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Abstract. The main motivation of this study is to establish a general version of the Riemann-
Liouville fractional integrals with two exponential parameters k and p called ((k, p), y)-Hilfer
fractional integrals which is determined over the k-gamma function. We first prove that these
operators are well-defined, continuous and have semi-group property. Then, particularly, we
present the harmonic, geometric and arithmetic (k, p), y-Hilfer fractional integrals. Moreover,
some special cases relating to general ((k, p), ¥)-Riemann-Liouville fraction integrals are given.
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1. INTRODUCTION

The fractional calculus theory has been used as a mathematical tool in a variety of
pure and practical fields. This approach has been used in different scientific fields.
In applied mathematics, various fractional operators have been used to show a set of
integral inequalities and their generalizations. One among the vital applications of
fractional integrals is the k-Riemann-Liouville fractional integral operator which is
an important tool and a source of many research works in field science such as the
theory of inequalities, differential equations, integral inequalities. see for example
[2]1, [9], [10], [11], [12]. The right and left-sided k-Riemann-Liouville fractional
integrals of order o > 0, for a continuous function f on [a, ] are defined as

Yo i f (x) = kal(oc) /ax(x—z)%*lf(t)dr, a<x<b, (1.1)
o 1 b %1
Jb”‘f(x):kl“km)/x (t—x)c" f(t)dt, a<x<b, (1.2)

where the k-gamma function[3] verified

(e} tk
(o) :/O 1% lex dt, (1.3)
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Ii(o+k) = ok (o)

for all o, k > 0.
Some basic equations satisfied by the k-gamma function are given in [3].

Property 1. For all o,k > 0 and n € N, the fundamental formulae satisfied by
k-gamma function are

Fk(oc+nk):k”<%> <%+1)...(%+(n—1)> (o), (1.4)
I (o+k) = ol (o), (1.5)
Ty (o)) :k%*lr(%). (1.6)

Remark 1. The above definition and properties reduce to the gamma function and
its properties when k — 1.

The k-beta function satisfies the following identities.

1 1 X Yy _

Bu(vy) = ¢ [ A=t (1.7)
r I

Bk(x>y) = Ma X>0, y>0 (18)

In 2017, Kuldeep [6] defined the two-parameter gamma function called (k,p)
gamma function which is a generalization of k-gamma.

Definition 1. Given a € C/kZ ™ ;k,p € RT™ — {0} and Re(ct) > 0, then the integral
representation of (k, p)-Gamma Function is given by
oo tk
F(M,)(oc) :/ * e v ds. (1.9)
0
We present certain base formulas related to the (k, p)-gamma function are men-
tioned in [5], [0].

Property 2. Forall o, k,p > 0 and n € N, the fundamental formulae satisfied by
(k, p)-gamma function are ,

Fupatnk) =p" (3) (T+1) (F+@=D) Tup(@,  (110)
LCigpy(0+k) = % L p) (@), (1.11)
7 3 o
L (@) = (%) Ti(0) = <pk> F(%). (1.12)
We deduce that

T (1) = (”kk) r(}() L Ty (k) = (%) : (1.13)
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)= (% ) (5)

Remark 2. The above definition and properties reduce to the k-gamma function
and its properties when p = k.

By using the formula (1.12), we get

Cip) O () Te(x)Tk(y)
— = 0 0. 1.14
Bk (X,y) F(k,p) (X y) Fk (X ¥ y) , x>0, y > ( )

2. ((k,p),y)-HILFER FRACTIONAL INTEGRALS

In this section, we present the general ((k, p), y)-Hilfer fractional integrals of order
o with two exponential parameters k and p which generalize the k-Riemann-Liouville
fractional integrals.

Let ¢ : (0,4+) x (0,40) — (0, 4c0) be a map satisfying the condition @(k,k) =
k. For example

(1) the arithmetic mean ¢, (k, p) = 52,

(2) the geometric mean @, (k, p) = vk p,

3) @3(k,p) = %2, called the H-case.

Now we will give definitions of generalized fractional integrals.

Definition 2. (See [1], [7], [13]) Let y(x) be an increasing positive monotone
function on [a, b] such that y'(x) is continuous on (a,b). The space X(a,b) (1 <
r < o) is defined as the set of those real-valued Lebesgue measurable functions f
on [a, b] for which

1
b r
Il = ([ 17007 v iax) < e
In particular, when y(x) = x the space X, (a,b) coincides with the L,[a, b].

Definition 3. Let [a,b] C [0,+o], f € X,(a,b) and k, p > 0 and for an strictly in-
creasing function W, where y € C'[a, b] such that y'(¢) # 0, for all ¢ € [a, b]. The left
and right-sided general (k, p)-Hilfer fractional integrals of a function f with respect
to the function W on [a, b] are defined, respectively, as follows

1 X _a
a+I$’(‘,f7p)f(x):7m/ V() (w(x) (@) ¥ f()dr, a<x<b,
kL) (g ) 7

(2.2)
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bilz(‘;:[’)f(x) - kT - f(t)dl’, a<x< b.

