Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 25 (2024), No. 2, pp. 723-746 DOI: 10.18514/MMN.2024.4722

DYNAMICS OF POSITIVE SOLUTIONS OF A THREE
DIMENSIONAL HIGHER ORDER SYSTEM OF DIFFERENCE
EQUATIONS

MURAD KHAN HASSANI, YASIN YAZLIK, AND NOURESSADAT TOUAFEK

Received 04 May, 2023

Abstract. In this paper, we study the global behavior of positive solutions of the following system
of difference equations
Xnt1 =A+ n , Y+l =A+ o y 1 =A+ n
Yn—k In—k Xn—k
where the parameter A > 0, the initial values x_;,y_;,z—i,i € {0,1,2,...,k}, are arbitrary positive
real number and k € N. Moreover, we provide semi-cycle analysis of positive solutions to the
above system of difference equations. Finally, we also give some numerical examples which

support our analytical results.

n € Ny,
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1. INTRODUCTION AND PRELIMINARIES

Let N be set of all natural numbers, Ny be set of non-negative integers, Z be set of
all integers, R be set of all real numbers and for k € Z the notation Ny represents the
setof {n € Z:n>k}.

Discrete dynamical systems and difference equations have attracted attention of
researchers in the last years, particularly these equations and systems, which arise in
mathematical models describing the real world phenomenon, are used in natural sci-
ences, engineering, operations research, social sciences and linguistics, etc. Recently,
there has been a lot of study concerning the qualitative behaviour of nonlinear dif-
ference equation and system of difference equations [ 1-24]. Even though difference
equations with higher-order and their systems have sometimes very simple in their
form, they are actually difficult to understand exact the behaviour of their solutions.
Hence, studying the qualitative behaviour of such difference equations and system
of difference equations is worth further consideration. Later on, making a historical
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flash back for the system of difference equation we consider in this paper, we should
mention that in paper [1], Abu-Saris and Devault investigated the global asymptotic
stability results for the equation

ynp1 =A+ =", neNo, (L1)
Yn—k
where A € (0,), k € N, and x_;, for i € {0,1,...,k}, are positive real numbers,
while the next difference equation

Vst = 0+ 2 0 e N, (12)
Yn
where o € (1,00), k € Ny and x_;, fori € {0,1,...,k}, are positive real numbers, was

studied in [8]. Eqgs. (1.1) and (1.2) were good prototypes for inspiring the investig-
ation of their several extensions. A natural extension of (1.2) is the next system of
difference equations

Yot =A+ 2Ky =A+ TR pe N, (1.3)

Yn Xn
with A > 0, and the initial conditions x_;, y_;, for i € {0,1,...,k}, are arbitrary pos-
itive real numbers. Zhang et al. [21] overcomed the asymptotic behavior of positive
solutions to the system (1.3) in the cases 0 <A < 1, A =1 and A > 1. Addition-
ally, in [9], Glimiis dealt with the global asymptotic stability of positive equilibrium,
the rate of convergence of positive solutions and semi-cycle analysis of system (1.3).
The other extensions of Eq. (1.2) can be found in references [2, 13, 15, 20,22, 24].
Similarly, a natural extension of (1.1) is the following two-dimensional system of
difference equation

il = A+ 2y = A+ e N, (1.4)
Yn—k Xn—k
with A > 0, and the initial conditions x_;, y_;, for i € {0,1,...,k}, are arbitrary pos-
itive real numbers. Abualrub and Alogeili performed semi-cycle analysis of positive
solutions of system (1.3) and also studied the dynamical behavior of the solutions of
system (1.3) in the cases 0 <A <1, A=1 and A > 1. Some related to extensions
of Eq. (1.1) have extensively studied. For more details see [4, 16,20,23] and the
reference therein
Inspired with the previous valuable theoretical results, we consider the following
three-dimensional symmetrical system of difference equation with high order

Z X
Xpy1 =A+ Jn , Y1 =A+ ", i =A+——, neN, (L.5)
Yn—k Zn—k Xn—k

where the parameter A > 0, the initial conditions x_;,y_;,z—;, i € {0,1,2,...,k},
are arbitrary positive number and k£ € N, which is natural extensions of Eq. (1.1)
and system (1.4). The main purpose of this paper is to study global asymptotic
stability of positive equilibrium, boundedness character of positive solutions, the
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rate of convergence of positive solutions and semi-cycle analysis of positive solu-
tions to system (1.5). In addition, the theoretical results are verified by numerical
examples. It is clearly seen that system (1.5) has a unique positive equilibrium
(%,5,2)=(A+1,A+1,A+1).

2. SEMI-CYCLE ANALYSIS OF SYSTEM (1.5)

In this section we investigate the behavior of positive solution to system (1.5) by
means of semi-cycle analysis method. It is easy to see that system (1.5) has a unique
positive equilibrium point (¥,3,7) = (A+1,A+1,A+1).

Theorem 1. Assume that {(x,,yn,2n)} 4 is a solution to system (1.5). Then
either this solution is non-oscillatory solution or it oscillates about the equilibrium
(%,9,2) = (A+ 1,A+ 1,A+ 1), with semi-cycles having k+ 1 terms.

