(),F(X()),D(th(xl)),

D(xo,F(x1)),D(x1,F(x0)) }
< gk - max {d(xo,x),d(x; x2)7D(x07F(x1))}
< gk -max {d(xo,x;),d(x1,x2),d(x0,x2)) }
1)

(
(
< gk -max {d(xo,x1),d(x1,x2),d(x0,x1) +d(x1,x2)}
< gk(d(xo,x1) +d(x1,x2)).
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Hence,

k
d(x1,x2) < ﬁd(mm)

gk

We denote f := T
—q

tion we get that:

< 1. Then d(xy,x2) < Bd(xp,x;). Using mathematical induc-

d(xnaxn+1) é Bnd(x()axl)‘
and

d(xmaxm-‘rn) < d(xmaxm-‘rl) +ee +d<xm+n+17~xm+n>

< B"d(xg,x1) + -+ B d(xg,x1) = P

n

1fﬁd(xo,xl ).

It follows that

Bm
1-B
Due to the fact that the series ZB’" is convergent, we get the sequence (x,),cN iS

Cauchy. Since (X,d) is a complete metric space, the sequence (x,),en is convergent
to an element x* € X. We show first that x* € Fix(F). Indeed, we have

0 <D(",F(x")) <d(x",xn11) +D(xar1, F(x7))

<d(x*,xy41) + H(F(x,,),F(x"))

< d(x",xp41) + k- max {d(x,,x"),D(x,,F(x,),D(x*, F(x")),
D(x,, F(x")), D(x", F(x,))}

<d(x", xp41) +k-max {d(x,, x*), d(xn, xp41), D(x*, F(x¥)),
D(xy, F(x")), d(x", x041) } -

In the above inequality if we let n — oo, then we get that
0 <D(x*,F(x")) <kD(x*,F(x")).

Thus D(x*,F(x*)) = 0 and so x* € Fix(F).
For proving (ii), let x* € Fix(F) and 1 < g < 2—1,( Then, there exists u* € G(u*)
such that

d(x",u") < gH(F(x"),G(u"))

d(xmamern) < d(xo,xl)-

< qH(F(x"),F(u")) +qn

< gk-max {d(x",u"), D", F(u")), D(x",F(u")),D(u”, F(x")) } + M
u"),D(u",G(u")) +,D(x", G(u")) + M} +qn
)

< gk-max {d(x*,u
< gk(d(x",u”) + )+qn,

(

< gk-max {d(x",
( A, u”) +n}+qn
)
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thus we obtain
(1+k)qg

T—kq "
Thus, the fixed point equation with a multi-valued Ciri¢ type operator has the data
dependence property.

Concerning conclusion (iii), in order to prove that the fixed point equation for F
is well-posed, we take the sequence (up)neny C X such that D(u,,F(u,)) — 0, as
n —» oo, Then, we have d(u,,x*) < D(u,,F(u,)) +H(F(u,),F(x*)). Furthermore,
we can write:

d(up,x*) < D(uy,F(uy)) + k-max {d(u,,x*),D(u,, F(u,)),D(x*,F(x*)),
D(x",F(un)),D(un,F(x*))}
< D(uy,F(uy)) + k- max {d(u,,x),d(u,,x") + D(x",F(uy)),
D(x",F(un)),D(un,F(x")) }
(10 F () + k{1, x°) + DO Fla))
(ttn Fun)) + k(2d (s, ") + D(utn, F(un))),

d(x",u™) <

D
D

VARV

implying

1+k
) <
Al ¥) < 75

Regarding (iv), we will show that the operator F: X — P(X) has the Ostrowski
property. Let us take the sequence (u,),eny C X such that

d(up41,x") < D(upt1,F(un)) + D(F(uy),x*). 3.1
We take separately D(F(u,),x") from the above inequality and we have that
D(F(uy,),x") = H(F(uy),F(x*)) < k-max {d(uy,x"),D(t,F(u,)),D(x*,F(x")),
D(x", F(un)), D(un, F(x")) }
< k(d(utn,x*) +D(x*,F(up))).

D(uy,F(up)) — 0,n — oo.

Thus D(F(u,),x*) < 1%:d(u,,x") and denote o := £, < 1. We replace this result in
the relation (3.1) and it follows that

At 1,2) < Dt 1,F 1)) + 0t x")
< D(upy1,F(un)) + 0D (uy, F(uy 1))+ 02d (i, 1,x%)
<o < D(upt1,F(upn)) + aD(uy, F(up—1)) —i—(xzd(un_],x*) 4.
0Dy, F(ug)) + 0 d (g, )
(xnikD(l/lk+1,F(uk)) + OL"Hd(uo,x*)

k=0



902 M. MOGA AND R. TRUSCA

Since o < 1, using Cauchy’s lemma (see 1), we get d(up41,x*) — 0. 0

We will now give a theorem that shows that, under an additional condition, the
fixed point set and the strict fixed point set of a multi-valued Cirié type operator
coincide.

