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EXISTENCE AND BLOW UP OF SOLUTIONS OF A
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Abstract. In this paper, we are concerned with a logarithmic nonlinear viscoelastic m(x)-biharmonic

equation. Firstly, we proved the local existence of solutions by using the Faedo-Galerkin method.
Later, we proved the blow up of solutions by using the concavity method.
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1. INTRODUCTION

In this paper, we discuss a viscoelastic m(x)-biharmonic equation with logarithmic
source term

t
-+ Bt O [ —2) Audz = [l (x.0) € @ 0,T),

u(rt) =2 (x,1) =0, x€dQ % (0,7), (D

u(x,0) =up(x), x€Q.

Here Q denotes a bounded domain in R” (n > 1), with smooth boundary 0Q. The
variable exponents m (.) are provided as measurable functions defined within Q . The
operator Ai(x) is the so-called m(x)-biharmonic operator and is defined by

A=A (|Au\’"<")*2Au) .

Also, m(x) is given continuous and measurable function on Q such that

m_ =essinf m(x), my =esssupm(x).
x€Q xeQ
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We consider the following hypotheses:

Ay) 2<m,§m(x)§m+<p<,\1,v_m”(18).

Ay) g:RT — R" is abounded C! function with the following assumptions:

t
2(2) >0, ¢'(2) <0, 1—/g(z)a’z:l>0.
0

A3) E(0) > 0, is the energy functional defined by (4.2).

Up till now, there are so many results about the parabolic-type differential equations.

Our main objective in the present paper is to consider the equation both with vis-
t

coelastic term ([ g (t —z) A’udz), variable exponent term (A2 (x)4) and the logarithmic
0

source term (|u|”~ % uln|u|) which make the problem different from those considered

in the literature. The problem we deal with is a very general problem:

e The equation with variable exponents arises in many branches in sciences
such as image processing, electrorheological fluids and nonlinear elasticity
theory (see [5, 8,23]).

e The equation with logarithmic source term arises in many branches in quantum
field theory, optics, inflation cosmology, nuclear physics and geophysics (see

[2,4, 10]).
e The fourth-order equation has its origin in the canonical model introduced by
Petrovsky [18, 19]. This type equations arises in many branches in sciences

such as acoustics, geophysics, ocean acoustics and optics [9].
Qu et al. [21] studied the fourth-order parabolic equation
g+ Au = |ulPY .

They established the asymptotic behavior of solutions. Later, Liu [15] demonstrated
the local existence and blow-up of solutions for the same equation.
Han [11] investigated the fourth-order parabolic equation

u +Au—Vf(Vu) =h(x,tu).

The author exhibited the global existence and finite-time blow-up of solutions.
Abita examined in [22] the pseudo-parabolic equation within the context of a linear
memory term and a logarithmic nonlinear source term

t
u,—Au,—l—/g(t—s)Au(x,s)ds—Au: 1”72 yn (|ul) . (1.2)
0

The author demonstrated that a solution to equation (1.2) blows up in finite time 7,
and gave the upper bound for the blow-up time.
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Chuong et al. [7] investigated the following Cahn-Hilliard equation

U+ N u— Ay yu = |19 ~2 .
The authors established the existence and nonexistence of global solutions.
Chuong et al. [6] studied the pseudo-parabolic equations involving p (x) — Lapla-
cian and logarithmic nonlinearity

U — Aty — Ayt = 17972 y1n (|ul) .

They obtained some threshold results on existence or nonexistence of global weak
solutions when the initial energy is subcritical.

Wang and Liu [24] studied the p(x)-biharmonic parabolic equation with the logar-
ithmic nonlinearity

u +A <|Au|p(x)72Au) = |u) uln|ul.

They proved the existence of the local weak solutions and the existence of the global
weak solutions.

Narayanan and Soundararajan [ 1 6] studied the viscoelastic p (x) — Laplacian equa-
tion with logarithmic nonlinearity

t
u — Au— BV (]Vu]p(x)_2Vu> -l—/g(t—Z)Au (x,2)dz = |u|*"? uln|u|.
0

They proved the existence and finite time blow up of solutions of the problem.

This work consists of four sections. Firstly, in Section 2, we give some theories
needed about Lebesgue and Sobolev space with variable exponents. Then, Section 3
is about the existence of weak solutions by using the Faedo Galerkin approximation
method. Moreover, in Section 4, we obtain the analysis of blow-up phenomena and
the determination of an upper bound for the blow-up time.

