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Abstract. In this paper, the notion of a generalized Stonean BE-algebra is introduced. A set of
equivalent conditions is given for every quasi-complemented BE-algebra to become a general-
ized Stonean BE-algebra. A necessary and sufficient condition is stated for a self-distributive and
commutative BE-algebra to become a generalized Stonean BE-algebra. The concept of Stonean
filters is introduced and then generalized Stonean BE-algebras are characterized by Stonean fil-
ters. The notion of hyper Stonean BE-algebras is introduced and then a characterization theorem
in terms of prime filters is given.
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1. INTRODUCTION

The notion of BE-algebras was introduced and extensively studied by H.S. Kim
and Y.H. Kim in [3]. These classes of BE-algebras were introduced as a generaliz-
ation of the class of BCK-algebras of K. Iseki and S. Tanaka [2]. Some properties
of filters of BE-algebras were studied by S.S. Ahn and Y.H. Kim in [1] and by B.L.
Meng in [8]. In [12], A. Walendziak discussed some significant properties of com-
mutative BE-algebras. He also investigated the relationship between BE-algebras,
implicative algebras and J-algebras. In [8], Meng introduced the notion of prime fil-
ters in BCK-algebras, and then gave a description of the filter generated by a set, and
obtained some of fundamental properties of prime filters. Some properties of prime
ideals are investigated in BCK-algebras [2]. The first author studied some properties
of prime filters in BE-algebras. Also, the author extensively studied the algebraic as
well as the topological properties of prime filters of commutative BE-algebras [11].
The notion of dual annihilators of commutative BE-algebra is introduced and stud-
ied extensively the properties of these dual annihilators [4]. In 2020, the notions of
regular filters [6] and O-filters [5] in commutative BE-algebras are introduced and
studied the interconnection between those two special classes of filters. A. Soleimani
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Nasab and A. Borumand Saeid introduced the notion of Stonean implicative filters
in Hilbert algebras and characterized the Stonean Hilbert algebras with the help of
Stonean implicative filters [9].

In this paper, certain properties of dual annihilator filters, prime filters, and min-
imal prime filters of commutative BE-algebras are investigated. The notion of gen-
eralized Stonean BE-algebras is introduced. It is proved that a self-distributive and
commutative BE-algebra will become a generalized Stonean BE-algebra whenever
every prime filter of the BE-algebra is minimal. It is observed that every general-
ized Stonean BE-algebra is a quasi-complemented BE-algebra, the other direction is
not always true. However, a set of equivalent conditions is given for every quasi-
complemented BE-algebra to become a generalized Stonean BE-algebra. Some ne-
cessary conditions of generalized Stonean BE-algebras are derived. Generalized
Stonean BE-algebras are also characterized with the help of c-filters, dual annihilator
filters and regular filters.

Filters are important substructures in a BE-algebra and play an important role. It
is well understood that filters are the kernels of congruences. Filter theory is crucial
in the study of any class of logical algebras. From a logical standpoint, different fil-
ters correspond to different sets of valid formulas in an appropriate logic. Designing
various types of filters in some logical algebra, on the other hand, is also algebraic-
ally interesting. With this motivation, we introduce the concept of Stonean filters is
introduced in commutative BE-algebras. Some sufficient conditions are derived for
every filter of a self-distributive and commutative BE-algebra to become a Stonean
filter. The notion of hyper Stonean BE-algebras is introduced and observed that every
hyper Stonean BE-algebra is generalized Stonean BE-algebra. Though every gener-
alized Stonean BE-algebra need not to be a hyper BE-algebra, however, a sufficient
condition is derived for every generalized Stonean BE-algebra to become a hyper
BE-algebra. The class of hyper Stonean BE-algebras is characterized with the help
of prime filters of self-distributive and commutative BE-algebras. It is observed that
every maximal filter of a self-distributive and commutative BE-algebra is Stonean
filter. Some equivalent conditions are given for every filter of a commutative BE-
algebra to become a Stonean filter which leads to a characterization of generalized
Stonean BE-algebras. Finally, an extension property of Stonean filters of commutat-
ive BE-algebras is derived.

2. PRELIMINARIES

In this section, we present certain definitions and results which are taken mostly
from the papers [1], [3], [1 1], [7], [4], [6], and [5] for the ready reference.

Definition 1. [3] An algebra (X,x*,1) of type (2,0) is called a BE-algebra if it
satisfies the following properties:
(1) xxx=1,
2) xx1=1,
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3) Ixx=ux,
(4) xx(y*xz) =yx(xxz) forall x,y,z € X.

A BE-algebra X is called self-distributive if xx (y+z) = (x*y)* (x*z) for all
x,y,2€X. A BE-algebra X is called transitive if yxz < (xxy)* (xxz) forall x,y,z € X.
A BE-algebra X is called commutative if (xxy) xy = (y*x)xx for all x,y € X. Every
commutative BE-algebra is transitive. For any x,y € X, define xVy = (y*x) *x. If
X is commutative, then (X, V) is a semilattice [12]. We introduce a relation < on a
BE-algebra X by x <yifand only if x*xy =1 for all x,y € X. Clearly < is reflexive.
If X is commutative, then < is transitive, anti-symmetric and hence a partial order on
X.

Theorem 1. [3] Let X be a transitive BE-algebra and x,y,z € X. Then

(D) 1 <ximpliesx=1,
) y<zimpliesxxy <xxzand zxx < y*X.