(2.3)
Here, I ) is the (k, p)-Gamma Function defined by as in (1.9).

Remark 3. Set p = k in the above definition, we obtain the (k,y)-Hilfer fractional
integrals [8].

In the following theorem, we show that the ((k, p),y)-Hilfer fractional integrals
are well-defined.

Theorem 1. The fractional integrals (2.2), (2.3) are defined for functions f €
Li[a,b], existing almost everywhere and

Lot F 005 - Tgil ) F(x) € Xy(a,b). 2.4)
Moreover
a,
10 |y < € IO g )
where
o o
— (kp) — (D)
€ = max | WO —W@)TT (yb) —w(@)*7 \

Proof. Let f(x) € Ly[a,b].
o Let (0‘ 7 = L. is clearly.

o Let ( oy > 1. Let Q = [a,b] x [a,b], we pose for all (x,t) € Q, posing
_a
Gl(x t) = (W(x) *W(t))q’(k’p) , a<t<x,
) 0, x<tr< b’
and
0, a<t<ux,

Gz(xaf):{ (w(t)—\v(x))ﬁ_a x<t<b.

Since W is continuous, strictly increasing function, for i = 1,2 we have

b b o o
| Gl dx < [ W 0 w(b) ~ wla) T dx = (y() ~ w(a)) .
By applying Fubini’s Theorem, we get

/ub (/ub(;,-(x,t) !f(t)\w’(t)dt) dx—/ </ Gi(x,1)y )\f(;)yw’(t)d;

< (y(b) — y(a)) 7 / FOIY ()dedr
= (w(b) ~ (@) T (1) gy < o
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Therefore
b !
| G lF 1 @)dr € X (a.b)

This gives us Q24)fori=1, 2
e Let0< ( o7 < L putn = (gp) hence 0 < M < 1. By using Fubini’s
Theorem, we get

[t rolv
at \Ij
1 b rx e | |
= xX)— o(k,p d Odx
KT (i) ((p(klgp))/a /a(‘lf( ) —w(0) o f() (1)dt | (x)
1 b rx |f(t)| / /
: W ()Y (x)didx
kr(kap) (@(kk(fp» /a /“ (\V(x) —W(t))n
1 ' S 4G ,
T
KT (k. p) ((p(kk?p)> a /z (W(x) — ()M
1 b /

Hence, we obtain
/ b (y(b) —y(a)) ok
‘ e (et +

By the similar process, one can obtain

r

This gives us (2.4).

1 ‘\y )dx <

Q
—_—
~—

) 1) x30.) < Foe-

p L) )| W () <

D LA gy <+

e
S
=
/N
?\7.
p=3
R
S
+
SN—

O

Theorem 2. Let ( 57 > land f € Li[a,b), then the fractional integrals (2.2),
(2.3) are

atl (l‘fp)f( X), b Iq,(k p)f(X) € Cla,b]. 2.6)
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Proof. Letx,y € [a,b],y <xandy — x. Since y is strictly increasing function and
V€ Clla,b], we get

ko

KT () (o
ik p)

= [ ) w0 e

< [ v —weopstn !~ (w —w@))ﬁ”\ FO1Y (e

+(w(@) —w) T £ My a)

Thus
)bilgilgz?)f(x) - b’Iz’(/?,p)f()’)‘ —0 asy—ux

By similar process, one can prove

S by olk, p)f(x) — a+I$’(I\('fp)f(y)‘ —0 as y—x,
which completes the proof. ([l

Now, we give the commutativity and the semigroup properties of the ((k, p),y)-
Hilfer fractional integrals.

Theorem 3. Let o, > 0. Then we have the following equalities for ((k,p),V)-
Hilfer fractional integrals.

, B, s B
L oliep) (a*I(p()f,mf (x)) Loep) £ (x )—a%(}zm (a*l it (x))' 2.7

o,y By _ oc+B 14 BV o,y
ooty (o 10 7 0)) = o gV = 1Y) (10t @) . 2®)

Equalities (2.7) and (2.8) are sansﬁed in any point for f(t) € C([a,b]) and in almost
every point for f(t) € Li[a,b].

