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ON A MULTIDIMENSIONAL CLOSE-TO-CYCLIC SYSTEM OF
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Abstract. This paper investigates the solvability and dynamic properties of the following multi-
dimensional close-to-cyclic system of nonlinear difference equations

i i Pi+1
apyi ™ (yi’f,?) b

i Di ;
(y}(’le‘Fl)
(i+k) _ (D) (U0 (@)

where yp " =yn", pivk = Pi, itk = ai,biyx = bisi = 1,k, the initial values y™ 3, y75 1, ...,

neN,,

and a; and b;, i = 1,k, are positive real numbers and p;, i = 1,k, are real numbers. The system,
characterized by intricate nonlinear interactions, is analyzed to derive explicit solutions and ex-
amine its asymptotic behavior. By leveraging a transformation approach, the multidimensional
system is reduced to a simpler form, allowing for a comprehensive analysis of its solutions. The
study demonstrates that under specific conditions, the system’s equilibrium points are globally
attractive, ensuring stability. The theoretical findings are supported by numerical examples that
highlight the behavior of solutions under various parameter configurations, illustrating the prac-
tical applicability of the results.
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1. INTRODUCTION

Nonlinear difference equations play a fundamental role in modeling various dy-
namic systems across numerous scientific disciplines. Their solutions offer valuable
insights into the behavior and stability of such systems, enabling us to make accurate
predictions and devise effective control strategies. In this paper, we delve into the
study a close-to-cyclic system of nonlinear difference equations, aiming to represent
its solutions and investigate their asymptotic behavior in special cases.
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The close-to-cyclic system under consideration exhibits a rich interplay of nonlin-
ear dynamics, where the variables in the system mutually influence each other. This
intricate coupling gives rise to intricate behaviors that often defy straightforward ana-
lysis. However, by leveraging advanced mathematical techniques and rigorous reas-
oning, we aim to unravel the underlying dynamics and shed light on the behavior of
the system’s solutions.

There has been a great interest in finding solutions to system of nonlinear differ-
ence equations. Still, most of the papers published in this aspect were limited to
system of two or three dimensions at most, see for example [ 1-24].

Overall, our aim in this paper is to provide a comprehensive understanding of the
solutions and asymptotic behavior of the following close-to-cyclic system of nonlin-

ear difference equations
j j Pit+1
Cliygﬂ) <)’§ijl)) +b;
)

i
(i+k) _ (D) OENG)

where y, " =y, pisk = Pi,Gitk = ai,bitr = bizi = 1,k the initial values y "),y .

., y(g) and the parameters a; and b;, i = 1,k are positive real numbers and p;, i = 1,k,

are real numbers.

neN,, (1.1)

2. AUXILIARY RESULTS

In this section we will present several results needed to prove the main results in
Section 3.
Consider the following k-dimensional linear difference equations system

W = a4 b, @.1)

where wﬁ,’Jrk) = wﬁ,i) and w(()i),a,-,b,-,i =1,k are positive real numbers.
The following auxiliary result is used several times in the rest of the paper.

Lemma 1. Let (w,(f))nzo be the solution to system (2.1). Then for all n € Ny
) w4, S=1,
l
Wintj = n, (i) s"—1
i T; < 1 | 17
S"w;’ + < 1 S #
where, i=1,k, j=0,k—1 and

i+r—2
S= H%T‘Z(H >Wrw 22)

Proof. The systems in (2.1) immediately imply, for i = 1, k, the following relations

@ _ i+

Wy = AWy 4y T bi
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=aq; [aiﬂwﬁaz + bi+1} +b;
= aiai—s-lwi,likzzz +aibii1+b;

= aiQjt1 [a,-+zwffi,fl3 + bi-&-Z} +aibii1 +b;

= aiai+lai+2ng_r]i3 +aiaiy1biv2+aibiy1 +b;

(i+4)
= Qi0i+10i+20i+3W, 4+ Ai0i+10i12bit3 + a;ai11biv2 +aibivy + b;

(i-+k)
= Qi1 - Aijk—1Wy 1 T A0t 1 - Qipk—2bit—1
+aiaiyy ... aik3bisx—2 -+ +aibiy1 +b;

()
=QiQj11 .- Aipk—1Wn +aiaiy1 - ig2bipy
+aiait1 ... Qivk—3bivk—2+ -+ aibir1 +b;.