2. PRELIMINARIES

Throughout this study, we represent the LF(Q) norm as ||.[|,. Additionally, we
provide essential background on Lebesgue spaces and Sobolev spaces with variable
exponents (for detailed, see [1, &, 20]).

Let p: Q — [1,o0] be a measurable function. We introduce the Lebesgue space
with variable exponent p (.)

L) (Q) = {u : Q — R measurable in Q, p,y(Au) < oo, for some A > 0} ,

where

Pp() () = / lu (x)[P™) dx.
Q
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The norm, known as Luxemburg’s norm, is defined as follows:

px)

M;JC) dx <1,

Jull .y = inf x>o:/
Q

L) (Q) is a Banach space.
Next we proceed to define the variable-exponent Sobolev space W-P(- (Q) as

wmrl)(Q) = {u € LV (Q) such that D% exists and D%u € LPY) (Q), |ai| < m} :

Lemma 1 ([8]). Assume that

1 <m_:=essinfm(x) <m(x) <my :=esssupm(x) < oo,
xXeQ XEQ
and we get
min { a2 20} < oy (o) < max {2l b @)

for any u € L"),

Definition 1 ([8]). For any given points x and y belonging to the bounded domain
Q, there is a constant M > 0 such that the subsequent inequality is satisfied:

lp(x)—p)| < , forx,y € Q, with [x—y[ <8, 0<d< 1,

“In|x—y)|
then we say that p (x) is log-Holder continuous.

Lemma 2 ([8]). Suppose that q: Q — [1,0) is a measurable function that fulfills
inequality (2.1) and the continuity and compacmess of the embedding L1 — LP()
can be established. In this context, the variable exponents p (x) and q(x) adhere to
the condition p (x) < q(x) almost everywhere within the domain €.

Lemma 3 ([8]). Assume that q: Q — [1,0) is a measurable function that fulfills
inequality (2.1) and there exists a continuous and compact Sobolev embedding from

Wol’m(x) (Q) — LIY) (Q), where the exponents m (x) € C (Q),q: Q—[1,0),
ess inf (m”* (x) —q(x)) >0,
xeQ
and

Nm (x)

m* (x) = {N—m(x) ifm(x) < N,oo, if m(x) > N.

Lemma 4 ([12]). Suppose that v be a positive number. We get
allno < (ev) ' adt,

holds for all o € [1,00).
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Lemma 5 ([13, 7], Concavity method). Suppose that B > 0, let y(t) > 0 be
weakly twice-differentiable on (0,0) such that y(0) > 0, ¢ (0) > 0 and

v (0w ()~ (1+B) (v (1) >0,

forallt € (0,00). Then there exists a T > 0 such that

lim () = oo,

t—T~

and
v (0)
By’ (0)

Here we define a energy functional, which will be used in further calculations:

T <

t t
1 1
EW) =5 (1= [e@dz | 18ulp+5 [ glt=2)lau(x2) — Aurn) bz
0 0
Au|"™) 1 1
—/| ul dx+—2HuHZ——/|u\pln]u|dx. 2.2)
2 m) p r)

3. WEAK SOLUTIONS

In this section, we discuss the existence of weak solutions for the problem (1.1),
by using the Faedo Galerkin approximation method.

Lemma 6. A function u(x,t) is considered a weak solution for the problem (1.1)
if it satisfies the following conditions:

u(x,t) € 12 (o.T;w(f”"(") (Q)NLP (Q)) NL2(0,T;HZ (Q))NC(0,T;L*(Q)),
ur (x,¢) € L* (0,T;L% (Q)) and u(x,0) = ug (x),

which also satisfies:

T T T
/ / 1 Ocdxdi + / / AuAOdxdi + / / |Au|™ =2 AuAOdxdr
0 Q 0 Q 0 Q

T t T
—//g(z—z)/Au(x,z)Aedxdzdz://|u|l’*2u1n|u|edxdz, (3.1)
00 Q 0 Q

V0 € C*(0,T;Cy (), where the maximal interval of existence is defined as [0,T].