Proof. Using Fubini’s Theorem, we get

[kzr(k,,» ((p(];:;)))r ((p(]liﬁp)ﬂ Tty (et )

= vt —wo) 5 ([ vt wls) T ) s ) v
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If we use the change of variable y = \l“j'((;)):‘qvj((?) in the inner integral in (2.9), we obtain

o

[ ) —w @) (o) wis))

atp gl oy By
— (p) ()% [ (1= y)etn ! )y
0
oty ko kB )
=k x) —w(s))eknr) —_— | . (2.10)
v v (o
By using k-beta propriety (1.14) and (2.9) in (2.10), we deduce that
1 X atp ,
Tl (1l ) = — = [ 0wt w5 ().
(k,[)) (P(k,p)

This gives the equality (2.7). By similar way, the equality (2.8) can be proved easily.
O

3. SPECIAL CASES OF GENERAL ((k, p),¥)-HILFER FRACTIONAL INTEGRALS
In this section, we present three interesting cases of the general integrals (k, p), y)-
Hilfer depending on the choice of the function .
3.1. (k, p)-Riemann-Liouville fractional operators

By setting y(¢) = ¢, general fractional operators (k, p),y)-Hilfer reduce to frac-
tional operators (k, p)-Riemann-Liouville as defined below.

Definition 4. Let [a,b] C [0, 4], where a < b, f € X' (a,b), for all t € [a,b] and
k,p > 0. The left and right-sided (k, p)- Riemann-Liouville fractional integrals of a
function f are defined, respectively, as follows

1 g !
IS GO 0 P / (-0t f(n)dr, a<x<b, (D)
(k.p) kl"(k,p)((p&am) ‘
1 b o __q
p 1%, f(X)zi/(t—x)"’“‘”) fe)dt, a<x<b, o
o(k.p) KT ) (i) 7

where I'(; ) is the (k, p)-Gamma Function defined by (1.9).

We present some specially cases to (k, p)-Riemann-Liouville fractional operators

3.1.1. H-(k,p)-Riemann-Liouville fractional integrals

By choosing @(k, p) = % in Definition 4, we have:
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Definition 5. Let [a,b] C [0, +oo], where a < b, f € X, (a,b) and k, p > 0. The right
and the left-sided harmonic (k, p) -Riemann-Liouville fractional integrals of order
o > 0 are defined as

1 X pe_q

a+H$(k,P)f(x) = W/a (_x—t) K2 f(t)dt, a<x S b. (33)
1 b e _q

b Hgep)f (%) = W/x (t—x)e& " f(t)dt, a<x<b. (3.4)

3.1.2. Geometric (k, p)-Riemann-Liouville fractional integrals
By taking @(k, p) = v/k p in Definition 4, we have:

Definition 6. Let [a,b] C [0, 4], where a < b, f € X! (a,b) and k,p > 0. The
right and the left-sided geometric (k, p) -Riemann-Liouville fractional integrals of
order o0 > 0 are defined as

1 X
a*Gguc,p)f(x):—/Q( 1) 'foyar, a<x<b. (3.5)

KTy (/5 @)
1

b o
b G p) () = —k/x (t—x)% ' f(t)dt, a<x<b. (3.6)
kr(k‘,p)( 50‘)

3.1.3. Arithmetic (k, p)-Riemann-Liouville fractional integrals

k+p

By putting @(k, p) = in Definition 4, we have:

Definition 7. Let [a,b] C [0,+c0], where a < b, f € X! (a,b) and k,p > 0. The
right and the left-sided arithmetic (k, p) -Riemann-Liouville fractional integrals of
order o > 0 are defined as

1 X
“+A$(k,p)f(x) = I‘2’<(X/a (x t)k+p 1f(t)dt, a<x<h. (3.7)
Lk p) (m)
1 b 20 _
b Ay )= —— 5 / (t—x)& ' f(e)dr, a<x<b ~ (38)
kl—‘(kp) <m> X

Remark 4. Choosing p = k in Definitions 5, 6 and 7 give us the k-Riemann-
Liouville fraction operators given in [9].

3.2. (k, p)-Hadamard fractional operators

Taking y(¢) = In(¢) on the definition of general fractional operators ((k, p),y)-
Hilfer, we get (k, p)-Hadamard fractional operators defined out below.

Definition 8. Let [a,b] C [0, 4], where a < b, f € X' (a,b), for all t € [a,b] and
k,p > 0. The left and right-sided (k, p)- Hadamard fractional integrals are defined,
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respectively, as follows

1 Y X\ a1 f()
a+1$(k7p)f(x) = IW/Q (ln;) ! le‘, a<x<b, 3.9
1

k) o(k,p)
b o]
7,@/ (n2)™ g, a<x<n,  (10)
kr(kuv)(w) X X t

where I ,) is the (k, p)-Gamma Function defined by (1.9).

b Lo /() =

Now, we give some particular cases to (k, p)-Hadamard fractional operators.