Proof. Let {(Xn,Yn,2n) };__; be a solution to system (1.5) and for any integer ng €
No, (Xny,Yne,2n,) be the last term of a semi-cycle which has at least k terms. Then,
from this assumption, we can write either

e Xk Ly e s Xng—15Xny < 1 +A < Xpot1,
s Yng—k+ 15+ s Yng—15Yng < 1 +A < Yugt1, (2.1)
s Tk 1y oy Zng—15Zng < 1 +A < Zpgy1,
or
s Xng—k+1s - -+ 3 Xng—15Xng >14+A> Xng+1,
s Yng—kA1s s Yng—1sYng = 1+A> Yno+15 (2.2)

<5 Zng—k+1y- -+ yZnp—15%ng >1+A> np+1-

Now, in here we will only present the first case since the other case can be done in a
similar way. From (2.1) and (1.5), we have

Xno+25Xng+35 -+ - 3 Xng+k+1 > A+ 17
Yno+25Yng+35- -+ s Yng+k+1 >A+17 (23)
Zng+253ng+35 - -+ Zng+k+1 > A+ 17

from which it implies that the semi-cycle beginning with (X,,+1,Yng+1,Zn,+1) has at

least k+ 1 terms. Now, we may assume that the semi-cycle beginning with (xp,41,
Yno+15Zne+1) include exactly k+ 1 terms. Then, the next semi-cycle will start with

(xn0+k+2 y Yno+k+25Zng +k+2) such that

Xno+15Xng+25 + - - s Xng+k+1 >1+A> Xno+k+25
Yno+15Yng+25++ s Ynp+k+1 >1+A > Yng+k+2; (24)
Zno+15%ng+25 - -+ s Znp+k+1 >1+A> Zng+k+25
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from which along with (1.5), fori =1,2,...,k, it follows that

Yng+k+1+i
Xnppka24i = A+ =2 <A+1,

Yno+1+i
Yngtks24i = A+ Z;);% <A+1, (2.5)
Zno+k+2+i :A‘f’% <A+1,
which is desired. 0

Theorem 2. System (1.5) has no nontrivial periodic solutions of period k (not
necessarily prime period k).

Proof. Assume that system (1.5) has k-periodic solutions in the following form

.'-,(OCMBI,'Y])7(0527527Y2)7--‘7((Xk,Bk7'Yk)w--‘ (26)

Then, from (1.5), it is not hard to see that for all n > 0, (Xy—k, Yn—k, Zn—k) = (Xn, Y 2n) 5
and so
Yn

Zn -xl’l

Xpp1 =A+ =A+1, yp1=A+ =A+1, Zpp1 =A+ =A+1, 2.7)
Yn—k Zn—k Xn—k

for all n > 0, which means that the solution to system (1.5) is the equilibrium solution

(%,9,2) = (A+1,A+1,A+ 1), which is desired. O

Theorem 3. Any increasing solution to system (1.5) is non-oscillatory positive.

Proof. Assume that {(X,,Yu,2n)};__,is an increasing non-oscillatory solution to
system (1.5). Then, from (1.5), we can write either
A+1<xy,
A+1<yy, (2.8)
A+1 <z,
or
x; <A+1,
v <A41, 2.9
71 <A+1.
From (1.5), it is easy to see that the inequalities in (2.8) hold. On the other hand, if the
inequalities in (2.9) are satisfied, then we may assume that the semi-cycle involving
(x1,y1,21) ends with (x;,y;,z;) such thati € {1,2,...,k+1}. If i = k+2, then
X2 =A+HE <A+,
Vi =A+EL <AL, (2.10)
k42 :A‘Fxfc%l <A+1,
which means that y;,1 <yi1, zx+1 < z1 and xx41 < x1, where k+1 > 1, which con-

tradicts that the solution to system (1.5) is increasing. Hence, the proof is com-
pleted. O
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Theorem 4. System (1.5) has no non-oscillatory negative solutions ( has no infin-
ite negative semi-cycle)

Proof. Let {(xy,yn,2n) }or__, be a solution to system (1.5). We may suppose that
system (1.5) has an infinite negative semi-cycle beginning with (xy,yy,zy) for N >
—k. Then, it is clearly to see that x, <A+ 1, y, <A+ 1 and z, <A+ 1, for every
n > N. From this and system (1.5), we get v, < Yn—i, Zn < Zn—k and x,, < x,_, for
n > max{1,N — 1}, from which along with system (1.5) it follows that for every
n > max{l,N}

A< <Xk < Xp < Xp—p <A1,
A< <Ynpk <Yn <Yn-k <A+1, (2.11)
A<"'<Zn+k<Zn<ank <A+1.

From the inequalities in (2.11), we get that there exists o;, B; and v; for all i €
{0,1,...,k— 1} such that

Tim X = o4, r}l_{{}o Ynkti = Bis Him zuei = ;- (2.12)
Therefore,
((x'()a BO)YO) 3 (alvBlaYI) gy ((xk*la Bk—l,'kal) (213)

is a periodic solution (not necessarily prime period) of system (1.5) with period k,
which contradicts with Theorem 2 in the case when the solution is not trivial solution.
So, the solution to system (1.5) converge to the equilibrium, which contradicts that
the solution to system (1.5) is diverging from the equilibrium. Thus, the proof is
completed. U

Theorem 5. System (1.5) has no decreasing non-oscillatory solutions.