So, we have

+b;.

0 £ 0
WnlJrk = Hal W"l +
=1

k k [itr—2
Putting S = Ha, and T; = Z ( H a,) bir,—1+ b;. We get
=1

k i+r—2
Z ( H az) bitr—1

r=2 =i

r=2 I=i
Wl = swi +T,

for i = T,k, with the initial values w”, j = 0,k — 1.
Consequently, instead of solving system (2.1), we will solve the following equa-
tions

wi =W+ T, neN, 2.3)

where wy) , j =0,k —1, are positive real numbers.
Equation (2.3) yield

w,(f) = Swg) + T,

w,(;)r = Swgi) + 1T,

ngz—l = Swl(clzl +Ti.

wi) = swl) + T, =5 (SWg'> + Ti) +T =S + ST+ T;,



278 Y. HALIM, A. ALLAM, AND 1. M. ALSULAMI

Wil = swil + = (Swl! + 1) + 7 = 2wl + ST+ T

W§’}3_1 = SWgZ—l +Ti=S§ (Sw,(fll +Ti) +T; = Szw,(fz] +ST.+T,
nglz = Swg}z +T;=S <Szw(()i) +ST; + T,) +T,= S3w(()i) 48T,
+ST: + T,
nglzﬂ = Swglzﬂ +Ti =S <S2W5i) +ST; +Ti> +T = S3w§i) + S2T;
+ST: + T,

(i)
+ST: +T,.

The inductive argument proves, for i = ﬁ, that

I I S
kn = 0 b
=0
. . n—1
Wil =5+ F s,
=0
—1
() _ g Y g
Wini2 =8"wy' + ) STy,
=0

n

(i) 0 v

1 1

Wintk—1 =S Wiy + Z S'T;.
=0

More precisely, for i = 1,kand j =0,1,...,k— 1, we obtain

(0 0,
Wiy = S"w; + X;)S’Y}.
=

Thus, for all n€ Ny we obtain

W(l)+n7—;, SZI,

(i) !
= ; n_ 1
Wkn+] Snwﬁ.)_F]}(S‘;‘_l)’ S;ﬁl.

Now, we will prove by induction that the relation (2.4) is true.

Wiy =swll 4+ T =5 (W) + ST+ ) + T = S, +57T;

(2.4)
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A simple verification shows that (2.4) holds for n = 0. Suppose that (2.4) holds for
. W(l) +l’l7—;', S = 17
1= 3 g0 g (5]
g "y 4+ T; 1.
S"w o+ T 5_1 ) S #
We will prove that (2.4) holds for n+ 1. We have
o IfS#1

n, that is w

(i) (0 ) s 1
Wk(n+1)+j—SWkn+j+Ti—S[S wi +Ti ( 1 )] + T

R R O B
s[5 (S0 wn s S
So +1
(9) _ ol ) (ST
Wit 1)+ =5 Wj +T(5_1>
o IfS=1
w(i) :w(i) —|—T~:w(i)—|—nT+T-
k(n+1)+j kn+j i j i i
(i) _ )
Wit 1)+ = W) +(n+1)T;.
| w4 (n+ 1T, S=1,
Thus, WD) sl _q

Kt 1)+) = qnyy@
S"w; +T,< . > S#1.

3. MAIN RESULTS

In this section we study the solvability of system (1.1) by considering changes of
variables that transforms this system to the system of k linear difference equations

(2.1).
3.1. Form of solution

Here we show that system of difference equations (1.1) is practically solvable, and
following the analysis of each of the systems. By using the changes of variables

; ; N\ Pi
ngl) :ygll) ()’E,lzk> ) i= 17k> ne NO7 (31)
system (1.1) is transformed to the following one
W;(gl — a4,

which is the same system studied in the previous section.
Relation (3.1), for i = 1,k, yield

W=l (69", neth
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So, for i = 1,k, we have

(—pi)?