3.2.1. H-(k, p)—Hadamard fractional integrals

By choosing @(k,p) = & > in Definition 8, we get:

Definition 9. Let [a,b] C [0,+oo], where a < b, f € X/'(a,b) and k,p > 0. The
right and the left-sided harmonic (k, p) -Hadamard fractional integrals of order o > 0
are defined as

a __ -1 ()

(HH(p(k’p)fOC)_kF(k’p) (’,:a)/a (lnt) ” —2dt, a<x<b. 3.11)
a I b I lf(t)

b*H(P(k.,P)f(X)—kF(kMD) (’,:oc)/x (lnx) Sdn a<x<b. (312)

3.2.2. Geometric (k, p)-Hadamard fractional integrals
By taking @(k, p) = v/k p in Definition 8, we get:

Definition 10. Let [a,b] C [0, +oo], where a < b, f € X, (a,b) and k,p > 0. The
right and the left-sided geometric (k, p) -Hadamard fractional integrals of order ot > 0
are defined as

G E\[ >/ (lnf)“%’lfgt)dt, a<x<b (3.13)
v Gk )f(X):kF(kp) E\/;OC)/X (lni)“%lfgt)dz, a<x<b (314
, p

3.2.3. Arithmetic (k, p)-Hadamard fractional integrals

By putting @(k, p) = k+” in Definition 8, we get:

Definition 11. Let [a,b] C [0,+4o0], where a < b, f € X! (a,b) and k,p > 0. The
right and the left-sided arithmetic (k, p) -Hadamard fractional integrals of order o > 0
are defined as

1 * b szﬁ)—lf(t)
o - X
arAglep)f(¥) = 2ka / (mt) dt, a<x<b. (.19
kr(kJ’) k+p
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k+p

1 boiNEf()

o

- = — EAAA < ] .

bA(p(k,p)f(x) T ra /x(lnx> tdt’ alx<b (3.16)
(k,p)

Remark 5. Choosing p = k in Definitions 9, 10 and 11 give us the k-Hadamard
fractional operators defined in [4].

3. (k, p)-Katugompola fractional operators

Putting y(¢) = p +1 where p > —1, then the general ((k, p),y)-Hilfer fractional
operators reduce to the (k, p)-Katugompola operators define as follows.

Definition 12. Let [a,b] C [0, 4], where a < b, f € X/!(a,b), for all ¢ € [a,b],
p > —1andk,p > 0. The left and right-sided (k, p)- Katugompola fractional integrals
of a function f are defined, respectively, as follows

=Gm  px

o Loft) () = ,(f;“)k [t hata e nar, a<x<b,
(k7p)((p(k,p)) a

(3.17)

r1)ws b

Q%P f(x):(P/(tpH xP e O tpf(t)dt a<x<b

b k. ’ - ’
PP R (i) U

(3.18)
where I'(; ) is the (k, p)-Gamma Function defined by (1.9).

The specially cases to (k, p)-Katugompola fractional operators are as follows.

3.3.1. H-(k, p)-Katugompola fractional integrals

By choosing @(k,p) = & ® in Definition 12, we have:

Definition 13. Let [a,b] C [0, +o0], where a < b, f € X/ (a,b),p > —1 and k,p >
0. The right and the left-sided harmonic (k, p) -Katugompola fractional integrals of
order o > 0 are defined as

» (o

P

L_l X o
a+H$'(,zp)f(x) (P+1) )/ P PP r(Ndr, a<x<b. (3.19)
-1

Q ?N'B

w\

%P (p+l) bt +1y 28 -1
- Hop ) f(0) = 3 /x (P Y E TP f(dr, a<x<b. (320)

kT (k. p) (%
3.3.2. Geometric (k, p)-Katugompola fractional integrals
By taking @(k, p) = v/k p in Definition 12, we have:
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Definition 14. Let [a,b] C [0, 4], where a < b, f € X'(a,b),p > —1 and k,p >
0. The right and the left-sided geometric (k, p) -Katugompola fractional integrals of
order o0 > 0 are defined as

kp X o

[ @ e E e o, a<x<h

a‘*’Ga’p f(x) = )

(3.21)

(p+ 1) o

b
biGgilf»p)f(x) = - /x (P —xPtT) WP F()dt, a<x<b.
kL (k. p) ( ;0‘)

(3.22)

3.3.3. Arithmetic (k, p)-Katugompola fractional integrals

By putting @(k, p) = kJer in Definition 12, we have:

Definition 15. Let [a,b] C [0, +o], where a < b, f € X! (a,b),p > —1and k,p > 0.
The right and the left-sided arithmetic (k, p) -Katugompola fractional integrals of
order o > 0 are defined as

_ D"
KT (32)
(p+1)'
KT (32)

/ (PP ES TP F(dr, a<x <b. (3.23)

b o
’ X

(3.24)

Remark 6. Putting p = k in Definitions 13, 14 and 15 give us the k-Katugompola
fractional operators.
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