Definition 2. [1] A non-empty subset F' of a BE-algebra X is called a filter of X
if, for all x,y € X, it satisfies the following properties:

(1) 1eF,
(2) xe Fandxxy € F imply thaty € F.

For any non-empty subset A of a transitive BE-algebra X, the set (A) = {x €
X |ayx(ay(--+*(ap*x)---)) =1 for some aj,az,...,a, € A} is the smallest filter
containing A. Forany a € X, (@) = {x € X | " *xx =1 for some n € N}, where a" xx =
ax*(ax(---x(ax*x)---)) with the repetition of a is n times, is called the principal filter
generated a. If X is self-distributive, then (a) = {x € X | axx = 1}. If X is commutat-
ive and self-distributive, then (a) N (b) = (a\V b) for any a,b € X. Let F be a filter of a
transitive BE-algebra and a € X, then (FU{a}) = {x € X | a"+x € F for some n € N}.
A proper filter P of a BE-algebra X is called prime [11] if FNG C P implies F C P
or G C P for any two proper filters F,G of X. A proper filter P of a BE-algebra is
prime if and only if (x) N (y) C P implies x € P or y € P for any x,y € X. A proper
filter M of a transitive BE-algebra is called maximal if there exists no proper filter Q
such that M C Q. Every maximal filter of a commutative BE-algebra is prime.

Theorem 2. [/ /] Let F and G be two filters of a transitive BE-algebra X. Then
FVG={xeX |ax(bxx)=1forsomeacF,be G}

is the supremum of F and G. Hence the set F (X) of all filters of X is a lattice with
respect to the operation V.
Lemma 1. [4] Let X be a commutative BE-algebra. Then for any x,y,a € X

(1) yxz < (zxx)*(y*x),
(2) (xxy)Va<(xVa)x*(yVa).
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For any non-empty subset A of a BE-algebra X, the dual annihilator [4] of A is
defined as AT = {x € X | xVa=1foralla € A}. In a commutative BE-algebra X,
the set A™ forms a filter of X such that ANA™" = {1}. In case of A = {a}, we have
(@)t ={xeX|aVvx=1}. Clearly XT = {1} and {1}T = X. Anelementa € X is
called dual dense if (a)* = {1}.

Proposition 1. [4] Let X be a commutative BE-algebra and & # A,B C X. Then
(1) ifAC B, then Bt CAT,
(2) ACATT,
(3) AT =AT+t,

Proposition 2. [4] Let F, G be two filters of a commutative BE-algebra X. Then
(1) FNG={1} ifand only if F C G™,
@ (FVG)* =F*nGH,
3) (FNG)™ =FttNnG*.

Proposition 3. [4] Let X be a commutative BE-algebra and a,b € X. Then
(D) {a) € (a)",
(2) a <bimplies (a)™ C (b)™,
(3) a € (b)*" implies (b)* C (a)*.

A prime filter P of a commutative BE-algebra X is called minimal [7] if it is min-
imal in the class of all prime filters of X.

Theorem 3. [7] Let X be a self-distributive and commutative BE-algebra. A prime
filter P of X is minimal if and only if to each x € P, there exists y ¢ P such that
xVy=1.

Proposition 4. [6] Let X be a self-distributive and commutative BE-algebra. Then
for any x € X, we have

(x)" = ﬂ{P | P is a minimal prime filter such that x ¢ P}

A filter F' of a commutative BE-algebra X is called a dual annihilator filter [4] if
F =F*". Afilter F of a commutative BE-algebra X is called a regular filter [0] if
(x)™ C F whenever x € F. Every dual annihilator filter is a regular filter.

Proposition 5. [6] Every minimal prime filter of a self-distributive and commut-
ative BE-algebra is a regular filter.

A filter F of a commutative BE-algebra X is called an O-filter [5] if F = O(S)
for some V-closed subset S of X. Every O-filter of a commutative BE-algebra is a
regular filter. A commutative BE-algebra X is called quasi-complemented [5] if to
each x € X, there exists y € X such that xVy=1and (x)*N(y)" = {1}.

Theorem 4. [5] A commutative BE-algebra X is quasi-complemented if and only
if to each x € X, there exists y € X such that (x)™" = (y)*©
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A filter F of a commutative BE-algebra X is called a o-filter [10] of X if 6(F) = F
where 6(F) = {x € X | (x)* VF = X}. Every o-filter of a commutative BE-algebra
is a regular filter and every o-filter of a commutative BE-algebra is an O-filter.

3. PROPERTIES OF GENERALIZED STONEAN BE-ALGEBRAS

In this section, the notion of generalized Stonean BE-algebras is introduced. A set
of equivalent conditions is derived for a quasi-complemented BE-algebra to become
a generalized Stonean BE-algebra. It is proved that every quasi-complemented BE-
algebra is a generalized Stonean if and only if DT (X) = {(x)" | x € X} is a Boolean
algebra.

Lemma 2. Let X be a commutative BE-algebra and a,b € X. Then the following
properties hold:
(M) (a)* = ((a))*
(2) a€(b)" ifand only if (a) C (b)";
(3) (a)N(b) = {1} if and only if (a) C (b)";
@) ()" N(axb)™ C (b)";
(5) (@)™ N(B) = (aVb) .