Proof. Let {(xn,yn,21)};__; be a solution to system (1.5) which is a decreasing
non-oscillatory solutions. Then, the solution to system (1.5) is either of the form
<<y <A+,
<y <yn<y<A+], (2.14)
<z <n<z<A+],
or there exists a positive integer ny > k+ 1 such that

< X2 S X1 SA+ 1 <Xy < g1,
S Vo2 S Vo1 SA+T < ypy < yng-1, (2.15)
S Zngt2 S g+t SA+HT < zg < zpg—1-
In the second case, it is clearly seen that the positive semi-cycle ends with (X, Yng s Zn,)
and furthermore it contains at most 2k + 2 terms. From (2.14) and (2.15), the solution

to system (1.5) has an infinite negative semi-cycle, which contradicts with Theorem
4. Thus, the proof is completed. O
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Theorem 6. Let k be even and {(x,,yn,zn)}r _; be a solution to system (1.5).
Then the following statements hold.

(a) Every semi-cycle has length at most 3k + 1.

(b) The extreme term in a semi-cycle occurs in the first k + 3 term of the semi-
cycle.

(c) Every solution oscillates about (%,5,7) = (A+1,A+1,A+1).

Proof. Let {(Xn,Yn,2n)};r__; be a solution to system (1.5). In here we will just
prove the case of a negative semi-cycle since the proof the other case can be done in
a similar way. We may assume that system (1.5) has a negative semi-cycle beginning
with (x4, yu,24), for y > —k, and furthermore it involves 2k + 1 terms. Then, from
definition of negative semi-cycle we can write the following inequalities

Xpps Xpt-15 -+« Xu+2k <A+ 17
Yus Yut1y -y Yut2k <A+ 1, (216)
Ty 1y e e o5 Zurok <A+ L

By considering system (1.5) and the inequalities in (2.16), we have

_ Yutk+i Yutk+i
Xyrkt1+i =A+ #H > A+ T > Ykt

Lutk+i—1 Zutk+i—1
Yuthti = A+ oot > Ak 200 > g, (2.17)
. - Xytk+i—2 Xpdk4i—2 .
Lutk+i—1 = A+ Xutia >A+ A+l > XptkAi—25

fori € {2,3,...,2k— 1}, which means that

Xtk < Zutkl < Yutk+2 < Xutk43 < Zutktd < Ypth+5 < Xpth+6 < < X3k,
Yutk < Xptk+1 < Zutk+2 < Yutk+3 < Xprk+4 < Zurk+5 < Yutk+6 < < Yut3k;
Ytk < Yurtkt+1 < Xpk+2 < Zuth+3 < Vurkt+4 < Xubk+5 < Zutk+6 < 00 < Zut3k-

(2.18)
From (2.18), we have
Xtk < Xp+3ks Ytk < Vut3ks  Zutk < Zu+3ks (2.19)
from which along with system (1.5), it follows that
Xy 341 =A+% >A+1,
Vusdhtl =A+Z > A+, (2.20)
Tut3k+1 :A‘i‘fﬁ >A+1.

Thus, from (2.20), we conclude that a negative semi-cycle has at most 3k 4 1 terms.
Furthermore, the first k4 3 terms of a semi-cycle are formed as the extreme term in
this semi-cycle. Finally, every solution to system (1.5) oscillates about the equilib-
rium (%,5,Z7) = (A+ 1,A+ 1,A+ 1). Therefore the proof is completed. O
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3. THE ASYMPTOTIC BEHAVIOR OF SYSTEM (1.5)

In this section, we study the asymptotic behavior of system (1.5) according to
values of A.

Theorem 7. Assume that A = 1. Then every positive solutions of system (1.5) is
bounded and persists.

Proof. Assume that A = 1 and {(X,,Yn,24) }or__, 18 a positive solutions of system
(1.5). It is easily seen that for every n € Ny, x,,,y,,2, > A = 1. Thus, we can write

K

,I{_1:|,l:1,2,...,k+1, (31)

Xi, Vi Zi € |:K

WhereK:min{a,%} >1 0= 1S?1§i£+l{xiayiazi}a p= lgr?élﬁl{xi,yhzi}' From sys-

tem (1.5), we have

K:1+£<xk+2:1+yk+l<l+%: K (3.2)
Tl w oo K K-l
K
K Tt 1 k-1 K
K=14+—< =1 <1 = 33
+%_yk+2 + 0 + K K—1 ( )
K=14+ % <, _1+x"“<1+%: K (3.4)
. X1 K K-1 ‘
By using the method of induction, it follows that
K .
Xi, Vi Zi € K’ﬁ ,foralli=1,2,..., 3.5
which is desired. O

Theorem 8. Assume that A =1 and {(xn,yn,2n) }oro_, is a positive solutions of
system (1.5). Then the following result holds true.
lim infx,, = lim infy, = lim infz,
n—soo n—oo n—soo

lim supx,, = lim supy, = lim supz,
n—oo n—oo n—soo

Proof. Assume that
Iy = lim,,_, infx,, u; = lim,_. supx,,
Iy = lim, . infy,, uy = lim,_. supy;,, (3.6)
I3 = lim,, o infz,,, uz = lim, e SUP Zj,.
From (3.6) and system (1.5), we get the following inequalities

1<11§u1,1<12§u2,1<l3§u3 (37)
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and 1
1+,'722§llv u1§1+%5

1+L%§lz,u2§1+773, (3.8)
I+ <Bus <1+,
from which it follows that
urh <b4up <ljuy,
urls < I3 +uz < hus, (3.9
usly <up+1 <wuyls.