Theorem 6. Let (X,d) be a complete metric space. Let F: X — P,(X) be a multi-

valued Ciri¢ type operator with constant k < 1. Suppose that SFix(F) # @. Then
Fix(F) = SFix(F) = {x*}.

Proof. We will prove that F has a unique fixed point in X. Since SFix(F) # @ we
know that there exists x* € X such that F(x*) = {x*}. We suppose that there exists
z € Fix(F) such that z # x*. We have

d(x*,z) <H(F(x*),F(z))
< kmax{d(z,x"),D(z,F(z)),D(x",F(x*)),D(x*,F(z)),D(z, F(x*)) }
< kd(z,x").
This is a contradiction for k < 1. Therefore SFix(F) = Fix(F) = {x*}. O
Now we will prove a local fixed point theorem.

Theorem 7. Let (X,d) be a complete metric space, xy € X and r > 0. We consider
- 1
the multi-valued operator F: B(xo;r) — P (X) such that there exists k € (0, 2) with

H(F(x),F(y)) < kmax{d(x,y),D(x,F(x)),D(y,F(y)),D(x,F(y)),
D(y,F(x))}, for all x,y € B(xo;r).

We also suppose that

1—-2k

1—k

Then, there exists a sequence (x,)nen of Picard iterates starting from xo which con-
verges to a fixed point of F.

D(x0,F(xp)) < .

Proof. Since D(xo,F(xp)) < 1= Zkkr we get there exists x; € F(xo) such that
1-2k

d(xp,x1) < "

Moreover,
H(F(x0),F(x1)) < kmax {d(xo,x1),D(x0,F(x0)),D(x1,F(x1)),D(x0,F(x1)),
D(x1,F(x0)) }
= kmax {d(xo,x1),D(x0,F(x0)),D(x1,F(x1)), D(x0,F(x1)) }
< kmax {d(xg,x1),D(x1,F(x1)),d(x0,x1) +D(x1,F(x1)))}
< kmax {d(xo,x1), H(F(x0),F(x1)),d(x0,x1) + H(F(x0),F(x1))}
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= kmax (d(xo,x1) +H(F(x0),F(x1))),

and thus
k k 1-2k
H(F(x),F(x1)) < 1% d(xo,x1) < T 1 %"
. k L . .. 1=2k .
We will now denote h := 1% which immediately implies % = 1 —h, with

h € (0,1). Hence,
H(F(x0),F(x1)) < h(1—h)r.
Thus, there exists x, € F(x;) such that d(x;,x2) < (1 —h)r. We assume
p(n) : there exists x, € F(x,_1) such that d(x,_1,x,) < k"' (1 —h)r,
and compute
H(F(x,—1),F(x,)) < kmax{d(x,—1,x,

) D(xn—1,F(xn-1)), D(xn, F (1)),
(xn 1y (

(Xn—1,
%n)), D (%n, F(xn—1)) }
< kmax {d(x,—1,%,),D(xn,F(x;)),D(xp—1,F(x,))}
< kmax {d(x,—1,%,),D(xn,F(xs)),d(xn—1,%2) + D(x,F(x,)) }
< k(d(xp—1,%) +H(F(x2-1),F(xa))),

D
D

which implies
H(F(x,—1),F(x,)) < hd(xp—1,x,) < ' (1 —h)r.

Using the latter inequality, we get the existence of a point x,; € F(x,) such that
the relation p(n+ 1) holds, and therefore we proved p(n) by mathematical induction.
Again, by means of mathematical induction, one can easily prove the assumption

t(n) : d(xo,x,) < (1=H"r,

which shows that all the elements of the sequence (x,),en are in the closed ball
B(xo;r). Due to the following inequality

d(xmaxm+n) < d(xmaxm-H) +ot d(xm-l—n—l 7xm+n)

<H"(1—=h)(1+---+h""Hr <h™(1—h)

the sequence (x,)nen C B(xo;s) is Cauchy, thus convergent to a point x* € B(xo; 7).
We finish the proof with showing x* € Fix(F'), for which we compute

D(x",F(x")) < d(x",%p+1) + H(F(x,), F(x"))
< d(x", xp41) +kmax {d(xy,x"),D(xn, F(xn) ), D(x*, F(x")),
D(x, F(x")), D(x", F(xu)) }
< d(x", xp41) +kmax {d(x,,x") + D(x,, F ( n))s
d(xn,x") +D(x", F(x")) }
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< d(x*,xp41) + kd (3, x7) + kd(x, X1) + KD (x*, F(x™)).
By considering n — oo, we get the desired conclusion. O
By the above proof, we immediately get the following result.
Theorem 8. Let (X,d) be a complete metric space, xo € X and r > 0. We consider

1
the multi-valued operator F: B(xo;r) — P, (X) such that there exists k € <0, 2) with

H(F(x),F(y)) < kmax {d(x,y),D(x,F(x)),D(y,F(y)),D(x,F(y)),
D(y,F(x))}, forall x,y € B(xo;r).
We also suppose that
1—-2k
1—k
Then, there exists a sequence (X, )nen of Picard iterates starting from xo which con-
verges to a fixed point of F.