Proof. (1) Since {a} C (a), we get ({a))™ C (a)™. Conversely, let x € (a)*.

Then aVx = 1. For any ¢ € (a), we get a" xc = 1 for some positive integer
n. Now

l=d"xc<(d"xc)Vx<(aVx)"x(cVx)=1V(cVx)=cVx

Hence ¢V x =1 for any ¢ € (a). Then x € ((a))". Therefore (a)* C ({a))".
(2) Assume that a € (b)T. Then aVb = 1. Let x € (a). Then there exists a
positive integer n such that " «x = 1. Now, we get

l=d"xx<(d"*x)Vb<(aVbh)'*x(xVb) by Lemma 1(2)
=1*x(xVb)=xVb
which yields that x € (b)*. Therefore (a) C (b)*. Converse is clear since
ac€ (a).

(3) Let a,b € L. Assume that (a) N (b) = {1}. Let x € (a). For any y € (b),
we get xVy € (a) N (b) = {1}. Hence xVy =1 for any y € (b). Thus x €
({b))* = (b)". Therefore (a) C (b)*. Conversely, assume that (a) C (b)*.
Let x € (a)N(b). Then x € (a) C (b)* and x € (b). Hence x € (b) N (b)" =
{1}. Thus x = 1. Therefore (a) N (b) = {1}.

(4) Letx € (a)*N(axb)*. ThenaVx=1and (axb)Vx=1. Hence

l=(axb)Vx<(aVx)*(bVx) by Lemma 1(2)
=1x(bVx)=bVx

which means bV x = 1. Hence x € (b)". Therefore (a)* N (axb)*t C (b)™.
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(5) Let a,b € X. Since a,b < aVb, we get (a)™,(b)" C (aVb)". Hence (aV
b)ytT C (a)*T,(b)™". Thus (aVb)™ C (a)™" N (b)T*. Conversely, let
x € (a)™N(b)™*. Suppose y € (aVb)" be an arbitrary element. Since
y€ (aVvb)t, we get
yV(avb)=1=yvVaec (b)" =xVyVa=1 since x € (b)"
=xVye (o)t =xVv(xVvy) =1 since x € (a)*"
=xVy=1 forally € (aVvh)"

which means that x € (a\Vb) ™. Therefore (a)™* N (b)*" C (aVb)™T.
0

Proposition 6. Let X be a commutative BE-algebra and a,b € X. Then the fol-
lowing assertions are equivalent:
(1) avb=1;
) (@) N(b) = {1},
(3) (a>++ N (b)++ — {1}
Proof. (1)= (2): Leta,b € X. Assume thata\VVbh = 1. Then b € (a)*. By Lemma
2(1), we get (b) C (a)*. Hence (@)™ N(b) C (a)" T N(a)t ={1}.
(2)= (3): Assume that (a)™" N (b) = {1} for any a,b € X. By Lemma 2(3), we get
(@)™ C (b)". Therefore (a)™ N ()™ C (b)) " N(b)*" ={1}.
(3)= (1): Assume that (a)™* N (b)*" = {1} for any a,b € X. By Lemma 2(3), we
get (a)*T C ()™t = (b)*. Hence a € (a)*" C (b)", whichmeansaVb=1. [

Lemma 3. Every prime filter of a BE-algebra contains a minimal prime filter.

Proof. Let P be a prime filter of a BE-algebra X. Consider
3 ={Q | Qs a prime filter such that Q C P}.

Clearly P € 3 and hence 3 # @. By Zorn’s Lemma, 3 has a minimal element, say
Py. Clearly Py is the required minimal prime filter in X. g

Proposition 7. The intersection of all minimal prime filters of a BE-algebra is
{1}.

Proof. Clearly {1} C N{P | P is a minimal prime filter }. Let x # 1 or x ¢ (1).
Then there exists a prime filter P such that x ¢ P. By Lemma 3, there exists a minimal
prime filter Py of X such that Py C P. Since x ¢ P, we must have x ¢ Py. Hence x ¢
N{P | P is a minimal prime filter }. Thus (\{P | P is a minimal prime filter } C {1}.
Therefore {1} = ({P | P is a minimal prime filter }. O

Theorem 5. A prime filter P of a self-distributive and commutative BE-algebra X
is minimal if and only if it satisfies the following condition:

x ¢ Pifand only if (x)" C P



GENERALIZED STONEAN BE-ALGEBRAS 507

Proof. Assume that P is minimal. Let x ¢ P. Then clearly (x)* C P. Conversely,
let (x)* C P. Suppose x € P. Since P is minimal, there exists y ¢ P such thatxVy = 1.
Hence y € (x)" and y ¢ P. Thus (x)* ¢ P, which is a contradiction. Therefore x ¢ P.

Conversely, assume that X satisfies in the above condition. Let x € P. By the
assumed condition, we get (x)* ¢ P. Hence, there exists y € (x)™ such that y ¢ P.
Thus yV x = 1 where y ¢ P. By Theorem 5, P is a minimal prime filter of X. U

Definition 3. A commutative BE-algebra X is called a generalized Stonean BE-
algebra if (x)* Vv ()T =X forall x € X.