Theorem 1. Assuming that ug € Woz’m(x) (Q)NLP(Q)N\ A0}, the problem (1.1)
admits a weak solution u (x,t) , which is provided as described in Lemma 6.
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Proof. We deal with an orthonormal basis of L? (Q) , which is orthogonal in Hj (Q)
given by {6;};" ;. {6}, is a sequence of eigenfunctions of —A corresponding to the
eigenvalues {A;};—, . Now, we proceed to seek finite-dimensional approximations of
equation (1.1) denoted as {u, } where

t) = iam‘ (I) 9,- (X), (32)
i=1

so that

t

/ . Budx + / AupABidx + / At Aup AG:clx — / g(t—2) / Auty (x,2) ABidxdz
Q Q Q

_ / |72 1 10 |16 @3l (3.3)

and
Zam ) — up (x) in W (Q)NLP (N {0}.  (3.4)

Now, we must obtain the coefficients {a,;}+_, . Fork =1,2,...n,

t

dy () = —/Au,,AOkdx—/ (t—z)/Aun (x,z) AOrdxdz

+ / | Aty 7% Aut, AOdx + / |t |” 2 1 10 |1t | Ol (3.5)
Q

Here we take into account the maximum interval of existence as [0,7]. When we
multiply equation (3.3) by a:“. (¢) and sum for i = 1,2,...n, we obtain

/‘uuzdx—i—/AunAG;dx—/\Aun\m(x)_zAunAeildx
Q Q

Q
t

+/g(t—z)/Aun (x,z)AG;,dxdz:/\un\p_zunln\un\%dx.
0

Consequently,

1
/\ A —7/ (t = 2) A (5,2) — Ay (5,0) [ dz+ . 1) A

=~ E (0 (1), (3.6)
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Considering E as the functional defined by equation (2.2), we proceed with the im-
plications of hypothesis (A2) to obtain

/‘” } dx— = HA”nHZ 2/ (t —2) [|Auy (x,2) — Auy (x, t)”2dz

<0. (3.7)

This leads to the implication that E (u,) is non-increasing. Consequently, we estab-
lish E (uy (1)) <E (u, (0)) Vt € [0,T) and for every n € N. Multiplying (3.3) by ay (¢)
and then taking the sum over i, we have

t
/u;undx—i-/\Auanx—/]Aun\m(x)dx—/g(t—z)/Aun (x,2) Auy, (x,t) dxdz
Q Q 0 Q

Q

:/\un\pln]un]dx.
Q

We get
dt2 i+ 5 //\Aun\ dxdz——//\Aun|m(x)dxdz
:/g(t—z)/Aun (x,2) Auy, (x,t)dxdz—i—/]u,,]pln|un|dx. (3.8)
0 Q
We call
t t
_ ;/]unlzdx—i-//Aun\zdxdz—//]Aun]m(x)dxdz. (3.9)
Q 0 Q 0 Q
So,
t
%Hn )= [ 4(-2) [ By (5,2) ey (5, 0) e+ [l ] dv. 3.10)
Q Q

To proceed, we utilize Young’s inequality. Consequently, we obtain

t

/ t—z /Au,, (x,2) Auy (x,t) dxdz

/ t—z)/Aun (1) (Atty (x,2) — Aty (x,z))dxdz+/g(t—z)\\Aunugdz
0
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[\ \

t
/ t—2)||Auy, (x,2) — Aun(x,t)H%dz
0

[\9) \

t
/ (—z HAunszz—i-/g t—2) [ Aun2 dz.
0

This results in
t

/ t—z /Aun x,2) Auy, (x,t) dxdz

| W

t
/ £ —2) || Aty (x,2) — Autn (x,) | dz+ /g(t—z)uAunugdz.
0

Therefore, based on hypothesis (A,) and equation (3.7), we get

ﬁHn(z)gE(un(t))—% 1—/g(Z)dz 1A I3

dt
Au, | 1
+/de+/\un\pln]un]dx
m (x) p
Q Q

t
1 3
~alal s [el—2) lamlidz [l infuwlds, G11)
0

and

t
d 2 1 2 /|Aun|m(x)
—H,(t) <E(u, 2 Au, |5 — = || Auy, _—
S H, (1) < wa»+{ammwwzzuumizm@)w

1 1
_?HunHi—F <1+p>/‘un‘l’ln‘un‘dx,

Q

ZHn(t)gE(un(O))+2(1_z)||Aun||§+<1+;>/|un|l’1n|un|dx. (3.12)
Q

Now, utilizing Lemma 6, we arrive at
/|un|pln|un|dx < / 4P T | dx < (ev) " / | P dx
Q {xeQ:|u,|>1} {xeQ:|u,|>1}

< (ev) " [luall5L, (3.13)
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here 0 <v < p*—p, p* = NN—Q. By using the Gagliardo-Nirenberg interpolation in-
equality as presented in [3], we obtain

1—
lutal 1553 < € l18a0a |57 a5 ~P P, (3.14)
where B = %. By employing Young’s inequality with € we get
m - Bps)
—— +v
leall55 < €l| Aty +C (&) fatal,” 7" (3.15)