Proof. Let s € (0,r) such that

D(x0,F(xp)) < r.

1—-2k 1—-2k
D(xo,F .
For our conclusion, we follow the approach given in the above proof for the operator
F: B(xg,s) = P(X). O

Remark 1. It is an open question to obtain, by the above approach, a local fixed
point theorem and related stability results for a multi-valued Ciri¢ type operators with
constant k € (0,1). For a different approach and a general existence result, see [7].

We now introduce the notion of a family of multi-valued Ciri¢ type operators with
constant k € (0,1).
Definition 6. Let (X,d) be a metric space. Then, the family (F;),c(o,;) (Where

F;: Y CX — P(X), foreach € [0, 1]) is a family of multi-valued Ciri¢ type operators
with constant k if k € (0, 1) and the following conditions are satisfied:

€
H(F, (x1),F;(x2)) < kmax {d(x;,x2),D(x1,F (x1)),D(x2,F (x2)),D(x1,F; (x2)),
D(xy,F;(x1))}, forall x;,x; € Y, € [0, 1].
(ii) H(F;(x),Fy(x)) <|0(z) —0(s)|, forallz,s € [0,1] and x € Y,
where ¢: [0, 1] — R is strictly increasing and continuous.
Using the previous definitions, we can state, as an application,of the multi-valued
local fixed point theorem, a homotopy principle for multi-valued Cirié type operators.

The result generalizes a similar theorem given for multi-valued contraction, given by
Frigon and Granas, see [5].
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Theorem 9. Let (X,d) be a complete metric space, U C X be an open set and
F: [0,1] Xx U — Py(X) be a multi-valued operator with closed graph. We denote
F, :==F(t,-), fort € [0,1]. We suppose:

(i) (Ft),e[()’]] is a family of multi-valued Ciri¢ type operators with a constant
ke (0,5);
(ii) x & F,(x). for all (t,x) € [0,1] X U.
Then Fy has a fixed point if and only if F1 has a fixed point.

Proof. Let x* € U such that x* € Fy(x*). We define the set
0={(t,x) €[0,1]xU: x € Fix(F,)}.

We observe that Q is nonempty, since (0,x*) € Q. Next, we consider the following
partial order relation on Q

2(1—=k) (9(s) —0(r))
1—2k ’

where ¢ is the function associated to the family (F,),¢[o,) of multi-valued Ciri¢ type
operators with constant k € (0,1). We will use for Q the Kuratowski-Zorn Lemma
(saying that if a partially ordered set Q has the property that every chain P in Q has
an upper bound in Q, then the set Q contains at least one maximal element.)

We consider P C Q a totally ordered subset (a chain in Q) and define

(t,x) < (s,y) if and only if 7 < s and d(x,y) <

t* =sup{r: (¢t,x) € P}.
We also consider a sequence {(#,,x,)} in P such that
(tnyxn) < (tns1,Xn+1) and t, —> £*.
Then, taking into consideration the partial order relation on Q, we obtain that
2(1—k) (d(tm) — 0(2
) < 2100001
As a consequence, the sequence (x,) is Cauchy, therefore it converges to an ele-
ment x* € U. Since F has closed graph, and it is fixed point free on the boundary of
U, we get that (t*,x*) € Q. Moreover, we have (¢,x) < (t*,x*) for every (¢,x) € P,
proving that (*,x*) is an upper bound of P. Due to the Kuratowski-Zorn lemma, Q
admits a maximal element (fy,xo) € Q. Thus, xo is a fixed point of F; (xp).

We will show now, by contradiction, that fp = 1. We assume that 7y # 1. Hence,
there exist #; € (9, 1] and r > 0 such that

(1—k)(0(t1) — 9(t0))
0< Y <r

and B(xo;r) C U. We also have the following inequality
D(xo,F}, (x0)) < D(x0,Fy (x0)) +H(Fy (x0), Fr, (x0)) < |0(11) — 0 (t0)]-

, for all m > n.
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This implies
1 -2k
1—k
Using the local fixed point theorem for multi-valued Ciri¢ type operators, we obtain
that there exists a fixed point x; of F,, such that d(xo,x;) < r. Hence, (1,x;) belongs
to Q and (o, x0) < (t1,x1), which contradicts the maximality of (fo,xo).

Conversely, if F(1,-) has a fixed point, then taking 7 :== 1 —¢ in the previous ap-
proach, we get that F(0, -) has a fixed point. The proof is complete. U

D(x()val (XO)) <

r.
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