Example 1. Let X = {1,a,b,c} be a set. Define a binary operation * on X and then
deduce the operation V from * as given in the following tables:

*‘labc \/‘labc
11 a b ¢ 111111
all 1 b c all a1l 1
b1l al ¢ b|1 1 b1
c|l a b1 c|1 11 ¢

Then clearly (X, x,V, 1) is a commutative BE-algebra. Clearly (a)™ ={1,b,c};(b)" =
{1,a,c} and (¢)™ = {1,a,b}. Hence, it can be seen that (a)™" = {1,a}; (b)™" =
{1,b}; (¢)™* = {l1,c}. It can be easily verified that (a)*V (a)*" =X; (b)TV
(b)*" =X and (¢)" V (c)™t = X. Therefore X is a generalized Stonean BE-algebra.

Example 2. Let X = {1,a,b,c,d} and define a binary operation * on X and then
deduce the operation V from * as given in the following tables:

x|1 a b c d Vilabcd
11 a b cd 111 1111
all 1 b c b all all a
bl al b a b|115bdb
c|ll al 1l a c|1 1 dc b
di111%5b1 d|l a b b d

Clearly (X,*,V,1) is a commutative BE-algebra. It is easy to check that (b)" =
{l,a} and (b)*" = {1,b,c}. Hence (b)*V (b)™" ={l,a} v{l,b,c} = X. Simil-
arly, we can see that (@)™ V (a)™" =X; ()T V(¢)"T =X and (d)* VvV (d)"T = X.
Therefore X is a generalized Stonean BE-algebra.

Proposition 8. If every prime filter of a self-distributive and commutative BE-
algebra X is minimal, then X is a generalized Stonean BE-algebra.

Proof. Assume that every prime filter of a self-distributive and commutative BE-
algebra X is minimal. Let x € X. Suppose (x)" V (x)*" # X. Then there exists a
maximal filter P of X such that (x)*V (x)™* C P. Since every maximal filter is prime,
P is a prime filter of X. Hence (x)™ C P and (x)™" C P. Since (x)™ C P, by Theorem
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5, we getx ¢ P. Clearly x € (x)*" C P. Hence x € P, which is a contradiction. Thus
(x)™V (x)™" = X. Therefore X is a generalized Stonean BE-algebra. O

The converse of Proposition 8 is not true. That is, every generalized Stonean BE-
algebra need not to have all of it’s prime filters to be minimal. Indeed, consider the
following example:

Example 3. Let X = {1,a,b,c} be a set. Define a binary operation * X and then
deduce the operation V from * as given in the following tables:

*|1 a b c V|1 abc
111 a c 111111
all 1 11 a|ll a b ¢
b|1 b 11 b|1 b b c
c|l ¢c c 1 c|1l ¢c c ¢

Then clearly (X, *,V, 1) is a self-distributive and commutative BE-algebra. Observe
that (x)™ = {1} for all x € X. Hence (x)* V (x)™+ = X for all x € X. Therefore X is
a generalized Stonean BE-algebra. Clearly {1} is a prime filter of X. It can be easily
verified that P = {1,c} is a prime filter of X which is not minimal.

Proposition 9. Every generalized Stonean BE-algebra with a dual dense element
is a quasi-complemented BE-algebra.

Proof. Suppose X is generalized Stonean. Let d € X be such that (d)™ = {1}. Let
x€X. Then (x)"V (x)*" =X. Hence d € (x)" V (x)*", which implies ax (b+d) = 1
for some a € (x)™ and b € (x)*T. Since b € (x)* T, we get (b)"T C (x)*". Thus

ax(bxd)=1=a<bxd= (a)" C(bxd)"

=(@)NB)TCb) Nb*d)"

= (a)tnk)tC @ ={1} by Lemma 2(4)

=@ nbk)t={1}= ()" ()" by Lemma 2(3)

= (o) C(x)*F since (b)*T € (x)™*

= (@) Nx)*"={1} by Lemma 2(3)
Since a € (x)*, we getaV x = 1. Therefore L is quasi-complemented. O

The importance of the sufficient condition of having a dual-dense element can be
seen in Example 1. Clearly X is a generalized Stonean BE-algebra. Observe that X
has no dual-dense element. For a € X, there exists no x € X such thataVx =1 and
(a)*N(x)" ={1}. Therefore X is not a quasi-complemented BE-algebra.

A filter F of a BE-algebra X is called a factor of X if there exists a proper filter
G such that FNG = {1} and F VG = X. Denote D" (X) = {(x)*" | x € X} and
Dt (X) ={(x)* | x € X}. The converse of Proposition 9 need not be true. However,
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in the following, a set of equivalent conditions is given to show that every quasi-
complemented BE-algebra to become a generalized Stonean BE-algebra.

Theorem 6. Let X be a quasi-complemented BE-algebra. Then the following
assertions are equivalent:

(1) X is a generalized Stonean BE-algebra;

(2) each (x)" is a factor of X;

(3) for each x € X, there exists X € X such that (x)* Vv (X')* =X;
@ foranyxy € X, (1)5V ()" = (xVy)*;

(5) D (X) is a sublattice of the lattice F (X) of all filters of X.