Consequently, equation (3.12) implies

m_(1-B)(p+v)
d B
dt

1, - "
4 0) < <1+p) (ev)! !eHAun||m+c<e>uunuz
FE (4, (0) 42 (1= 1) | Auy|[3.- (3.16)
We obtain

d
—H,(t)< (1

1 n_(-B)(p+v)
(ev) " | &llAunly +C (&) lunll," "™

+E (1 (0) +2(1=1) | Auy 3 -
Set y = % > 1 and suppose min{HAu,,HZ(’x),HAunHZ(*x)} = HAunHZ(’x),

then by (2.1) we obtain

d 1 _ m(x
G0 < (14 ) @) [l +e f 1,
Q

+E (1, (0) +2(1=1) || A, f3 -

By integrating this inequality from O to ¢, we obtain

H, (t) < H,(0)+E (u,(0))r + <1+;> (ev)_]ZC(e)/ i ||3Y dz
0

1
(” ) / / [ dxdz+2(1-1) / lAu Bz (3.17)

We define the constant H, (0) + E (uy, (0))t = ¢y, which is dependent on ¢, within the

interval t € [0,T]. Now, we select / > 3 and € = 0 Sar 7y, in order to derive

t

H, (1) < 2/HAunH2dz //|Aun| dxdz—i—cz/fHunszdz

0 0
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t

1

<er()+; ,,(t)—i—cz/H,‘l"dz,
0

here ¢, =2C (¢) (1 + %) (ev)!. Consequently, we get

t
Hy (1) <1 (1) +c2 / HYdz. (3.18)
0
Applying the Gronwall-Bellman-Bihari type inequality, we will obtain

t t
1
H,(t) = 5/|u,,|2dx+//|Aun|2dxdz—//|Aun|m<">dxdzgcT, (3.19)
Q 0 Q 0 Q

where, Cr depends on 7. Our assumption min { HA”HHZ(}) , ||Aun||2(+x)} = ||Au,,||Z(’x) ,

combined with (A;) gives HAunHi(x) < HA”nHz(})- Now, referring to equation (2.1)

we obtain
T

T T
/\\Aun\\;(x)dzg /||Aun||;’§(;)dz§//|Au,,|’"(x>dxdz§CT. (3.20)
0 0 0 Q

Given the existence of equation (3.20), we can apply the Sobolev embedding to de-
duce

T T
[l dx <€ [ awl < cr. (3.21)
0 0
The continuity of E yields a constant C and considering that u, (x,0) — uo (x) in
WOZ’m(x) (Q)NLP(Q), we get

E (u, (x,0)) < C, for any n. (3.22)

Additionally, we have as derived from equation (3.6)
d
/’u”rlzd'x S _EE (ui’l)a
Q
integrating from O to ¢ yields
t
/Hu; ()| [2dz+ E (un) < E (1n (x,0)) < C. (3.23)
0

Together with the standard compactness results, the estimates (3.19), (3.20), (3.21)
and (3.23), will lead to

u, — u weakly in L> (0, T;Woz’m(x) (Q)NLr (Q)) NL*(0,T;H; (Q)),
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uj, — u’ weakly in L* (0,T;L* (Q)),
| Aty |2 Ay — & weakly in L2 (0, ;0" (Q)) . (3.24)
Now, utilizing the Aubin-Lions lemma, we obtain
u, — uin C(0,T;L%(Q)). (3.25)
The operator \k!m(x)_zk combined with the Minty-Browder condition leads to & =
|Au/™™ =2 Au. This concludes the proof. O
4. UPPER BOUND FOR BLOW-UP TIME
We obtain an upper bound for the blow-up time of solutions to equation (1.1).

Theorem 2. Assume the presence of a weak solution u (x,t) as defined in (1.1) for
the problem indicated in equation (1.1). Also (A1) — (A3) satisfied. We can conclude
that the solution u blows up in finite time T*,which is determined by

2
e () ol
N 2y (0) ’
where ¢,y and u are positive constants.