Also, from the inequalities in (3.9), without loss of generality assume that we con-
tinue only with the following equality cases

12141 = lluz, (310)
bhuy=b+u, 3.11)
lup = bus, (3.12)
bus =13+ us, (3.13)
Lius =umls, (3.14)
Luy =1 +uy. (3.15)
From (3.10), (3.12) and (3.14), it follows that
[
a_n (3.16)
lz uy
[
2_% (3.17)
I3 u3
[
a_ (3.18)
L w3
Now, upon dividing both side of (3.13) by /; and both side of (3.15) by I3, we obtain
[
=245 (3.19)
ILh b
l
w =24 (3.20)
I I
from which along with (3.17), (3.12) and after some basic calculations, it follows that
L= (3.21)
u — 1
=5 _ (3.22)
up—1
Replacing I, by uz”fl in (3.11) and /3 by ul“il in (3.13), we get
w—2_ =2y (3.23)

w—1 wu—1
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us us
uz—1 uz—1

U +u3, (3.24)

which can be written as follows

u u
- = o= uz%l (3.25)
wo_ " (3.26)
uz—1 wuz—1
From this and the equalities (3.16) and (3.17), consequently
Uy =u; = us, (3.27)
h=l=1 (3.28)
and this complete the proof. O

Theorem 9. Assume that A = 1. Then, system (1.5) has no positive nontrivial
solution prime period-two.

Proof. Let {(x,,yn,2n) }r__; be a positive solution of system (1.5). Assume that
a,b,c,d,e, f > 1 and for all n € No, x4« = @, Yon—k = b, 220k = €, Xonr1-4 = d,
Yont+1—k = e and zp,4+1—k = f. Then, it is clearly seen that the positive solutions of
system (1.5) has the following form

- (a,b,¢),(dye, f), (a,b,¢),(d e, ), ... (3.29)

Ifit was a =d, b = e and ¢ = f, then we would have that the solution to system (1.5)
is not two-periodic. So, it must be a # d, b # e and ¢ # f. By considering Theorem
(8), we can write the following equalities

min{a,d} = r}g?oinfxn = ’}ggoinfyn =min{b,e} = ,}if}oinfz" =min{c, f} (3.30)

and
max{a,d} = lim supx, = lim supy, = max{b,e} = lim supz, = max{c, f}.
n—oo n—oo n—soo
(3.31)
There are eight cases to be considered.
a) Ifa<d,b<eandc < f,thena=>b=cand d =e= f and the solution to
system (1.5) can be written in the following form
...,(a,a,a),(d,d,d),(a,a,a),(d,d,d),.... (3.32)
b) Ifa<d,b<eandc> f,thena=>b = f and d = ¢ = e and the solution to
system (1.5) is expressed in the following form
...,(a,a,d),(d,d,a),(a,a,d),(d,d,a),.... (3.33)
c) Ifa<d,b>eandc> fthena=e= f and d = b = ¢ and the solution to

system (1.5) is written as in the form
...,(a,d,d),(d,a,a),(a,d,d),(d,a,a),.... (3.34)
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d) Ifd >a,b>e, f >cthena=e=cand d = b= f and the solution to system
(1.5) can be written in the following form

...,(a,d,a),(d,a,d),(a,d,a),(d,a,d),.... (3.35)

e) Ifa>d,e>b, f >cthend =b=cand a =e = f and we obtain the case

(c).
f) Ifa>d,e>b,c> fthend =b = f and a = e = c and we get the case (d).
g) Ifa>d,b>e, f >cthend =e=cand a=>b = f and we have the case (b).
h) Ifa>d,b>e, c> fthend =e = f and a = b = c and we reach the case

(a).
In here, we will only prove in the case when £ is odd, since the proof of other case can
be done in a similar way. Then, from our above assumptions and (3.32), we can write
Xon—k = @y Yon—k = G5 2on—k = @5 Xont1—k = d Yony1-k = d, Zon+1-k = d for the case
(a), from which it follows that x; = 1 + yyfok, soa=1+ % that also means a®> = a+d.
Further, x, =1+ Y~ sod =1+ 4 which implies that d* =a+d. Then d* = &2,

Y-kt+1’
but d # a, so d = —a. Therefore, we conclude that in this case system (1.5) has no
positive prime period-two solutions. The other cases can be obtained similar to the

case (a). So we will omit proofs of other cases.

O

Theorem 10. Assume that A > 1. Then every positive solutions of system (1.5) is
bounded and persists.