Proof. (1)= (2): Assume that X is generalized Stonean. Let x € X. Clearly (x)* N
(x)™T ={1}. By (1), we get (x)" V (x)*" = X. Therefore (x)* is a factor of L.
(2)= (3): Assume condition (2). Let x € X. Since X is quasi-complemented, there
exists X' € X such that (x)™* = (x')*. Since (x)* is a factor of X, there exists a
filter G such that (x)* NG = {1} and (x)* VG = X. Since (x)" NG = {1}, we get
G C (x)™" = (x)". Therefore X = (x)" VG C (x)" Vv (x')*. Hence (x)" Vv (x') " = X.
(3)= (4): Assume condition (3). Let x,y € X. By (3), there exists X' € X such that
(x)" Vv (¥)" =X. Clearly (x)*V (y)" C (xVy)*. Conversely, leta € (xVy)". Then
aVxVy=1, which gives aVVy € (x)". By Proposition 1.7(2) and Lemma 3.1, we get

avye(x)t=x)"" Clavy) = @) Nn(avy) ™ ={1} by Lemma 2(3)
=@ N@T T ={1} by Lemma 2(5)
=@ N@tcy?’ by Lemma 2(3)
=) "N@™ C )T =) N C(y)t by Proposition 3(1)

Clearly (x)*N{a) C (x)". Hencea € (a) =X N{a) ={(x)" V() }N{a) ={(x)TN
(@)} v{) "N (a)} € (x)" v (y)". Therefore (xVy)" C (x)* Vv (y)".

(4) = (5): For any x,y € X, it is clear that (x)™* N (y)™" = (xvy)™*. Since X is
quasi-complemented, there exist x’,y’ € X such that (x)™+ = ()" and (y)*" = (/).
Hence (x)™" v (y)™" = )" v (/)" =@ Vy)" =(c)™" for some ¢ € X, as X is
quasi-complemented. Therefore Dt (X) is a sublattice of F (X).

(5)= (1): Assume that the condition (5) holds. Let x € X. Since X is quasi-
complemented, there exists y € X such that (x)** = (y)". Since D*"(X) is a sub-
lattice of F(X), we get (x)™" Vv (y)™ = (r)™" for some 7 € X. Thus (x) V (y) C
(x)TT Vv (y)*" = (£)**. Therefore, by Proposition 2(2), we get

O =0T C(@VE)NT=@TNE)T=m"TNE"T = {1}

which implies that (r)*" = {1}* = X. Hence (x)*V (x)™" = (y)™" Vv (x)*"
(r)*T = X. Therefore X is a generalized Stonean BE-algebra.

oo
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The following corollaries state the properties of generalized Stonean BE-algebra
in terms of minimal prime filters. Two filters F' and G of a BE-algebra X are called
comaximal if FV G = L.

Corollary 1. If X is a self-distributive and generalized Stonean BE-algebra, then
any two distinct minimal prime filters of X are comaximal.

Proof. Assume that X is a generalized Stonean BE-algebra. By condition (2) of
the main theorem, each (x)" is a factor of X. Let P and Q be two distinct minimal
prime filters of X. Choose a € P— Q. Hence (a)™ C Q. Since P is minimal, by
Proposition 5, we get that (@)™ C P. Since (a)" is a factor of X, there exists a
filter G such that ()" NG = {1} and (a)" VG = X. Hence G C (a)*" C P. Thus
X = (a)* VG C QVP. Therefore P and Q are comaximal. O

Corollary 2. If X is a self-distributive and generalized Stonean BE-algebra, then
every prime filter contains a unique minimal prime filter.

Proof. Let P be a prime filter of X. Suppose P contains two distinct minimal
prime filters, say QO and Q>. Then QO V O, C P. Since X is generalized Stonean, by
Corollary 1, we get Q1 V 0, = X. Hence X = Q1 V O, C P, which is a contradiction.
Therefore P contains a unique minimal prime filter. U

From Theorem 6, it can be easily observed that D (X) is a semilattice with respect
to operation V of filters. We now define that (D1 (X),V) is complemented if to
each (a)* € DT (X), there exists (b)" € DT (X) such that (a)™ N (b)T = {1} and
(a)tv(b)"=X.

Theorem 7. Let X be a quasi-complemented BE-algebra. Then X is a generalized
Stonean BE-algebra if and only if D" (X) is a complemented semilattice.

Proof. Assume that X is a generalized Stonean BE-algebra. Let (x)™,(y)" €
Dt (X). Since X is a generalized Stonean BE-algebra, by Theorem 6, we get (x) V
(y)© = (xVy)". Hence (D" (X),V) is a semilattice. Let (x)™ € DT (X) where
x € X. Since X is quasi-complemented, there exists x' € X such that (x)*" = (x/).
Clearly (x)" N ()" = (x)TN(x)*" = {1}. Since X is generalized Stonean, we get
(x)"V (x)*T =X. Hence (x)* Vv (¥')* = X. Thus (x')7 is the complement of (x)" in
D (X). Therefore D (X) is a complemented semilattice.

Conversely, assume that D (X) is a complemented semilattice. Let x € X. Then
(x)" € DY (X). Since (D"(X),V) is complemented, there exists (x')" € Dt (X)
such that (x)* N (¥')" = {1} and (x)" vV (¥')* = X. Since (x)* N (x')" = {1}, we get
(xX)* C(x)™". Hence X = (x)* vV (x')" C (x)" V (x)™, which gives (x)" V (x)T+ =
X. Therefore X is a generalized Stonean BE-algebra. 0

In [10], the notion of o-filters is introduced in commutative BE-algebras and the

properties of o-filters are studied. In the following theorem, generalized Stonean
BE-algebras are characterized with the help of o-filters and dual annihilator filters.
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Theorem 8. The following assertions are equivalent in a commutative BE-algebra:

(1) X is generalized Stonean;
(2) every regular filter is a o-filter;
(3) every dual annihilator filter is a G-filter.