“4.1)

Proof. We multiply equation (1.1) by u, and integrate over £, to obtain

/utzdx: —/AuAu,d)H—/]Au!m(x)_zAuAu,dx+/]u|p_2uln\u]utdx
Q

t
+//g(t—z) A%u(x,2) u; (x,1) dzdx,
Q0
consequently

t

1 1
[ x5 [t~ |8u(x.2) ~ Auen) Bdz-+ S 1) Al

Q 0
), d /|Au|’"<x>
=—-— < d
2dtH SRl B

2
_Eﬁ/g t—2) || Au (x,2) — Au(x, 1) |2 dz + / z) dz||Aul|;
0

1 d
gl /\ 7 Inuldx.
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Now, we set a functional

J(t)= —;/g(t—z) ||Au (x,z) — Au (x,t)H%dz

t
u
~ [ saz | a3 + /‘ " e L /|u|”1nu|d Ll
0

4.2)
where by utilizing hypothesis (4;), we derive
t
dJ(t 1
O [ Lo aul =3 [ -2 Iau(e) - auten)az >0
Q 0
4.3)
We define an auxiliary functional,
://u2 (x,2)dxdz+A. (4.4)
0 Q
Subsequently
t
"(1) :2//u(x,z) U (x,z)dzdx+/u(2) (x)dx, (4.5)
Q0 Q
and

K"(t)= 2/uutdx

t
= —2/ x,t)A |Au| 2Au dx—|—2/ (x,1) /g(t—z)Azu(x,z)dzdx
0
—2/u(x,t)A2udx+2/u(x,t)]u|p_ uln|u|dx.
So that

t
K'(t) = _z||Au||§—2/|Au|m<x)dx+z/|uyP1n|u|dx+2/g(t—Z)dzuAung.
Q
t

—|—2/g(t—z)/Au (x,1) (Au(x,z) — Au(x,1)) dxdz.
0
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Next, select a constant u such that my <y < p and u(u—2) > % This yields

t

K" () =240 1)+t [ gt =) [ (x,2) — Aueor) 3z

0
m(x)
* 2y/ |AnI:|(x)
Q

2, 2
= [l ~2 [ 18u" dx-+ 25l
p p

Q Q

t

dx+ 1—/g(Z)dz 1Aul3
0

t

) 1—/g(t—z)dz \|Au\\§+2/|u\l’1n\uydx
0 Q
t

+2/g(t—z)/Au(x,t) (Au(x,z) — Au(x,1)) dxdz.
0 Q

Such that

K" (6) > 2000 1)+t [ (0 —2) 18 (5.2) = Au (1) [
Q

t
2u 2
ol +(n=2) (1= [ g-2)de | aul}

0
+ (2“_2) /|u|1’1n|u|dx+ <2”—2) /|Au|m(x)dx
P my
Q Q
t
+ / 2(t—2) / Au(x,1) (A (x,2) — A (x, 1)) dxdz.
0 Q

Utilizing (A2) and assuming |u| > 1, we obtain

643

1-1) 2u 2u
K" (t) > 2u (t +{ ) l+(} Au 2+<—2>/Aum(x)dx+ ul|?
(t) >2u (t) + | (u—2) ; [|Aully o Q| | p2H 4

12 <1 - Z) /|u|f’1n|u|dx
Q

>2ul (t).

(4.6)
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From equation (4.3), we deduce

J(1)>J(0)+ / / u? (x,z) dxdz. (4.7)
0 Q

Now, considering ¢ > 0
2

. 2
(K’(t))2 <4(1+9) //u(x,z)ut (x,z)dzdx| + <1+;)> /u% (x)dx| .
Q0 Q

By utilizing Holder’s inequality, we obtain

K’2§4(1+¢) /t/u2(x,z)dxdz /t/utz(x,z)dxdz
00 00

+ <1+$> !u%(x)dx 2

As ¢ is arbitrary and positive, we select Y= ¢ = \/g —1>0, we get
2
1
K" (t)K (t)— (1+Y) (K’(t))2 >—(1+7) <1+¢> /u% (x)dx| +2uAJ(0).
Q
(4.8)

Since we possess equation (4.7) and J (0) > 0, in equation (4.8) we select A > 0 to
be sufficiently large such that

K" (1)K (1) — (14+7) (K (1)) > 0. (4.9)

From this we infer the finite time blow up of the solution u at a time 7%, using Lev-
ine’s [ 14] concavity method as detailed. By selecting A as

2
(I+vy) (1 + %) L{M% (x) dx]
- 2uJ (0) ’
we obtain an upper bound for T* as provided below:
2
(1) (1+4) o3
2uryJ (0)

0<T* < (4.10)
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5. CONCLUSION

As far as we know, there have not been any existence and blow up results in the lit-
erature known for the variable exponent biharmonic equation with logarithmic source
term. Our work extends the works for some parabolic type equations with variable
exponents treated in the literature to the variable exponent biharmonic equation with
logarithmic source term.
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