=) () " () =l (o) ol ()

=l (o) (o) )
(o) (o) el ) ]
) (w,ﬂ",f,k)_pi (W&M)(—pl) " ),3k)(_p) (% ),4k)(_p)
0 <W1Eir3—k.1)(pi)] (v _kz)vp) e )_k(t_l)>< P (ykﬁ_k,)(ip)
) () () (- (w24 (p) (w2,) )

0= [T 0 ) ] 0) 7w o

i i i ~bi i i i —hi
yl(a3+1 = W1(<r3+1 (yl(a3+1—k) = Wl(m)+1 |:Wl(cn)+l—k (yl(a3+1—2k) ]
)

( (
(i) (i) -p. (=p )2 (i i —Di (=p )3
= Wint+1 \Wikn+1-k (Wk +1-2k [wkn+1—3k (ykn+1—4k> ]
i i —Pi (=p )2 (=pi) (=p )4
= W1(<r2+1 W1(<r3+1—1< (Wk )+1—2k (Wl(<n+1—3k) (ykn+l—4k>
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Hence
2 3

y/(c)Jrl W;({)H (w]({i)ﬂik)—m <W1(<2+1,2k>(_pi) <W1(<2+1,3k>(_pi)

()" ()

So, we get
(l) n (1) (7[71')’ (l) (7pi)"
Yin+1 = (Wk(n—t)—i-l) <y1 ) , ne€Np. (33)

7P
1

=W (wiim )" (yk o 2k)<-”>
=wiples (Wohat) [wk o (02 n) ] )’
= Wi (W kn-+2- k) v (Wk +2- Zk) {wk - (yk Y 4k> —p,] (-p)°
=wios (Wio o) (Wia Zk) (wk n 3k) n (y£2+2_4k)<—pi)4
olaoas) ") ()

0 ) ,

Hence

)’1(<ir2+2 = W/(<2+2 (W1(<2+27k) o (W,((l,z +2721<> = (w](;z +273k> (=pi)

o) ) )
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= w/(j(),,fO)Jrz <W/(<i()n—1)+2) —Pi <W]((i()n72)+2> (=pi)? (Wl(ci()n73)+2> (—pi)’

So, we get

n—1

11 (ngntm)(—po'] (yg-))(—m"’ - "

t=0

J = [

By the same argument

(i) i (i —pi i i i —pi] P
Yintk—1 = Wl(<r2+kfl (ykzzjtkflfk) = W1(<n)+k4 |:Wl(<r2+klk (yl(cerrkflek) ]

Gy
i ; —pi : . —pi (—pi)?
= W/(cln)+k—1 (Wl(cl;1)+k—1—k) |:Wl(<lr3+k—1—2k (yl(c2+k—1—3k) }
( )wi <W1(<2+k—1—2k> o
—pi 3
X [W1(62+k13k <)’l(<ir2+k7174k) p,}( "
= W1(<2+k71 (Wl(c2+k717k) B (W/(cierrkflek) o <wl(<ir2+k7173k) o
X (yl(c2+k—1—4k>(pi)4
= Wl(<2+k71 (W1(<2+k717k) o (Wl(cir2+k7172k> o (Wl(cir2+kflf3k) o
o () ()

= Wl(c2+kfl (Wl(c2+kflfk) o (Wk[errkflek)( & (wkir2+k7173k)

« (W/(€i1’2+k1[k>(pi)t N <W£21>(p,-)”1 <y](21>(7p")n

N Wg("‘o)*k—l (ngi)n—l)+k—1) - <W/(<i()n—2)+k—1> o (W/(;()n—s)+k—1) o

3

(—pi)’?
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So, we get

O T
Yintk—1 = [
=0

()] 62) 7 mem s

From (3.2), (3.3), (3.4) and (3.5) we can conclude that for i = 1,k and j =0,k — 1,

we obtain
i G (=pi)' N )"
yl(cn)+j = L_HO (Wl(c()nft)Jrj) ] ()’5-)> ;, n=0. (3.6)

Now, we will prove by induction that the relation (3.6) is true.
A simple verification shows that (3.6) holds for n = 0. Assume that (3.6) holds for

n, that is
. n—1 . —n) N (=pi)"
YJ(CQHZ [H (W;({l()nf;)ﬂ)( p)] ()’§-l)>( i) .

t=0
We will prove that (3.6) holds for n+ 1. We have

(i) _ (@) pi
Yk(n+1)+j = Wk(n+1)+j (yk(n+1)+jfk>

—Di
( (i) pi
Win+1)+j | Wk(n+1)+j—k Vk(n+1)+j—2k

(—pi)?