Proposition 10. Every prime o-filter of a self-distributive and commutative BE-
algebra X is a minimal prime filter.

Proof. Let P be a prime c-filter of X. Since P is proper, there exists ap € X — P.
Letx € P. Then x € 6(P) and hence (x)™ VP =X. Since ag € X, there exists a € (x)"
and b € P such that ax (bxag) =1 € P. Since a € (x)*, we get aVx = 1. Suppose
a € P. Since b € P, we must have ayp € P because of ax* (bxag) € P. Butap € P
contradicts the fact that ay € X — P. Hence a ¢ P such that a V x = 1. By Proposition
5, P is a minimal prime filter of X. U

The converse of Proposition 10 is true in particular condition.

Theorem 9. If X is a self-distributive and generalized Stonean BE-algebra, then
every minimal prime filter of X is a G-filter.

Proof. Suppose that X is a generalized Stonean BE-algebra. Let P be a minimal
prime filter of X. By Proposition 5, P is a regular filter of X. Since X is generalized
Stonean, by Theorem 8, P is a o-filter of X. O

4. STONEAN FILTERS OF BE-ALGEBRAS

In this section, the notion of Stonean filters is introduced in commutative BE-
algebras. Some properties of Stonean filters are derived in commutative BE-algebras.
A set of equivalent conditions is given for every filter of a commutative BE-algebra
to become a Stonean filter.

Definition 4. A proper filter F of a commutative BE-algebra X is called a Stonean
filter of X if F* C (x)™ V (x)™ forall x € X.

Example 4. Let X = {1,a,b,c} be a set. Define a binary operation * X and then
deduce the operation V from * as given in the following tables:

*|1 a b c d Vi1l a b cd
11 a b c d 111111
all 1 b 15b all a b c 1
bl al 1l a b|1 b b 11
c|l a bl d cl|1l c1 ¢ 1
di1 1111 dil1111d

Then clearly (X,*,V,1) is a commutative BE-algebra. It can be easily seen that
()t ={1,d}, (b)" ={1,c,d}; (¢)* ={1,b,d} and (d)" = {1,a,b,c}. Now, we
see that (@)™ = {l,a,b,c}; (b)™ ={1,b}; ()™ ={l,c} and (d)™" = {1,d}.
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Consider the filter F = {1,c}. Then F™ = {1,b,d}. It can be easily verified that
F* C (x)"V (x)*" for all x € X. Therefore F is a Stonean filter of X.

Example 5. Let X = {1,a,b,c} be a set. Define a binary operation % X and then
deduce the operation V from * as given in the following tables:

x| 1 a b c d Vilabcd
1|1 a b c d 111111
all 1 1 1d all a b c 1
b|1l ¢c1 cd b|1 b b 11
c|l b b1 d c|1l c1 ¢ 1
dl1 a b c 1 dil1111d

Then clearly (X,#,V,1) is a commutative BE-algebra. It can be easily seen that
(a)t ={1,d}, (b)" ={l,c,d}; (¢)" ={1,b,d} and (d)* = {1,a,b,c}. Now, we
see that (@)™ = {l,a,b,c}; (b)™ = {1,b}; (¢)™" ={l,c} and (d)™" = {1,d}.
Consider the filter F = {1,c}. Then F* = {1,b,d}. It can be easily verified that
F* C(x)"V (x)*" for all x € X. Therefore F is a Stonean filter of X.

Proposition 11. Every prime filter of a self-distributive and commutative BE-
algebra is a Stonean filter.

Proof. Let P be a prime filter of a self-distributive and commutative BE-algebra
X. Suppose x € P. Then (x) C P. Hence, by Proposition 1(1), we get P* C (x)™.
Thus P C (x)* C (x)* V (x)*". Suppose x ¢ P. Since P is prime, we get (x)* C P.
Hence P* C (x)™*. Thus P* C (x)*" C (x)™ V (x)™*. Therefore P is Stonean. [J

The converse of Proposition 11 is not true, which means that every Stonean filter of
a BE-algebra need not be prime. For, consider the self-distributive and commutative
BE-algebra given in Example 5. It can be easily noticed that the filter F = {1,c} is
Stonean but not prime because of aVVd =1 € F but neithera € F nord € F.

Since every maximal filter of a self-distributive and commutative BE-algebra is a
prime filter, the following corollary is a direct consequence of Proposition 11.

Corollary 3. Every maximal filter of a self-distributive and commutative BE-
algebra is a Stonean filter.

Definition 5. A commutative BE-algebra X is called a hyper Stonean BE-algebra
if (x)V (x)" =X forall x € X.