Proof. Let {(xy,yn,2n)}5__, be a positive solutions of system (1.5). Since A > 1
and the initial conditions x_;,y_;,z_;, forall i € {0,1,2,...,k}, are arbitrary positive
numbers, then we can write the following inequalities

Xp>A, yp>A, z,>A, foralln>1. (3.36)

By considering system (1.5) and (3.36), we get for all n > k42

B 1

= A2 A Sy, (3.37)
Yn—k—1 A
Zn—1 1

Yn=A+ <A+ —z4-1, (3.38)
In—k—1 A
B 1

= A+ At —x, . (3.39)
Xn—k—1 A

Now assume that {(u,,v,,w,)} is solutions of the following difference equations
systems

1 1 1
Un :A+Xvn—17 Vn :A+Xwn—la Wn :A—i_Xun—]v n>k+2, (3.40)
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such that u; = x;, v; = y;, w; = z;, where i € {1,2,... ,k+ 1}. Now we will prove the
following inequalities using the induction method for n > k+2

Xn <Upy Yn<Vp, Zn<Wp. (3.41)
It is easy to see that, for n = k+ 2, from system (1.5) and (3.41), we have

1
Xiet2 = A2 gy 2t =A+ Vi1 = Ut (3.42)
)1 A A

Assume that the inequalities in (3.41) hold for m > k+2. Then, from this assumption,
system (1.5) and (3.40), we obtain

Xm+1 <A+%Ym <A+ %Vm = Um+1,
Ym+1 <A+ %Zm <A+ %Wm = Vm+1, (3.43)
Zm+1 <A+%xm <A+A%um = Wp+1,

which ends up the induction. Hence, considering (3.40), the following equations are
obtained for m > k

Umy3 = asum+ 5 +A+1,
Vi3 = gWmt g +A+], (3.44)
Wimis = asVm+i+A+1L

From (3.44), we have that the sequences (ux+3/+i);50» (Vk+3i+i);50 a0 (Wkt3141);50s
fori € {0,1,2}, provide the following recurrence relation

Tl :%rn+%+A+l, n>k, (3.45)
from which it follows that for all / > O,
Up3l+i = | Xkti+ % (%)31 + AA%ZN
vesrs = (it i) (57 + A (3.46)
Wik3l+i = Zk+i+%) (%)314-%

By considering (3.36), (3.41) and (3.46), we can write the boundaries of the solutions
to system (1.5) forall/ > 0 and i € {0, 1,2} as follows

2 31 2
A<xeiai < (it 1) () + 25
A2\ (13 A2
A <yigairi < (yisi+ 1) (5)7 + 4275 (3.47)
2 31 2

A < Zk3i4i < (Zk+i + lAfA) () + 25,

which is desired.
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Theorem 11. Assume that A > 1 and {(Xy,Yn,2n)}o._ is a solution to system
(1.5). Then, system (1.5) has no non-oscillatory positive solutions (has no infinite
positive semi-cycle).

Proof. Let {(x,,yn,2n) }r__; be asolution to system (1.5). Conversely, we suppose
that system (1.5) has a non-oscillatory positive solutions and also this solution has an
infinite positive semi-cycle beginning with (x,,y,,z,) for u > —k. By considering
definition of positive semi-cycle and system (1.5), we have

Xppl =A+ 2 >A+1,

Yn—k —

Ynr1 =A+ 2 > A+, (3.48)
Zn+1 :A+ Xnk 2A+1,

X

for n > y— 1. From Theorem (10), there exist three real numbers K,L and M such
that for every n > k+2, x, < K, y, < L and z, < M. From this and (3.48), we can
write

A+1§xn—ksxn§xn+k§”'§K7
A+1T<ypk <yn <ynxk <+ <L, (3.49)
A‘i‘léankéZnéZnJrké"'SMv

for all n > max{u— 1,2k + 1}. From the inequalities in (3.49), we have that there
exists B;, v; and §; for all i € {0, 1,...,k— 1} such that

}gl}oxnkH:Bh ’}g{}o)’nkﬂ:%, }g?oanJri:Si- (3.50)
Hence,
(BosY0,00) , (B1,¥1,01) -+ -, (Br—1,Yk—1,0%—1) (3.51)

is a periodic solution of (not necessarily prime period) system (1.5) with period k,
which contradicts with Theorem 2 in the case when the solution is not trivial solution.
So, the solution to system (1.5) converge to the equilibrium, which contradicts that
the solution to system (1.5) is diverging from the equilibrium. We complete the
proof. U

Lemma 1. /5] Assume that A > 1 and 0 < & < iy for k € N Then
2
<L

(I—(k+1))e(A+1)
The following theorem gives us the local stability of the unique equilibrium point
of the system (1.5) when A > 1.

Theorem 12. [f A > 1 then the unique positive equilibrium (%,y,7) = (A+ 1,A+
1, A+ 1) of system (1.5) is locally asymptotically stable.

Proof. For analysing the local stability of the unique equilibrium point of the sys-
tem (1.5), firstly, the system (1.5) is transformed into the following equivalent system
as

Xn1 =F (X,), n € Ny, (3.52)
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where X, = (xt" xZ) . xS G0 VB D YT where
xlgl) - xnvxl(1 ) =Xn—1,- xglkJrl) = Xn—k;
W =y =yt ) =y, (3.53)
Z;('L ) = Znazgl ) =Zn—1y--- 711(1k+1) = Tn—k;

and F : [0,00) % - [0,00)**3 such that for all
X = (x(l),x(z),...,x(k“),y(l),y(z),...,y(k+1),z(1),z(2),...,z(k+1)) € [0,00)% 3
F(X) = (fl (X)ax(Z)v'-'ax(k+l)7f2 (X)vy(Z)a-"ay(k+l)af3 (X)vz(2)7"'7z(k+l))7

where
3 2 2
fi(X) :A+y(k7+1)’ f(X) =A+ o f3(X) =A+ T

Then, we have

J 1 B} y()

W](f}) (X) = Yyt ay(kfll (X) W

of: _ 1 df: 2D

%Tf (X) = Z<k1+1>7 azgl;;l (X) W (3.54)
50 X) = s gaem (X) = Tl))