(1
[

(e k> ”'{ s <y,s-m,._3k>ﬂ
o (s

i) —PDi i (7171')2
Wi(n+1)+j—k (W 2k)

(0 —pi (*pi)3
x W n+1 )+j—3k yk(n+l)+} 4k>
(i)

= Mkt )+ ( (-()"+1)+J k) - (Wl(ci()n+1)+j2k>(_pi)2 <W]((i()n+l)+j3k>(_pi)3

X (yl(ci()n+l)+j74k>( " :

(—pi)?

n+1 )+

Hence

(i) _ 0 (i) (i) =P)™ 1 4 (=pi)
Yt 1)+j = Wk(n+1)+) (wk(n+1)+j—k) (Wk(n+1)+j—2k> (Wk(n+1)+j—3k)

X ... (W/(ci)n+1)+j(t1)k>(—Pi)tl <y,((i()n+1)+jtk>(_m)t

- w](:()”l)ﬂ (w'(‘i()”*‘)*f—k) (WIE()nJrl)Jrj—zk)(pi)z (Wl(ci()nJrl)+j—3k)(pi)3
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< < l(ci()n+1)+j,,k> (=pi)' (W,((lj_j) (=p)" (yy)) (=pi
i . ; X —pi 2 . —pi 3
= Wi(:()n+1—o)+j (Wl(cl()n+1—1)+j) ’ (Wl(:()n+1—2)+j)( & (Wl(cl()n—l—l—3)+j>( &

(A R A B

)n+l

So,

)Vl+1

yl(gi()n+1)+j = L_ﬁo (W/(ci()n-i-l—t)-i-j) (pi)t] (yy)) o

The results below provide an explicit formula for the solution of the system (1.1).

Theorem 1. Let {yg)}nz_k be a well-defined solution of (1.1). Then, for i = 1k,
j=0,k—1and n € Ny, we have

o IfS#1
. n— . , ; n—t _ —pi) e
y/(<2+j= [l_; <5n—ty§}) (yylk)p +Ti<SSt_11)>( p ] (yy))( pi) .
o IfS=1
YI(cirz—s-j = [i:i (yﬁi) (yylk)m N (n—t)T,')(pi)[] (yy))(lh)"'

3.2. Asymptotic behavior

In this section, we will study the asymptotic behavior of the equilibrium point of
the system (1.1).
The following lemma gives the equilibrium of the system (1.1).

If (YD), y(D) y(1) y(2) y(2) y(2) ,)W,)W,)W) is an equilibrium point of the sys-
tem (1.1), then it is given by

o lnn [ h]ma [T e [ B R [ B ]RT
1-S "11=8 "11=8 "11=8 "11=8 ’
T 1’2% Tk # Tk ﬁ Tx ﬁ

k

withS =] |a; < 1.

=1
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Proof. Let (ym YDy 32 32 30 0 0, y<k>) is an equilibrium point
of the system (1.1). So, for i = 1,k, we have

——=\ pitl ——\ Pir1+l ———\ Pi+2+1
(y(’)> =a; (y('“)) - +b;=a; [ai—H (y(’”)) - +bi+1] +b;
.\ Pt
= QA1 (y(l+2)> T baibi + b
—\ Pt
= aiaiy1 |Ait2 (y(’H)) +biv2| +aibivi +b;
——\ Pistl
= Q0102 (y(’“)) +aiait1bita + aibiyy + bi

m pitat1
= 0;0;110i420i+3 (y ! ) +aiai110i42bi43
+a;iai+1biro+aibiv1 +b;

——\ Pits+1
= Qi0;110i120; {3014 <y(’+5)) +a;ai10;120i13bi 14

+aiai110i42biy3 +aai1bitr +aibi +b;

m Pitkt1
= aidi11 - itk ()” ) +aiaiyy...aivk2bivi—

+aaiyy ... aivk3biyx—2+ - +aibiy1 +b;

k . k i+r—2
— (Ha,> (y(i+k)>”’*k+l + [Z < H a;) biyr—1| +b;
=1 r=2 \ =i
k —_\ pitl k i+r—2
= (Hm) (y i)>p+ + [Z ( I1 al) biyr—1| +bi.
=1 r=2 \ =i
So
1 k k i+r—2
(y“)pJr (I—Haz> = [Z ( al> bitr—1| +bi,
I=1 r=2 \ =i
consequently
1
k [itr=2 i+ 1
[Z ( H az) bitr—1| +bi g
y(i) _ r=2 I=i .