Since (x) C (x)** for all x € X, it can be easily verified that every hyper Stonean
BE-algebra is a generalized Stonean BE-algebra. However, every generalized Ston-
ean BE-algebra need not be a hyper Stonean BE-algebra. For consider the following
example:
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Example 6. Let X = {1,a,b,c} be a set. Define a binary operation * X and then
deduce the operation V from * as given in the following tables:

*|1 a b c d Vi1l a b cd
1|1 a b c d 111111
all 1 a c d all a al a
b1 11 cd b|1 ab 1 b
c|l a bl d c|1 11 ¢ 1
di1 11 ¢ 1 d|l a b1 d

Clearly (X, x,V, 1) is a commutative BE-algebra. It is easily seen that (a)* = (b)) =
{1,c}; (¢)" ={l,a,b,d} and (d)" = {1,c}. Hence X has no dual-dense element.
Now, we see that (@)™ = (b)*" = {1,a,b,d}; (c¢)*" ={1,c} and (d)"" =X. Itis
routinely verified that X is a generalized Stonean BE-algebra. It is clear that (a) =
{1,a}. Hence

(a)V(a)t ={1,a} v{l1,b} = {1,a,b} #X.

Therefore X is not a hyper Stonean BE-algebra.

In the following result, a sufficient condition is derived for every generalized Ston-
ean BE-algebra to become a hyper Stonean BE-algebra.

Proposition 12. Let X be a self-distributive generalized Stonean BE-algebra. If
every filter of X is a dual annihilator filter, then X is a hyper Stonean BE-algebra.

Proof. Let x € X. By hypothesis, we get (x)™" = (x). Since X is generalized
Stonean, we get (x)™V (x) = (x)T V (x)*" = X. Therefore X is a hyper Stonean
BE-algebra. U

In the following theorem, a set of equivalent conditions is given for every self-
distributive and commutative BE-algebra to become a hyper Stonean BE-algebra.

Theorem 10. Let X be a self-distributive and commutative BE-algebra. Then the
following assertions are equivalent:

(1) X is a hyper Stonean BE-algebra;
(2) every prime filter is maximal,;
(3) every prime filter is minimal.

Proof. (1) = (2): Assume that X is a hyper Stonean BE-algebra. Let P be a prime
filter of X. Suppose P is not maximal. Then there exists a proper filter Q of X such
that P C Q. Choose x € Q — P. Since X is hyper Stonean, we get (x) V (x)* = X.
Since x € Q, we get (x) C Q. Since x ¢ P and P is prime, we get (x)™ C P. Hence
X =(x)V(x)" C QVP=Q, which is a contradiction. Therefore P is maximal.

(2) = (3): Since every maximal filter is prime, it is clear.
(3) = (1): Assume that every prime filter is minimal. Let x € X. Suppose (x) V (x)* #
X. Then there exists a prime filter P such that (x) VV (x)™ C P. Hence x € (x) C P and
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(x)™ C P. Since P is minimal, by Theorem 5, we get x ¢ P which is a contradiction.
Hence (x) V (x)* = X. Therefore X is a hyper Stonean BE-algebra O

The converse of Corollary 3 is not true. For, consider the self-distributive and
commutative BE-algebra given in Example 4. Note that {1} is a Stonean filter but
not a prime filter. However, in the following theorem, a set of equivalent conditions
is given for every Stonean filter of a BE-algebra to become a maximal filter.

Theorem 11. Let X be a self-distributive hyper Stonean BE-algebra and F be a
proper filter of X. Then the following assertions are equivalent:
(1) F is a maximal filter,
(2) foreachx € X, x ¢ F implies (x)*™ CF;
(3) F is a prime Stonean filter.

Proof. (1) = (2): Assume that F is a maximal filter of X. Let x € X be such that
x & F. Since F is a prime filter of X, we get that (x)™ C F.
(2) = (3): Assume condition (2). Let x € X. Suppose x € F. Then (x) C F. Hence,
by Proposition 1(1), we get F* C (x)*. Thus F* C (x)™ C (x)™ V (x)*". Suppose
x ¢ F. By condition (2), we get (x)* C F. Hence F™ C (x)*". Thus F* C (x)™+ C
(x)T V (x)TT. Therefore F is Stonean. We now prove that F is prime. Let x,y € X be
such that x\Vy € F. Suppose x ¢ F. By condition (2), we have (x)* C F. Now,

()" V ) =Xn{(x)"V{)}
={(@)TVvE}IN{x)TVv{H)} since X is hyper Stonean
=@)"TV{x)N}=x)TV{&xVy) CF since (x)T CFandxVy€eF

which gives (y) C (x)™ Vv (y) C F. Hence y € F. Therefore F is a prime Stonean
filter.

(3) = (1): Assume that F is a prime Stonean filter of X. Suppose F is not maximal.
Then there exists a proper filter F/ of X such that F C F’. Choose x € F' — F. Since F
is Stonean, we get F™ C (x)™ V (x)™*. Since F is prime and x ¢ F, we get (x)T CF C
F'. Since x € F', we get (x) C F'. Since X is hyper Stonean, we get X = (x) V (x)* C
F’, which is a contradiction. Therefore F is a maximal filter. O

In the following theorem, a set of equivalent conditions is given for every filter of
a commutative BE-algebra to become a Stonean filter.

Theorem 12. Let X be a commutative BE-algebra. Then the following are equi-
valent:

(1) X is a generalized Stonean;

(2) every filter is a Stonean filter;
(3) {1} is a Stonean filter.

Proof. (1) = (2): Assume that X is Stonean. Let F be a filter of X. Since X is
Stonean, we have F* C X = (x)™ V (x)™* for all x € X. Hence F is a Stonean filter



GENERALIZED STONEAN BE-ALGEBRAS 515

of X.

(2) = (3): Itis clear.