Jg is the Jacobian matrix of F at the equilibrium point (%,y,Z) = (A+1,A+1,A+1),
which is given by

00 0 5 00 =5 0 00 0
1 00 0 0 00 0 O 00 0
0O 10 0 0 00 0 0---0 0
0 01 0 0 00 0 0 0-0
1 —1
0 00 0 0 00 0 5 00 =%
o 00 0 I 00 0 0 00 0
Jp=(0 0-0 0 O 10 0 O 00 0 (3.55)
0 0---0 0 01 0 0 00 0
1 —1
o7 00 25 0 0.0 0 0 0.0 0
o 00 0 0 00 0 1 00 0
o 00 0 0 00 0 0 10 0

0 0---0 O 0 0---0 O 0 0---1 O

Assume that Aj,Ag,...,A3+3 are the eigenvalues of matrix J¢ and that
D =diag(dy,dy, ... ds3) is a diagonal matrix, where

dy =dir =dusz =1, dyn=diy14m = dosrym=1—me
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forme {2,3,...;k+1}and 0 < e < m. From this and taking into account

the fact that 1 —me > 0, for all m € {2,3,...,k+ 1}, we conclude that the matrix D
is invertible. The matrix DBD~! is given by

L d -1 d
0 0---0 0 s P 0
@ 0---0 0 0 0
1
0 R 0 0 00 0 0 0
1 gy —1 iy
0 0---0 0 0 0---0 0 dektrS 0---0 md};}
0---0 0 jﬁ-j 0---0 0 0 0 0
0 0---0 0 0 15 0 0 0.--0 0
; . D1
1 q d
a0 AT d 0---0 0 0 0 0
0 0---0 0 0 0---0 0 D+ 0---0 0
13
0 0---0 0 0 0---0 0 0 0... B3 0
ey
(3.56)

To calculate the infinity norm of DJsD~!, we will show that inequality

1<(r<1%5€(+3 23513 laij| < 1 holds. For this, by considering the fact that d; > dp > --- >
<i<3

dis1, disny > digay > -+ > dopyp and dogysz > dogrg > -+ > di3, we can write the
following inequalities for every j € {1,2,...,3k+2}

dj+i

1 3.57
4 < (3.57)

from which along with A > 1 and lemma (1), it yields

1 d; n 1 d; . 1 n 1
Ad+ldis A+ldyn A+l (1—(k+1)e)(A+1)
1 1
< +
(1—(k+1)e)(A+1)  (1—(k+1)e)(A+1)
2
<
(1—(k+1)e)(A+1)
<1, (3.58)
1 diio I diyr 1 n 1
A+ldyss A+ldys A+1 0 (1—(k+1e)(A+1)
_ 1 1
(

—Gk+D)OA+D)  (—k+ DA+
2

SO—(k+1)e)A+1)
<1 (3.59)
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and
1 duys I dyis 1 + 1
A+l dy  Atldiy A+l (I—(k+De)A+1)
< 1 n 1
-Gkt )eAL]D)  (—(k+reAL])
2
SO—GkrDe@A+D
< 1. (3.60)

Since Jy and DJs D~ similar matrices, they have the same eigenvalues. Con-
sequently, it can easily seen that the following inequality holds
p (Jg) = max|A;|

<||DIy D'l

=max{dod;',...,dxr1d; .. diisdi s, daiadyl, <1 (3.61)
This means that all eigenvalues of J lie inside the unit disk. Therefore, the unique
equilibrium point (¥,7,7) = (A+ 1,A+1,A+ 1) of system (1.5) is locally asymptot-
ically stable. U

The following theorem gives us the global attractor to the unique positive equilib-
rium point of system (1.5) when A > 1.

Theorem 13. Assume that A > 1. Then the unique equilibrium point (A+1,A +
1,A+1) of system (1.5) is globally asymptotically stable.
Proof. Evidently, since the unique positive equilibrium (%,y,Z) = (A+1,A+1,A+
1) of system (1.5) is locally asymptotically stable when A > 1, we only prove that the
unique positive equilibrium (%,y,7) = (A+1,A+1,A+ 1) of system (1.5) is a global
attractor. For this, firstly, assume that
[} = lim, e infx,, u; = lim, . supx,,
Iy =lim, e infy,, up = lim, . Supyy, (3.62)
I3 = lim,_einfz,, us = lim, . supz,.

From (3.62) and system (1.5), it can be easily seen that the inequalities

I <l <uy,
1 <l <uy, (3.63)
1 <3 <us,
and
A+ <l u <A+,
A+L<h <A+, (3.64)

13

A+,%§l37 us SA+L;T15



738 M. K. HASSANL Y. YAZLIK, AND N. TOUAFEK

hold. From (3.63), we can write the following inequalities

(Auy + 1 < Ly,
buy <AL +uy,
Auz +13 < bus,
lzuy < Al3 +u3,
Auy + 1 < Buy,
Lus <AL 4 uy.