1-— aj
=1
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Using notation (2.2), we get

1
—_ T: pi+1
() = | —— | =
0=

I,%.

Note that the condition S < 1 implies that y(!) is positive whatever the values of p;,
i=1,k O

Theorem 2. Consider system (1.1). Assume, for i = 1,k, that S < 1 and |p;| < 1.
Then the equilibrium point of the system (1.1) is globally attractive.

Proof. Suppose, for i = 1,k, that S < 1 and |p;| < 1, so we obtain

n—1 . n—t (—Pi)t —p:\*
) et () () \P o (ST ] (i) =P
Jim v, ;= Lim [(H <S Vi (yf—"> +T’< S—1 )) ) (yf )

t=0
-1 (=) T (=pi)’ T Yiso(—pi)
O L 1 e e e
t>0 S—1 >0 1-S§ 1-S
Moreover, we have
s s+1
—Di —1 -1 1
Y (—p) = lim ¥ (—pi) = tim "PL 1 _
>0 S0 sote —p;i—1 -pi—1  pi+l
So
1
. o | i [P =
M Yy = [1 —S] = yli).

From where the equilibrium is globally attractive.

4. NUMERICAL EXAMPLES

Here, we present specific examples to illustrate the behavior of solutions for the
multidimensional close-to-cyclic system of nonlinear difference equations under vary-
ing initial conditions and parameter values. Through these examples, the theoret-
ical findings are validated, and the dynamics of the system, including stability and
equilibrium points, are visually demonstrated. The examples are complemented by
graphical representations, offering deeper insights into the system’s characteristics
and confirming the global attractiveness of equilibrium points under specified condi-
tions.

p—

1
Example 1. Letk=2,a; =2,a; = and p; = 3 and the

1
b1 =2b=3,p1 =~
2’ 1 y D2 yP1 >
initial values y') = 4, y!") = 4, y{"' =3, ') =8,y1% =8, 3'? = 6 in system (1.1),

>y
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then we obtain that S = 1, and since, for i = 1,2, we have | p; |< 1. So we obtain the
following system
1 1
W 20 (y%y +2 5 S <y£’1*)2) 43
Ynt1 = 1 ’ n+l =

()’ ()’

The behavior of the solution of system (4.1) is represented in the figure (1).

neN,. (&0

100

90

80 |
70r e
il fjf

i

50

% e
n n
5

40T

30

27

10 ph¥

N

o 20 40 60 80 100 120 140 160 180 200
n

FIGURE 1. The plot of system (4.1) with S = 1 and | p; |< 1

2 1 1
Example 2. Letk=2,a,=1,a; = §,b1 =2,bp=3,p1 = 3 and pp = 3 and the

initial values y!') =4, y") =4, y{1) =3,y =8,y =8, y{¥) = 6 in system (1.1),

then we obtain that S < 1, and since, for i = 1,2, we have | p; |< 1. So we obtain the
following system

1
) () )3 2. (1) (1)
o (Vala) +2 9 (Ypla) +3
(37) o B (O) . neN, @42

() ()’

D=

1
yiﬁl

=~
=
T

|

globally attractive (see Figure (2), Theorem (2)).

1 1 1 3
Example 3. Letk:6,ai:bl~:§,f0ri:1,2,...,6andp1 zi,pzzi,m:g,

9 -7 4
Ps=—, P5s = —, D6 = and the initial values y(_lg =1, y_lz =2, y(()l) =3,

10 10 5
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£
o
— —

I . L I L I L
o 20 40 60 80 100 120 140 160 180 200
n

FIGURE 2. The plot of system (4.2) with S < 1 and | p; |< 1

2 2 2 3 3 3 4 4 4
v =40 =50 =63 =28 =357 = 158 =2 =250 =3,
YO =338 =2,y =239 =4,y = 2,4\ = 3 in system (1.1, then we ob-
tain that S < 1, and since, fori=1,2,...6, we have | p; |[< 1. Then the equilibrium

(YD, yM) y() L y(0) y(0) y(0)) = (1,1,1,...,1,1,1) is globally attractive (see Fig-
ure (3), Theorem (2)).

LI
| i x by
Ii&ﬁd"ﬁ-“v\wﬂ%ﬁf"vl-. W S|

L I L I L
o 20 40 60 80 100 120 140 160 180 200
n

FIGURE 3. The plot of system (1.1) with S < 1 and | p; |< 1
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