(3) = (1): Assume that {1} is a Stonean filter of X. Hence X = {1}* C (x)" Vv (x)*.
Therefore X is a generalized Stonean BE-algebra. O

Theorem 13. (Extension property of Stonean filters) Let F' and G be two filters of
a commutative BE-algebra such that F C G. If F is a Stonean filter, then so is G.

Proof. If F C G, by Proposition 1(1), G" C F*. Since F is a Stonean filter, then
G C (x)"V (x)*" forall x € X, hence G is a Stonean filter. O

5. CONCLUSION

In this work, we have considered the Stonean BE-algebras. The notion of Stonean
filter has been introduced and considered them in detail. These type of filter play a
basic role. Based on these facts, we give a classification for BE-algebras. The notion
of hyper Stonean BE-algebras had been introduced and we show that these structures
are particular cases of commutative BE-algebras. We think such results are very
useful for the further characterization of generalized Stonean BE-algebra in terms
of congruences of this structure. In future, we plan to investigate the topological
properties of generalized Stonean BE-algebras. Further properties of Stonean filters
and their interconnections between various filters existed in BE-algebras can also be
investigated.

In the following diagram, we show the relationships between some filters of BE-
algebras. The notion ”’A — B” means A should be B.

Generalized Stonean

ihi -conditi
Dual Annihilator __s-condifion Regular filter ————* g-filter

filter

Non—dcnsc[ I

M Minimal prime

Prime filter Stonean filter

filter
Self-di siributiveJ'

6. ACKNOWLEDGEMENTS

The authors are very grateful to the referees for the valuable suggestions in obtain-
ing the final form of this paper.

REFERENCES

[1] S. S. Ahn, Y. H. Kim, and J. M. Ko, “Filters in commutative BE-algebras,” Commun. Korean
Math. Soc., vol. 27, no. 2, pp. 233-242, 2012, doi: 10.4134/CKMS.2012.27.2.233.

[2] K. Iseki and S. Tanaka, “An introduction to the theory of BCK-algebras,” Math. Japon., vol. 23,
pp- 1-26, 1978.

[3] H. S. Kim and Y. H. Kim, “On BE-algebras,” Sci. Math. Jpn., vol. 66, no. 1, pp. 113-116, 2007.


http://dx.doi.org/10.4134/CKMS.2012.27.2.233

516 M. SAMBASIVA RAO AND A. B. SAEID

[4] V. V. Kumar and M. S. Rao, “Dual annihilator filters of commutative BE-algebras,” Asian-Eur: J.
Math., vol. 10, no. 1, p. 11, 2017, id/No 1750013, doi: 10.1142/S1793557117500139.
[5] V.V.Kumar, M. S. Rao, and S. K. Vali, “Quasi-complemented BE-algebras,” Discuss. Math., Gen.
Algebra Appl., vol. 41, no. 2, pp. 265-266, 2021, doi: 10.7151/dmgaa.1365.
[6] V. V. Kumar, M. S. Rao, and S. K. Vali, “Regular filters of commutative be-algebras,” TWMS J.
App. and Eng. Math., vol. 11, no. 4, pp. 1023-1035, 2021.
[71 V. V. Kumar, M. S. Rao, and S. K. Vali, “Minimal prime filters of commutative BE-algebras,”
Algebr. Struct. Appl., vol. 10, no. 1, pp. 113-130, 2023, doi: 10.22034/as.2022.2840.
[8] B.L.Meng, “On filters in BE-algebras,” Sci. Math. Jpn., vol. 71, no. 2, pp. 201-207, 2010.
[9] A. S. Nasab and A. Borumand Saeid, “Stonean Hilbert algebra,” J. Intell. Fuzzy Syst., vol. 30,
no. 1, pp. 485-492, 2016, doi: 10.3233/IFS-151773.
[10] M. S. Rao, “o-filters of commutative BE-algebras,” Discuss. Math., Gen. Algebra Appl., vol. 43,
no. 1, pp. 121-134, 2023, doi: 10.7151/dmgaa.1417.
[11] M. Sambasiva Rao, “Prime filters of commutative BE-algebras.” J. Appl. Math. Inform., vol. 33,
no. 5-6, pp. 579-591, 2015, doi: 10.14317/jami.2015.579.
[12] A. Walendziak, “On commutative BE-algebras,” Sci. Math. Jpn., vol. 69, no. 2, pp. 281-284,
2009.

Authors’ addresses

M. Sambasiva Rao
Department of Mathematics, MVGR College of Engineering, Vizianagaram, India-535005
E-mail address: mssraomaths35@rediffmail.com

Arsham Borumand Saeid

(Corresponding author) Department of Pure Mathematics, Faculty of Mathematics and Computer,
Shahid Bahonar University of Kerman, Kerman, Iran, and Saveetha School of Engineering, SIMATS,
Chennai, India

E-mail address: arsham@uk.ac.ir


http://dx.doi.org/10.1142/S1793557117500139
http://dx.doi.org/10.7151/dmgaa.1365
http://dx.doi.org/10.22034/as.2022.2840
http://dx.doi.org/10.3233/IFS-151773
http://dx.doi.org/10.7151/dmgaa.1417
http://dx.doi.org/10.14317/jami.2015.579

	1. Introduction
	2. Preliminaries
	3. Properties of generalized Stonean BE-algebras
	4. Stonean filters of BE-algebras
	5. Conclusion
	6. Acknowledgements
	References