(3.65)

Now, by multiplying both sides of the first inequality in (3.65) by u3 and both sides
of the sixth one in (3.65) by u», then we can write

Auwouz + hus < Liupus, upuzly < Aljuy +uuy, (3.66)
from which it follows that
Auuz + bhus < Aljuy +uuy. 3.67)

Similarly, upon multiplying both sides of the second inequality in (3.65) by u3 and
both sides of the third one in (3.65) by u;, then we have

buyus < Abus +upuz, Auyuz +Luy < huyus, (3.63)
from which it follows that
Auuz + luy < Abuz 4+ urus (3.69)

Likewise, upon multiplying both sides of the fourth inequality (3.65) by u; and both
sides of the fifth one in (3.65) by u,, we reach the following inequality

Bujuy < Alsuy 4+ ujusz, Auguy + hiuy < lzujuy, (3.70)
from which it follows that
Aujur + liuy < Alzuy + uqus. (3.71)
From (3.67), (3.69) and (3.71), we have
Auous + bhus +Aujuz + lug +Aujuy + Liuy
< Aljup +uguy +Abus +usus +Alzuy +ujus (3.72)
which implies that

Au3(u2 —lz) —|—Au1(u3 —13) +Au2(u1 —ll) —u3(u2 —12) — U (I/t3 —13) —ug(ul —ll) <0
(3.73)
and, consequently

(A — l)ug(uz — lz) + (A — 1)u1 (u3 — 13) + (A — l)uz(m — l]) <0. (3.74)
Since A > 1, from (3.74), we can reach the following results

wy =, up="0b, uz =1, (3.75)
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from which along with (3.62), it follows that
limx,=A+1, limy,=A+1, limz,=A+1, (3.76)
n—soo n—oo

n—soo

which is desired. O

4. RATE OF CONVERGENCE

In this section, we investigate the rate of convergence of a solutions which con-
verges to the equilibrium point (%,7,7) = (A+1,A+ 1,A+ 1) of the system (1.5) in
the region of parameters described by A > 1. The following result gives the rate of
convergence of solutions of the system of difference equations

Unt1 = (A+Bn)Un 4.1

where U, is a (3k+ 3)-dimensional vector, A € C(3k+3)x(3k+3) ig a constant matrix
and B : Z+ — CB¥+3)xGk+3) i a matrix function providing

|Bul] =0, as n— oo, 4.2)
where ||.|| denotes any matrix norm.

Theorem 14. (Perron’s Theorem, see, [14]) Assume that condition (4.2) holds. If
U, is a solution of (4.1), then either U, = 0 for all large n or

U
n=es |[Uy]|

or 1
p = lim (U,
exists and is equal to the modulus of one of the eigenvalues of matrix A.
Theorem 15. Assume that {(xn,Yn,2n) }n>—« is a solution of system (1.5) such that

the equalities in (3.76) are provided. Then, the error vector
1

e, Xy —X

1 _
€n—1 Xn—1 —X

1 -
engk Xp—k — X

gn Yn 7)_)
€1 Yn—-1—Y

€n = . = .

2 -
€k Yn—k =Y
e;’l Zn _Z
6’3;_1 In—1 _Z

3

€k In—k — X
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of every solution of system (1.5) satisfies both of the asymptotic relations for some
i€{1,2,...,k},

i n v 53 .l
p= lim ([|U])7 =il (.5,2)], p = lim [1Un1]]

n=eo ||Uy]|

where p is equal to the modulus of one of the eigenvalues of J¢ about (X,¥,7).

Proof. Let {(Xy,Yn,2n) };r__; be any solution to system (1.5) that satisfies the fol-
lowing conditions

limx, =f=A+1, limy,=y=A+1, limz=z=A+1. (44
n—oo n—oo

n—oo

To obtain the error terms, one gets

Yn—k Yn—k Yn—k Yn—k
e B B N (X
In—k Zn—k In—k In—k
i —I—Ap e p =Rk I TR Bk TR 4
Xn—k Xn—k Xn—k Xn—k
forie {1,2,...,k}. Now, let
el=x,—% E=y,—3, & =z,—12 (4.8)
and then the equations in (4.5)-(4.7) become
2 2
1 €n €k
e, 1= — 4.9)
n Yn—k yn—k’
3 3
2 €n €tk
e 1= - (4.10)
et In—k  Tn—k
3 e €y i
e, = — 1= 4.11)
n Xn—k  Xn—k

Now, we let Ay; = Cii, = Ay = By = B3i = Gi =0, for i € {O,l,...,k}, Bio =

y‘—k B; =0, for j € {1,2,....k—=1}, By = —;—, Co = 77, Gj =0, for j €
{12,k =1}, Cu = ——, Ao = 1, &; =0, for j € {1,2,....,k— 1} and
Az = —x—{l(. Then, the equations in (4.9)-(4.11) can be written the next form of
k k ) k 5
eni1 =Y Aiey i+ Y, Buey i+ Y Ciey i, (4.12)
i=0 i=0 i=0

k k k
=Y et i +Y Buek +Y Cuel, (4.13)
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k k k
3 1 2 3
€n+1 = Z Azie, i+ Z Bsiey i+ Z Gieyj-

Then we get

lim 4;; = lim (j; = lim 4p; = lim B,; = lim B;; = lim G; = 0,
n—yoo n—yoo n—yoo n—yoo n—roo n—yoo

forie {0,1,...,k},

1 1 1
lim Bijp=—, lim(Go=—, lim A=,
n—oo y n—soo z N—yoo X
lim @11‘ = lim C2j = lim ﬂ3j — 07
n—soo n—oo n—yoo
for j € {1,2,...,k—1}, and
lim 3lkz_:7 lim CZk:_i, 11m}2l3k:—:7
n—soo y n—o0 z Pamrent %

that is,
QIO:%‘i_an? glk:_%“‘bn:
Co=1+0u Cu=—1+Bn,
Az =1+Y, Ax=-1+3,
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(4.14)

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

where a, — 0, b, — 0, o, — 0, B, — 0, v, — 0, 8, — 0, for n — oo. Then, we obtain

the system
Ent1 = (A+By)Ey, (4.20)
where B, = (el,el |,...el ;2.2 |,....¢2 .ede ,,....e2 ;)T and, the constant
matrix A is of the form
o 00 O a O0---0 b, O 0---0 0
1 0---0 O 0O 0---0 O O 0---0 0
0O 1---0 O 0O 0---0 O O 0---0 0
0O O0---1 0 0O 0---0 O O 0---0 0
0O 0---0 O 0O 00 O 0 a,-0 B,
0O 0---0 O 1 0---0 0 O 0---0 0
A=1]10 0---0 O 0 1---0 0 O 0---0 0 4.21)
0O 0---0 O 0 0---1 0O O 0---0 0
Y. 0---0 9§ O 0---0 O O 0---0 0
0O 0---0 O 0O 0---0 O 1 0---0 0
0O 0---0 O 0O 0---0 O O 1---0 0
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)

=N el Ne)

and

1 0--
0o 1--
0
0
0

B, = 0
0O 0--
1
pEnt 0--
0O O0--
0O O0--
0O O0--

oo o~

Scooo
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SESRS

0

o O O

(=N el Ne)

b
o o+“_

0

S
[e] OJr"—

o= O O

(=N el Ne)

0

—

o O

0--

—oc oo
co oo

cooo
SO o —

oo o

0

(el el )

o O OO

0

0 0
0O O
0O O
1
a7 O
0 0
0 0-
0

0

|

0

-0 O O

SRS

Sco oo

SO oo

1

o O

L

S
S O+

o O OO

0

—_

(4.22)

where ||B,|| — 0 as n — co. The matrix A is equal to the J#. So, by applying Theorem
14 to system (1.5), the result holds.

5. NUMERICAL EXAMPLE

0

To support our theoretical results, we will present some interesting numerical ex-
amples. These examples present different types of qualitative behavior of solutions

to system (1.5).

Example 1. Consider the system (1.5) with the initial valuesx_, =2.1,x_; =0.67,
x0=1021,y =645y 1=9.38,y9=4.45,2 , =047,z =4.41 and zp = 0.67.
Further, we take the parameters k =2 and A = 1.5, i.e.,

x[n], y[n], z

FIGURE 1. The plot of system (1.5) when A > 1 and k = 2.
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This figure shows the global attractivity of the equilibrium point
(%,5,2) = (2.5,2.5,2.5)
of system (1.5).

Example 2. Consider the system (1.5) with the initial values x_3 = 3.7, x_» = 0.1,
X_1 =547, x=1.17,y 3=045y ,=1.1,y_ 1 =4.38, yo =0.87, z_3 = 1.8,
z-p =0.67, z_1 = 0.41 and zp = 11.28. Further, we take the parameters k = 3 and
A=1,i.e.,

[e2)
o
T
L

D
o
L

X[n], y[n], z[n]

201 b
L
o T T e v 1. d

0 20 40 60 80 100 120 140

n

FIGURE 2. The plot of system (1.5) when A =1 and k = 3.

Example 3. Consider the system (1.5) with the initial values x_4 =2.41, x_3 =
339, x,=027,x_1=191,x=0.19,y 4 =782,y 3=2.71,y , =433, y_ =
0.38, yo = 0.01, z_4 = 0.82, z_3 =2.73, z_» = 0.08, z_; = 0.31 and z¢p = 5.28.
Further, we take the parameters k =4 and A = 0.19, i.e.,

7x10¥ T
6x10MF
5x10%F
4x10MF
3x10%MF
2x10%F

1x10MF

0 | |
0 20 40 60 80 100 120 140

FIGURE 3. The plot of system (1.5) when A < 1 and k = 4.



744

M. K. HASSANL Y. YAZLIK, AND N. TOUAFEK

This figure shows that the equilibrium point (%, y,Z) = (1.19,1.19,1.19) of system
(1.5) is not global asymptotic stable. Further, system (1.5) has unbounded solutions.

6. CONCLUSION

This study represents a contribution to the analysis of three-dimensional concrete
nonlinear system of difference equations. This paper mainly discusses the dynamic
properties of a class of higher-order system of difference equations by utilizing semi-
cycle analysis, stability theory and rate of convergence. The main results are as fol-
lows.

i) From semi-cycle analysis of system (1.5), it is obtained that system (1.5)
has no non-oscillatory negative solutions, no decreasing non-oscillatory solu-
tions, no nontrivial periodic solutions of period k. It is also obtained that the
solution of system (1.5) is either non-oscillatory solution or it oscillates about
the equilibrium point of system (1.5), with semi-cycles having £+ 1 terms.

ii) When A > 1, the positive solution of system (1.5) is bounded and persists.
Further system (1.5) has no positive nontrivial solution prime period-two in
this case A = 1.

iii) When A > 1, system (1.5) has no non-oscillatory positive solutions.

iv) When A > 1, the unique equilibrium point of system (1.5) is globally asymp-
totically stable.
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